Extendability of cyclic orders

Samuel Fiorini and Peter C. Fishburn

March 7, 2001

Abstract A cyclic order is a ternary relation that satisfies ternary transitivity and asymmetry conditions. Such a ternary relation is extendable if it is included in a complete cyclic order on the same ground set. Unlike the case of linear extensions of partial orders, a cyclic order need not be extendable. The extension problem for cyclic orders is to determine if a cyclic order is extendable. This problem is known to be NP-complete. We introduce a class of cyclic orders in which the extension problem can be solved in polynomial time. The class provides many explicit examples of nonextendable cyclic orders that were not previously known, including a nonextendable cyclic order on seven points. Let μ be the minimum cardinality of a ground set on which all cyclic orders are extendable. It has been shown that μ ≤ 9. We prove that μ = 6. This answers a question of Novák. In addition, we characterize the nonextendable cyclic orders on seven and eight points. Our results are intimately related to irreducible partially ordered of order dimension three, and to fractional vertices of generalized transitive tournament polytopes. As by-products, we obtain a characterization of cyclically ordered sets of dimension two, and a new proof of a theorem of Dridi on small linear ordering polytopes.

1 Introduction

Let Y be a finite subset of an oriented circle C in the Euclidean plane. Then Y determines a ternary relation T on Y with (x, y, z) ∈ T if and only if y lies in the open circular arc that goes from x to z in the given orientation of C (see Figure 1). By definition, (x, y, z) ∈ T holds only if x, y and z are distinct points of Y, and implies (y, z, x) ∈ T and (z, x, y) ∈ T .

Figure 1: Some points of oriented circle C

A tricycle on Y is a set {(x, y, z), (y, z, x), (z, x, y)}, where x, y, z are distinct points in Y. We abbreviate the tricycle as xyz; its oppositely oriented tricycle is zyx. It is clear that T is a disjoint union of tricycles. By abuse of notation, we consider T as a set of tricycles. Obviously, T satisfies the following conditions.

transitivity : xyz ∈ T , xzt ∈ T and y ≠ t imply xyt ∈ T ; (1) asymmetry : xyz ∈ T implies zyx /∈ T ; (2) completeness : xyz ∈ T or zyx ∈ T for all distinct x, y and z in Y. (3)

Conditions (1), (2) and (3), which are contained in Huntington [20, 21], exactly characterize the sets of tricycles that encode the relative positions of points on an oriented circle. Not surprisingly, these conditions also appear in texts on projective geometry (see, e.g., Pickert [30] and Heyting [18]). We now switch to a more general setting.

Let Y be a finite set, and let T be a set of tricycles on Y . Then T = (Y, T ) is a trigraph with ground set Y . We say that T is transitive if it satisfies condition (1), asymmetric if it satisfies condition (2), and complete if it satisfies condition (3). When T is asymmetric and transitive, we refer to T as a cyclic order and to T = (Y, T ) as a cyclically ordered set. If C is a complete cyclic order on Y , then C = (Y, C) is a ternary cycle, or simply a cycle when no confusion can occur. It is customary to denote by {x_1x_2 · · · x_m} the cyclic order on Y = {x_1, x_2, . . . , x_m} defined by T = {x_ix_j x_k : i, j, k ∈ {1, 2, . . . , m} and i < j < k}. If T is a set of tricycles on Y and if there exists a complete cyclic order C on Y that contains T , then T is said to be extendable, and C is referred to as a complete extension of T . The extension problem for sets of tricycles is to decide if a set of tricycles is extendable. The problem was shown by Galil and Megiddo [14] to be NP-complete. Deciding whether a set of tricycles is extendable is not easier if it is transitive and asymmetric, for the two following reasons. Define the transitive closure of set of tricycles T as the intersection of all transitive sets of tricycles containing T . We denote the transitive closure of T by T^+. The first reason is that a set of tricycles is extendable if and only if its transitive closure is extendable. Note that if T^+ is not asymmetric, then it is not extendable. The second reason is that the transitive closure of a set of tricycles can be computed in polynomial time. In conclusion, the extension problem for sets of tricycles and the extension problem for cyclic orders are polynomially equivalent. A surprising fact illustrating the hardness of these problems is that, contrary to the binary case where all partial orders have at least one linear extension, a cyclic order is not necessarily extendable, as is shown in the following example. Example 1.1 Let Y = {a, b, c, a^′, b^′, c^′}∪{∞} and T^∗ = {∞ab^′, ∞ac^′, ∞ba^′, ∞bc^′, ∞ca^′, ∞cb^′, ab^′b, ab^′a^′, ac^′c, ac^′a^′, ba^′a, ba^′b^′, bc^′c, bc^′b^′, ca^′a, ca^′c^′, cb^′b, cb^′c^′}. Then T^∗ = (Y, T^∗) is a cyclically ordered set whose cyclic order is nonextendable (see Section 3 for a general construction and a proof).

In Section 2, we rephrase the extension problem for cyclic orders as a problem on linear extensions of partial orders. In Section 3, we restrict the discussion to a certain class of cyclically ordered sets: the augmented cones. We show that the extension problem is solvable in polynomial time for augmented cones. Augmented cones provide many explicit examples of nonextendable cyclic orders that were not previously known. As a by-product, we obtain a characterization of cyclically ordered sets of dimension two. In Section 4, building on the results of Sections 2 and 3, sufficient conditions for extendability are developed. These conditions are then used in Section 5 to settle a question due to Novák [28]: What is the greatest natural μ such that all cyclic orders on μ points or less are extendable ? In 1976, Megiddo [23] obtained μ < 13. His bound was improved eight years later by Novák [28] to μ < 10. We prove that cyclic orders on less than seven points are extendable, which together with Example 1.1 implies μ = 6. In Section 6, cyclic orders on seven and eight points are considered. We present computer-assisted proofs of two facts. The first fact is that every cyclically ordered set on seven points has an extendable cyclic order or is isomorphic to T^∗ (see Example 1.1). The second fact is that there are 8 inclusion-minimal nonextendable cyclic orders on eight points, up to isomorphism and duality. In Section 7, further relations to order dimension theory and polyhedral combinatorics are discussed.

We assume that the reader is familiar with the basic terminology of partially ordered sets (posets) and graphs (and digraphs). Let P = (X, P ) be a poset with P irreflexive and transitive, and therefore asymmetric also. By convention, we have x ⊥ y in P if x and y are comparable in P , and x ‖ y in P if x ≠ y and x and y are incomparable in P . The comparability graph and the incomparability graph of P are respectively denoted by G(P) and G(P). In our figures, posets are represented either as digraphs or by Hasse diagrams. We denote by P^d = (X, P^d) the dual of P. A linear extension of P is a linear order L on the same ground set such that P ⊆ L. The dimension of P, denoted by dim(P) or dim(X, P ), is the minimum cardinality of a collection of linear orders on X whose intersection is P . Dimension theory of posets was initiated by Dushnik and Miller [9] and is extensively covered in Trotter [33]. There exist several bounds on the dimension of a partial order, the most useful for our discussion being Hiraguchi’s inequality [19] which states that dim(X, P ) ≤ |X|/2 for all posets P = (X, P ) with |X| ≥ 4. Hiraguchi’s inequality is tight, as shown by poset S_n (n ≥ 3), the standard example of an n-dimensional poset with 2n points (see, e.g., Trotter [33], page 12). Let G = (X, E) be a graph and P be a partial order on X. Then P is a transitive orientation of G if the comparability graph of poset (X, P ) is G. Quite naturally, a graph is said to be transitively orientable if it has a transitive orientation. A classic result of Dushnik and Miller [9] is that a poset has dimension at most two if and only if its incomparability graph is transitively orientable.

The notions of dual trigraph, of induced (sub)trigraph of a trigraph on a subset of its ground set, of restriction of a set of tricycles to a subset of its ground set, and of isomorphism of two trigraphs are easily defined by adapting the definitions of the corresponding notions for digraphs. The dual of trigraph T = (Y, T ) is denoted by T^d = (Y, T^d). References on cyclically ordered sets that are not cited elsewhere in this article include Alles [1], Chajda and Novák [6], Novák [27], and Quillot [31].

2 Rephrasing the extension problem

Let T = (Y, T ) be a cyclically ordered set. Fix a point ∞ in Y . We say that a tricycle xyz is through ∞ when ∞ ∈ {x, y, z}. Because T satisfies the ternary transitivity condition (1) and the ternary asymmetry condition (2), the tricycles of T through ∞ determine a partial order P on X = Y \ {∞}, with x < y in P if and only if ∞xy ∈ T . The poset Res(T, ∞) = (X, P ) is called the residue of T at ∞. Determining if there exists a complete cyclic order containing T amounts to determining if there exists a linear extension of P that satisfies certain extra conditions. The next few paragraphs develop this equivalence.

There are three possible placements of a tricycle xyz of T not through ∞ with respect to the residue of T at ∞, as follows. Let P = (X, P ) = Res(T, ∞). The induced poset of P on {x, y, z} is either: (i) a chain, which is necessarily one of x < y < z, y < z < x and z < x < y, or (ii) a 2 + 1 poset, whose partial order must contain exactly one directed edge in {xy, yz, zx}, or (iii) an antichain. We say that the tricycle xyz is implied by P if (i) occurs, touches P if (ii) occurs, and is disjoint from P if (iii) occurs. This is illustrated in Figure 2.

Figure 2: Placements of tricycle xyz w.r.t. poset P

We denote by Impl(P), Touch(P) and Disj(P) the set of all tricycles on X implied by P, touching P and disjoint from P, respectively. By definition, we have Impl(P) = {xyz : x < y < z in P }, Touch(P) = {xyz : x < y, x ‖ z and y ‖ z in P }, Disj(P) = {xyz : x ‖ y, x ‖ z and y ‖ z in P }. Clearly, the preceding definitions still make sense when P = (X, P ) is any poset. Let T_∞ denote the set of tricycles of T through ∞. Let T_{impl}, T_{touch} and T_{disj} respectively denote the set of tricycles of T implied by P, touching P and disjoint from P. Thus, we have T_{impl} = T ∩ Impl(P), T_{touch} = T ∩ Touch(P) and T_{disj} = T ∩ Disj(P). The cyclic order T is now split into four disjoint parts T = T_∞ ∪ T_{impl} ∪ T_{touch} ∪ T_{disj}. (4)

Note that every tricycle implied by P is in T because P is the residue of T at ∞, while there could exist a tricycle touching P that is not in T . That is, we always have T_{impl} = Impl(P), but the inclusion T_{touch} ⊆ Touch(P) can be proper. Let C = (Y, C) be a ternary cycle. The residue of C at ∞ is a chain, say L = (X, L). It should be clear from the definition of a residue and from Equation (4) that T ⊆ C if and only if P ⊆ L and L contains exactly two directed edges in {xy, yz, zx} for each tricycle xyz in T_{touch} ∪ T_{disj}. This is stated in a slightly different way in Proposition 2.1.

Let S be a subset of Touch(P). A linear extension L of P is said to be separating for S if there exist elements x, y and z such that x < y in P , xyz ∈ S and x < z < y in L. If S coincides with Touch(P) and L is separating for S, we simply say, as in Dushnik and Miller [9], that L is separating.

Proposition 2.1 Let T = (Y, T ) be a cyclically ordered set with ∞ ∈ Y , let P = (X, P ) be the residue of T at ∞, let T_{touch} be the set of tricycles of T touching P and let T_{disj} be the set of tricycles of T disjoint from P. Then T is extendable if and only if P has a linear extension L such that L is nonseparating for T_{touch}, and such that x < y < z or y < z < x or z < x < y in L for all xyz ∈ T_{disj}.

Suppose that T_{touch} = Touch(P). By Proposition 2.1, if T is extendable, then P has a nonseparating linear extension. Dushnik and Miller [9] proved that a poset is of dimension at most two if and only if its partial order has a nonseparating linear extension. Therefore, under the assumption T_{touch} = Touch(P), cyclic order T is extendable only if the dimension of P is at most two. Moreover, under the assumptions T_{touch} = Touch(P) and T_{disj} = ∅, cyclic order T is extendable if and only if the dimension of P is at most two, by Proposition 2.1. In the latter case, a cyclically ordered set is entirely determined by its residue at ∞. The next section focuses on such cyclically ordered sets.

3 Augmented cones

Let P = (X, P ) be a poset with ∞ /∈ X. The augmented cone of P at ∞ is the trigraph AugCone(P, ∞) = (Y, T ) defined as follows: Y = X ∪ {∞}, and T = {∞xy : x < y in P } ∪ Impl(P) ∪ Touch(P)

Figure 3: The augmented cone construction

Example 3.1 If P is the poset represented in Figure 3, then the augmented cone of P at ∞ has Y = {a, b, c, d}∪{∞} as ground set, and T = {∞ab, ∞ac, ∞ad, ∞cd} ∪ {acd} ∪ {cdb} as its set of tricycles. The next proposition is a straightforward consequence of the definitions.

Proposition 3.2 If P = (X, P ) is a poset with ∞ /∈ X, then the augmented cone of P at ∞ is a cyclically ordered set.

Quite naturally, a cyclically ordered set T = (Y, T ) is said to be an augmented cone if T = AugCone(P, ∞) for some ∞ in Y and some poset P with ground set Y \ {∞}. Proposition 3.3 gives three other equivalent characterizations of augmented cones, which are easily established.

Proposition 3.3 Let T = (Y, T ) be a cyclically ordered set. Then the following four assertions are equivalent.

(i) T is an augmented cone;

(ii) T = AugCone(Res(T, y_0), y_0) for all y_0 ∈ Y ;

(iii) there exists z_0 ∈ Y such that the induced cyclically ordered set of T on any subset S of Y with |S| = 4 and z_0 ∈ S has an even number of tricycles;

(iv) the induced cyclically ordered set of T on any subset S of Y with |S| = 4 has an even number of tricycles.

Proposition 3.4 is a specialization of Proposition 2.1 to augmented cones. The main argument for Proposition 3.4 is given in the remark that follows Proposition 2.1.

Proposition 3.4 Let P = (X, P ) be a poset with ∞ /∈ X. Then the cyclic order of AugCone(P, ∞) is extendable if and only if dim(P) ≤ 2.

The latter proposition shows that the extension problem for augmented cones is solvable in polynomial time, because recognizing posets of dimension at most two can be done in polynomial time (see, e.g., Trotter [33], page 97). Alles, Nešetřil and Poljak [2], and independently Fishburn and Woodall [13] defined the (intersection) dimension of a cyclically ordered set T = (Y, T ), hereafter denoted by dim(T), as the minimum cardinality of a collection of complete cyclic orders whose intersection is T . If T is not an intersection of complete cyclic orders, we set dim(T) = +∞ by convention. Propositions 3.3 and 3.4 provide a characterization of cyclically ordered sets of dimension at most two that we state in Proposition 3.5. To our knowledge, no such characterization was previously known. Note that Propositions 3.3 and 3.5 imply that cyclically ordered sets of dimension at most two can be recognized in polynomial time.

Proposition 3.5 A cyclically ordered set is of dimension at most two if and only if it is an augmented cone whose cyclic order is extendable.

Proposition 3.4 also provides a large family of nonextendable cyclic orders, which in particular contains the cyclic order T^∗ defined in Example 1.1. In fact, T^∗ is the augmented cone of standard example S_3 at ∞ (see Figure 6 for a picture of S_3). Other general constructions of nonextendable cyclic orders are available in the literature, as for example the one of Alles, Nešetřil and Poljak [2]. However, for our purposes, the augmented cone construction has two advantages over the other constructions. First, its basic structure admits many explicit examples because each poset of dimension at least three determines a nonextendable cyclic order. The most interesting cases of this occur perhaps for irreducible dimension-3 posets: see Section 7. Second, the augmented cone construction generates a variety of nonextendable cyclic orders on few points, including the smallest known nonextendable cyclic order. Further relations between the augmented cone construction, order dimension theory and polyhedral combinatorics are discussed in Section 7.

4 Extensions by glueing

Let P = (X, P ) be any poset. It is well known that L is a nonseparating linear extension of P if and only if L = P ∪Q for some transitive orientation Q of the incomparability graph of P. Trivially, a nonseparating linear extension is also nonseparating for any subset of Touch(P). Consequently, Proposition 2.1 implies the following proposition.

Proposition 4.1 Let T = (Y, T ) be a cyclically ordered set with ∞ ∈ Y , and let P be the residue of T at ∞. Suppose there exists a transitive orientation Q of the incomparability graph of P such that for every tricycle xyz of T disjoint from P, we have x < y < z, y < z < x or z < x < y in Q. Then T is extendable.

This proposition explains our main strategy for finding a complete cyclic order extending a given cyclic order. Given a cyclically ordered set T = (Y, T ) with a distinguished point ∞ ∈ Y , we split its set of tricycles into four disjoint parts according to Equation (4). Let P = (X, P ) be the residue of T at ∞. We extend T_∞, T_{impl} and T_{touch} by the cyclic order of AugCone(P, ∞). Then we look for a transitive orientation Q of the incomparability graph of P such that all tricycles of T_{disj} are implied by poset Q = (X, Q). Proposition 4.1 asserts that the union of the cyclic orders of AugCone(P, ∞) and AugCone(Q, ∞) is a complete cyclic order containing T .

We now formalize the condition that Proposition 4.1 imposes on the incomparability graph of P. Let H = (X, E) be a graph. A set Δ of tricycles on X is a (ternary) constraint on H if all tricycles xyz of Δ are such that the induced subgraph of H on {x, y, z} is a triangle. A transitive orientation

Q of H is consistent with constraint Δ if we have x < y < z, y < z < x or z < x < y in Q for all tricycles xyz in Δ. Now let T = (Y, T ) be a cyclically ordered set, and let P be the residue of T at ∞. Proposition 4.1 states that if G(P) has a transitive orientation consistent with the set of tricycles of T disjoint from P, then T is extendable. For the sake of simplicity in the rest of the paper, we use Δ instead of T_{disj} to denote the set of tricycles of T disjoint from P. When the incomparability graph of P admits such an orientation, we say that T can be extended by glueing at ∞. Every cyclic order which is extendable by glueing at ∞ is extendable. But there exist extendable cyclic orders that are not extendable by glueing at ∞ (see Proposition 5.1). The following corollaries give sufficient conditions for extendability by glueing.

Corollary 4.2 Let T = (Y, T ) be a cyclically ordered set with ∞ ∈ Y , and let P be the residue of T at ∞. If the dimension of P is at most 2, and if at most one tricycle of T is disjoint from P, then T can be extended by glueing at ∞.

Proof Because dim(P) ≤ 2, there exists a transitive orientation Q of G(P). Because at most one tricycle of T is disjoint from P, either Q or its dual Q^d is consistent with Δ. In conclusion, T is extendable by glueing at ∞.

Lemma 4.3 Let T = (Y, T ) be a cyclically ordered set with ∞ ∈ Y , and let P = (X, P ) be the residue of T at ∞. If there exist distinct elements x, y, z and t of X such that the induced subgraph of G(P) on {x, y, z, t} is a complete graph minus edge {y, t}, then xyz ∈ T implies xzt /∈ T , and zyx ∈ T implies tzx /∈ T . Proof We prove only the first implication: the other follows easily by duality. Suppose that xyz and xzt are in T . So xyt and yzt belong to T because T is transitive. By hypothesis, y and t are comparable in P , so ∞yt or ∞ty belongs to T . If ∞yt ∈ T , then ∞yt ∈ T and zty ∈ T imply ∞yz ∈ T by transitivity, which contradicts the fact that y and z are incomparable in P . If ∞ty ∈ T , then ∞ty ∈ T and xyt ∈ T imply ∞xy by transitivity, which contradicts the fact that x and y are incomparable in P . We conclude that xyz ∈ T implies xzt /∈ T . Corollary 4.4 Let T = (Y, T ) be a cyclically ordered set with ∞ ∈ Y , and let P be the residue of T at ∞. If the dimension of P is at most two and if all triangles of G(P) share a common edge, then T can be extended by glueing at ∞.

Proof Let k be the number of triangles in G(P). If k = 0, then the result is trivial. Because of the hypotheses, there exist vertices a, b, c_1, . . . , c_k of G(P) such that the induced subgraph of G(P) on {a, b} ∪ {c_1, . . . , c_k} is a complete tripartite graph with classes {a}, {b} and {c_1, . . . , c_k}.

Let Δ be the set of tricycles in T disjoint from P. Because we assume that dim(P) ≤ 2, graph G(P) has a transitive orientation, say Q. In particular, we have c_i ‖ c_j in Q for i ≠ j. Suppose that Q is not consistent with Δ. Without loss of generality, we can assume that abc_1 ∈ Δ and c_1 < b < a in Q (the other cases are similar). Then c_i < b < a in Q for i = 1, . . . , k because otherwise we would have b < c_i in Q for some i ≠ 1, so c_1 < c_i in Q by transitivity, a contradiction. Also, c_iba /∈ Δ for i = 1, . . . , k by Lemma 4.3. It follows that a < b < c_i in Q^d for i = 1, . . . , k and that Δ ⊆ {abc_i : i = 1, . . . , k}. Consequently, Q^d is consistent with Δ. In conclusion, T is extendable by glueing at ∞.

Corollary 4.5 Let T = (Y, T ) be a cyclically ordered set with ∞ ∈ Y , let P be the residue of T at ∞, and let Δ be the set of tricycles of T disjoint from P. Suppose that G(P) is a complete graph. If Δ is extendable, then T can be extended by glueing at ∞.

Proof Let X = {x_1, . . . , x_n}. If Δ is extendable, then there exists a complete cyclic order containing Δ, say {x_1x_2 · · · x_n}. Define L as the linear order on X such that x_1 < x_2 < . . . < x_n in L. By construction, L is a transitive orientation of G(P) consistent with Δ. Therefore, T is extendable by glueing at ∞.

5 Cyclic orders on at most six points

Thanks to the sufficient conditions for extendability developed in Section 4, we can now prove that all cyclic orders on at most six points are extendable: see Theorem 5.2. Most of the job is done in the following proposition, whose special graphs appear in Figure 4.

Proposition 5.1 Let Y be a set with ∞ ∈ Y and |Y | ≤ 6, let T = (Y, T ) be a cyclically ordered set with ground set Y , let P be the residue of T at ∞, and let Δ be the set of tricycles of T disjoint from P. Then either T can be extended by glueing at ∞, or |Y | = 6 and T satisfies one of the following conditions up to duality, and up to isomorphism (with ∞ fixed): (A) G(P) = H_3 and Δ = {eab, edc}; (B) G(P) = H_4 and Δ = {eac, edb}; (C) G(P) = H_5 and Δ = {adce}.

Figure 4: Six graphs with five vertices

Proof Let X = Y \ {∞} be the ground set of P, and let H be the incomparability graph of P. Because |X| = |Y | − 1 ≤ 5 by hypothesis, the dimension of P is at most two. If all triangles of H share a common edge, then T is extendable by glueing at ∞ by Corollary 4.4. Therefore, the proposition trivially holds when |X| ≤ 3. If |X| = 4, then the only case that needs to be considered is the case where H is a complete graph on four vertices, and it is easily settled using Corollary 4.5.

Now suppose |X| = 5. If H is not connected, then we easily construct a transitive orientation of H consistent with Δ by treating each component separately, so T is extendable by glueing at ∞. If all triangles of H share a common edge, then Corollary 4.4 implies that T is extendable by glueing at ∞. So assume that H is connected and that no edge of H is incident to all triangles of H. This leaves only seven possible graphs up to isomorphism. All except the complete graph on five vertices are shown in Figure 4.

(I) If H = H_1, then H obviously has a transitive orientation consistent with Δ.

(II) If H = H_2, then a transitive orientation of H consistent with Δ is constructed as follows. First extend the restriction of T to {a, b, c, d} by a complete cyclic order. We assume without loss of generality that it is {abcd}. Then poset Q_1 (see Figure 5) defines a transitive orientation of H consistent with Δ.

Figure 5: Eight posets with five points

(III) If H = H_3, suppose that H has no transitive orientation consistent with Δ. By Corollary 4.2 and because H has exactly three triangles, we have 2 ≤ |Δ| ≤ 3. Then Δ or its dual Δ^d is necessarily equal to {eab, edc}, because otherwise Δ ⊆ {eab, ecb, ecd} or Δ ⊆ {eba, ebc, edc}, by Lemma 4.3, and poset Q_2 (see Figure 5) or its dual Q^d_2 defines a transitive orientation of H consistent with Δ, a contradiction.

(IV) If H = H_4, suppose that H does not have a transitive orientation consistent with Δ. By Corollary 4.2, Δ contains at least two tricycles. Up to isomorphism, we can assume that ace belongs to Δ. By Lemma 4.3, neither aed nor bec is in Δ. If edb does not belong to Δ, then Δ ⊆ {eac, ead, ebd, ebc} and the partial order of Q_3 (see Figure 5) is a transitive orientation of H consistent with Δ, a contradiction. Therefore, edb belongs to Δ. Another application of Lemma 4.3 shows that neither ade nor bce is in Δ. In conclusion, we have Δ = {eac, edb}, up to isomorphism.

(V) If H = H_5, suppose that H has no transitive orientation consistent with Δ. We consider two subcases: either Δ contains bde or bed; or Δ contains neither bde nor bed. In the first subcase, we have bde ∈ Δ, up to isomorphism. By Lemma 4.3, neither aed nor ced is in Δ. From this, we infer that Δ ⊆ {bde, eac, dac, ade, cde} or Δ ⊆ {bde, eca, dca, ade, cde}. Therefore the partial order of Q_4 or Q_5 (see Figure 5) is a transitive orientation of H consistent with Δ, a contradiction.

In the second subcase, we have bde, bed /∈ Δ. Consider the restriction of Δ to {a, c, d, e}. It is a cyclic order on 4 points, so it is contained in some complete cyclic order. Up to isomorphism and duality, only two extensions need to be considered: {acde} and {adce}. If {acde} is an extension of Δ, then poset Q_4 defines a transitive orientation of H consistent with Δ, a contradiction. We conclude that Δ = {adce}, up to isomorphism.

(VI) If H = H_6, then we can assume without loss of generality that n_a ≤ n_b, where n_a and n_b respectively denote the number of tricycles of Δ through a and through b. If n_b = 0, then n_a = 0, and Δ has at most one tricycle, which is cde or edc. Therefore, H has a transitive orientation consistent with Δ, by Corollary 4.2. From now on, we assume that there is at least one tricycle of Δ through b, say bcd without loss of generality.

Let Δ_a and Δ_b respectively denote the restriction of Δ to {a, c, d, e} and to {b, c, d, e}. Clearly, we have Δ = Δ_a ∪ Δ_b by definition, and |Δ_a| ≤ |Δ_b| by assumption. Now suppose that Δ_b is complete. It is not restrictive to assume that Δ_b = {bcde}. Lemma 4.3 implies that adc, aec and aed do not belong to Δ. Therefore, Δ_a ⊆ {acde} and the partial order of Q_6 (see Figure 5) is a transitive orientation of H consistent with Δ. We assume henceforth that Δ_b is not complete, which together with inequality |Δ_a| ≤ |Δ_b| implies that Δ_a is not complete.

Because bcd ∈ Δ and because Δ_b is not complete by assumption, tricycles bde, cbe and dce do not belong to Δ. Moreover, Lemma 4.3 implies adc /∈ Δ. We consider two subcases: either cde ∈ Δ, or cde /∈ Δ. In the first subcase, cde ∈ Δ, so bed, bce, ace and aed do not belong to Δ, because otherwise Δ_a or Δ_b would be complete, a contradiction. For the same reason, Δ contains at most one member of {aec, acd, ade}. In conclusion, Δ = {bcd, cde} ∪ Δ^′ where Δ^′ is a subset of {aec, acd, ade} of cardinality at most one. Therefore, the partial order Q_6 or Q_8 (see Figure 5) is a transitive orientation of H consistent with Δ. In the second subcase (cde /∈ Δ), we leave it to the reader to check by inspection that Q_6, Q_7 or Q_8 defines a transitive orientation of H consistent with Δ.

(VII) If H is a complete graph on five vertices, then T is extendable by glueing at ∞ by Corollary 4.5 because all cyclic orders on five points are extendable, as shown above.

Theorem 5.2 Let T = (Y, T ) be a cyclically ordered set with |Y | ≤ 6. Then T is extendable.

Proof Take ∞ ∈ Y . If T is extendable by glueing at ∞, then T is extendable. So it suffices to treat cases (A), (B) and (C) of Proposition 5.1 because in all other cases, T is extendable by glueing at ∞. As in Proposition 5.1, let P = (X, P ) be the residue of T at ∞. Define T_{touch} as the set of tricycles of T touching P. (A) If a < c in P , then T = {∞ac, ∞ad, ∞bd, eab, edc} ∪ T_{touch}. By definition, T_{touch} ⊆ {acb, ace, ade, bdc, bde}. By transitivity, acb ∈ T implies ecb ∈ T because eab ∈ T , a contradiction; ade ∈ T implies adc ∈ T because edc ∈ T , a contradiction; and bde ∈ T implies abd ∈ T because eab ∈ T , a contradiction. In conclusion, T_{touch} ⊆ {ace, bdc}, and complete cyclic order {∞abdce} is a complete extension of T . If c < a in P , then by similar arguments we see that complete cyclic order {∞cedab} extends T . (B) Set T_1 = {∞ab, ∞cd}, T_2 = {∞ab, ∞dc}, T_3 = {∞ba, ∞cd} and T_4 = {∞ba, ∞dc}. Now T = T_i ∪ {eac, edb} ∪ T_{touch} for some i ∈ {1, 2, 3, 4}. By transitivity, abc ∈ T implies ebc ∈ T because eac ∈ T , a contradiction; abd ∈ T implies eda ∈ T because edb ∈ T , a contradiction; cde ∈ T implies ead ∈ T because eac ∈ T , a contradiction. By similar arguments, tricycles bae, dca and dcb do not belong to T . There are four possible cases, as fol- lows. Either T = T_1 ∪ {eac, edb} ∪ T_{touch} and T_{touch} ⊆ {abe, cda, cdb}, or T = T_2 ∪ {eac, edb} ∪ T_{touch} and T_{touch} ⊆ {abe, dce}, or T = T_3 ∪ {eac, edb} ∪ T_{touch} and T_{touch} ⊆ {bac, bad, cda, cdb}, or T = T_4 ∪ {eac, edb} ∪ T_{touch} and T_{touch} ⊆ {bac, bad, dce}. Then {∞acdbe}, {∞eadbc}, {∞cedba} and {∞beadc} re- spectively extend T .

(C) Up to duality, T = {∞bc, ∞ba, adce}∪T_{touch} where T_{touch} ⊆ {bad, bce} because bae ∈ T implies deb ∈ T , a contradiction, and bcd ∈ T implies dbe ∈ T , another contradiction. Therefore, complete cyclic order {∞badce} extends T .

6 Cyclic orders on seven and eight points

A closure operator on a set X is a map C : A → A^C from the power set of X to itself that is idempotent ((A^C)^C = A^C), expanding (A ⊆ A^C) and monotone (A ⊆ B implies A^C ⊆ B^C). A subset A of X is said to be closed if A^C = A. In the sequel, X is the set of all tricycles on a certain finite ground set Y , and C is defined from the transitive closure operator for sets of tricycles, as follows. For each subset T of X, we set T^C = T^+ if T^+ is asymmetric, and T^C = X otherwise. It should be clear that a proper subset of X is closed if and only if it is a cyclic order on Y .

The next-closure algorithm of Ganter and Reuter [16] enumerates all closed sets of certain operators which generalize closure operators, in increasing lexicographic order. With C as above, the next-closure algorithm applied to C enumerates all cyclic orders on Y (after X, which is a closed set but not a cyclic order, is removed from the output). By composing C with the operator mapping a set of tricycles to the lexicographic maximum of its duality-isomorphism class, we define a new operator C^∗. The nextclosure algorithm applied to C^∗ yields all cyclic orders on Y , up to duality and isomorphism. By adapting an idea of Ganter [15], we designed an improved version of the next-closure algorithm for operator C^∗, which we then implemented. m f(m) 3 2 4 4 5 16 6 178 7 14 169 8 9 903 256

Table 1: The values of f(m) for 3 ≤ m ≤ 8

Let m be the cardinality of Y , and let f(m) denote the number of cyclic orders on Y , up to duality and isomorphism. The values we obtained for f(m) by the improved next-closure algorithm are given in Table 1. We tested each enumerated cyclic order for extendability with a simple backtracking algorithm. For m ≤ 6, all passed the extendability test (see Theorem 5.2). For m = 7, only one enumerated cyclic order was found to be nonextendable. This proves the next theorem. Note that T^∗ is self-dual.

Theorem 6.1 Let T = (Y, T ) be a cyclically ordered set with |Y | = 7. Then either T is extendable, or T is isomorphic to cyclically ordered set T^∗ defined in Example 1.1.

For m = 8, our program found a list L of 274 nonextendable cyclic orders on Y . Set Y = {a, b, c, d, e, f, g, h} for definiteness. Let M be the subset of L consisting of the elements of L that do not properly contain any nonextendable cyclic order. The 8 elements of M are given in Table 2. It turns out that only 11 cyclic orders of L define augmented cones on Y , and that none of them belongs to M. Note that (Y \ {h}, T_6) is isomorphic to T^∗.

Theorem 6.2 Let T = (Y, T ) be a cyclically ordered set with |Y | = 8. Then either T is extendable, or there exist a one-to-one map α from {a, . . . , h} to Y and an integer i ∈ {1, . . . , 8} such that T contains α(T_i) or its dual α(T_i)^d.

7 Further remarks

This section discusses further relations between nonextendable cyclically ordered sets, order dimension theory and polyhedral combinatorics. Because its contents are facultative for proving the main results of this paper, we will be brief: proofs and most details are omitted. In Subsection 7.1, two aspects of augmented cones relevant to order dimension theory are investigated. In Subsection 7.2, we study relations between nonextendable cyclic orders and two families of polytopes: the linear ordering polytopes and their relaxations, the generalized transitive tournament polytopes.

T_1 = {abc, abd, abe, acd, afd, afe, bcd, bcf, beg, bhf, bhg, cde, cfe, deg, dhf, dhg} T_2 = {abc, abd, abe, acd, afd, afe, agh, bcd, bcf, beh, bgf, bgh, cde, cfh, cge, deh, dgf, dgh} T_3 = {abc, abd, abe, abf, agc, agd, ahe, ahf, bch, bdh, beg, bfg, cde, cfd, cfe, cfg, che, def, deg, dhf} T_4 = {abc, abd, abe, abf, acd, aef, agd, ahf, bcd, bch, bef, beg, cde, cdf, cef, cgf, def, deh} T_5 = {abc, abd, abe, abf, acd, aef, agd, agf, bcd, bcg, bef, bhg, cdf, cdh, cgf, chf, deg, dhf} T_6 = {abc, abd, abe, abf, acd, aef, agd, agf, bcd, bcg, bef, beg, cde, cdf, cef, cgf, def, deg} T_7 = {abc, abd, abe, abf, acd, aef, agd, agf, agh, ahd, bcd, bcg, bef, beg, cdf, cgf, dfh, dgh, efh, egh} T_8 = {abc, abd, abe, abf, acd, aef, agd, agf, agh, ahd, bcd, bcg, bch, bef, beh, bgh, cde, cdf, cef, cgf, cgh, def, deh, dgh} Table 2: The inclusion-minimal nonextendable cyclic orders on 8 points

7.1 Order dimension theory

In view of Proposition 3.3 (ii), an augmented cone is determined by any of its residues, that is, by the tricycles through any of its points. The residues of a given augmented cone need not be isomorphic. For example, T^∗ (defined in Example 1.1) has one residue isomorphic to the standard example S_3, three residues isomorphic to the chevron D, and three residues isomorphic to the dual of the chevron (see Figure 6). This leads to the following definition.

Figure 6: Chevron D and standard example S_3

Let P = (X, P ) be a poset with ∞ /∈ X, and let r be a point in X. Define E_r(P) as the poset obtained from the residue of AugCone(P, ∞) at r by relabeling ∞ as r. By construction, the ground set of E_r(P) is X. We consider E_r as a map from the collection of all posets with ground set X to itself, and refer to E_r as the exchange mapping. An immediate consequence of the definition is that AugCone(E_r(P), ∞) is equal to AugCone(P, ∞) with ∞ relabeled as r, and vice versa. Therefore, E_r(E_r(P)) = P for all posets P with ground set X.

From preceding observations and from Proposition 3.4, we infer that dim(E_r(P)) = dim(P) whenever dim(P) ≤ 2. However, the exchange mapping does not always preserve the dimension. For example, E_r(S_4) has dimension three for any r in the ground set, while standard example S_4 has dimension four. We defined the exchange mapping E_r by a detour via augmented cones. It is in fact not hard to describe directly how E_r transforms poset P, but we do not elaborate on this here.

Hereafter, a cyclic order is said to be critically nonextendable if it is nonextendable and all of its proper restrictions are extendable. The critically nonextendable cyclic orders that are obtained by the augmented cone construction are intimately related to 3-irreducible posets, which are defined as posets of dimension three such that the removal of any point leaves a poset of dimension at most two. The 3-irreducible posets have been independently classified by Trotter and Moore [34], and Kelly [22]. They established a list L of 3-irreducible posets with the following properties. If Q and Q^′ are distinct members of L, then neither Q nor its dual Q^d is isomorphic to Q^′. Moreover, if P is a 3-irreducible poset, then there exists a poset Q of L such that Q or Q^d is isomorphic to P.

Let P = (X, P ) be a poset with ∞ /∈ X, let A be a subset of X, and let Q be the induced poset of P on A. Then the induced cyclically ordered set of the augmented cone of P at ∞ to A ∪ {∞} is equal to the augmented cone of Q at ∞. It follows from Proposition 3.3 (iv) that the induced cyclically ordered set of an augmented cone on any of its nonempty subsets is also an augmented cone. It is well known that a poset of dimension at least three contains an induced 3-irreducible poset. Therefore, if the cyclic order of the augmented cone of P at ∞ is critically nonextendable, then P is necessarily 3- irreducible. But the converse is not true, for there exist 3-irreducible posets P such that the removal of point ∞ to the cyclic order of the augmented cone of P at ∞ leaves a nonextendable cyclic order (take, e.g., P = C in Kelly’s list [22]). It follows from preceding observations that the resulting cyclic order is always critically nonextendable. It is straightforward, though tedious, to determine which posets in L give critically nonextendable cyclic orders by the augmented cone construction, and which pairs of such posets have isomorphic or dual-isomorphic augmented cones. A characterization of critically nonextendable cyclic orders of augmented cones is thus obtained.

7.2 Polyhedral combinatorics

Throughout this subsection, X = {1, . . . , n}, n ≥ 2, each coordinate of R^{n(n−1)} is identified with a distinct member of {ij : i, j ∈ X, i ≠ j}, and x_{ij} denotes the coordinate of x ∈ R^{n(n−1)} corresponding to pair ij. A {λ_1, . . . , λ_k}-point in R^{n(n−1)} is a point whose coordinates are in {λ_1, . . . , λ_k}, and a fractional point is a point which has some nonintegral coordinate. When R is a reflexive relation on X, the characteristic vector of R is a point of R^{n(n−1)} defined by χ(R)_{ij} = 1 if ij ∈ R and χ(R)_{ij} = 0 otherwise. The linear ordering polytope P_n is the convex hull of the set {χ(L) : L is a linear order on X}. Linear ordering polytopes have numerous applications in combinatorial optimization and probabilistic choice theory, and are widely studied in the literature: see Fishburn [12] for a survey. By definition, all points of P_n satisfy

x_{ij} + x_{ji} = 1 (5) x_{ij} ≤ 1 (6) x_{ij} + x_{jk} + x_{ki} ≤ 2 (7)

for all distinct elements i, j and k in X. The polytope defined by (5), (6) and (7) is referred to as the generalized transitive tournament polytope and is denoted by C_n hereafter. As Megiddo [24] noted, the integral points of C_n coincide with the vertices of P_n. The generalized transitive tournament polytopes play an important role in cutting plane algorithms for solving linear programs on the linear ordering polytopes: see, e.g., Reinelt [32], Goemans and Hall [17], and Mitchell and Borchers [25]. Prime open problems for P_n and C_n are the determination of the facet-defining inequalities of P_n and of the vertices of C_n. In the sequel, we focus on the problem of determining the vertices of C_n and its relation to nonextendable cyclic orders.

By definition, the linear ordering polytope P_n is included in the generalized transitive tournament polytope C_n. Moreover, all vertices of P_n are vertices of C_n. By the following theorem, the converse is true if and only if 2 ≤ n ≤ 5. That is, C_n has fractional vertices if and only if n ≥ 6.

Theorem 7.1 (Dridi [8]) P_n = C_n for 2 ≤ n ≤ 5, and P_n ≠ C_n for n ≥ 6.

A proof of the first part of Theorem 7.1 was independently given in Fishburn [10], with completion in Fishburn [11]. To our knowledge, the first example of a fractional vertex of C_6, a {0,^1_2 , 1}-point, was found by Cruse [7] apparently thanks to an idea of Brualdi. Independently, Dridi [8] obtained a general construction that in particular yields this {0,^1_2 , 1}-point. He observed that there exists a bijection ϕ between the partial orders on X and the {0,^1_2 , 1}- points of C_n. When P is a partial order on X, following Dridi, we define point ϕ(P ) ∈ R^{n(n−1)} as follows

ϕ(P )_{ij} =

1 if i < j in P 1 2 if i ‖ j in P 0 otherwise.

The next proposition characterizes which of the {0,^1_2 , 1}-points of the generalized transitive tournament polytope C_n belong to the linear ordering polytope P_n.

Proposition 7.2 (Dridi [8]) ϕ(P ) ∈ P_n if and only if dim(X, P ) ≤ 2.

Because there exist posets of dimension three with n points for n ≥ 6, there exists a {0,^1_2 , 1}-point in C_n that does not belong to P_n for each n ≥ 6. So Proposition 7.2 implies the second part of Theorem 7.1. The fractional point of C_6 found by Cruse [7] is in fact equal to ϕ(D) where D is the partial order of the chevron (see Figure 6).

By a previous remark, each {0,^1_2 , 1}-point of C_n that corresponds to a poset of dimension one (i.e., to a chain) is a vertex of C_n. By Proposition 7.2, the {0,^1_2 , 1}-points of C_n that correspond to posets of dimension two are not vertices of C_n. Note that dim(X, P ) ≥ 3 is not a sufficient condition for ϕ(P ) to be a vertex of C_n. By extending results of Brualdi and Hwang [5], Borobia [3] characterized the {0,^1_2 , 1}-points of C_n that are extreme in C_n. Note also that not all vertices of C_n are necessarily {0,^1_2 , 1}-points. Nutov and Penn [29] showed that C_n has non-{0,^1_2 , 1} vertices for n ≥ 8. They asked if all vertices of C_n for 6 ≤ n ≤ 7 are {0,^1_2 , 1}-points. A partial answer for n = 6 was found by Borobia and Chumillas [4]. To our knowledge, the complete answer for n = 6 and 7 is due to Nalivaiko [26] (page 31). Using a convex hull algorithm, he proved the following theorem.

Theorem 7.3 For 6 ≤ n ≤ 7, all vertices of C_n are {0,^1_2 , 1}-points.

We now explain how the augmented cone construction, Proposition 3.4 and Theorems 5.2, 6.1 and 6.2 relate to the aforementioned results. Define the incidence of a point x̃ in C_n as the trigraph Incid(x̃) = (Y, T ) with Y = X ∪ {∞}, and T = {∞ij : x̃_{ij} = 1} ∪ {ijk : x̃_{ij} + x̃_{jk} + x̃_{ki} = 2}, where i, j and k are distinct elements of X. It can be easily shown that the incidence of a point in C_n is a cyclically ordered set. By definition, the ground set of Incid(x̃) has n + 1 points, for each x̃ in C_n. Megiddo [24] implicitly used a similar construction to show that P_n = C_n for 2 ≤ n ≤ 4 and that P_{13} ≠ C_{13}, except that in his case the cyclically ordered sets have n points in their ground sets. This is due to the fact that he did not use the extra point ∞ which is needed to take equalities x_{ij} = 1 into account. Observe that if x̃ is a {0,^1_2 , 1}-point in C_n, then x̃ = ϕ(P ) for some partial order P on X and the incidence of x̃ is equal to the augmented cone of (X, P ) at ∞.

Each point x̃ in C_n determines a face F (x̃) of C_n which is the intersection of C_n and of the affine subspace obtained by transforming into equalities all inequalities of the form (6) and (7) that are satisfied up to equality at x̃. In fact, F (x̃) is the inclusion-minimal face of C_n containing x̃. Conversely, if F is any face of C_n, then there exists a point x̃ in C_n such that F = F (x̃). Any point x̃ in the relative interior of F will do. Therefore, each face of C_n determines a unique cyclically ordered set.

Because linear ordering polytope P_n is included in generalized transitive tournament polytope C_n, each face F of C_n determines a face of P_n which is the intersection of F and P_n. It can be verified that F (x̃) determines a nonempty face of P_n if and only if the cyclic order of Incid(x̃) is extendable. In particular, if x̃ is a vertex of C_n, then F (x̃) = {x̃} and the cyclic order of Incid(x̃) is extendable if and only if x̃ is a vertex of P_n. In other words, each fractional vertex of C_n yields a nonextendable cyclic order. A similar observation was made by Megiddo [24]. We conclude the present section by discussing some consequences.

Theorem 5.2 proves that every vertex of C_n is a vertex of P_n for 2 ≤ n ≤ 5. Therefore, Theorem 5.2 implies the first part of Theorem 7.1. Note that Proposition 3.4 and Proposition 7.2 are provably equivalent. Theorem 6.1 implies Theorem 7.3 for n = 6. Similarly, Theorem 6.2 can be used to show Theorem 7.3 for n = 7. This requires some limited amount of extra work.

We do not think that the first part of Theorem 7.1 trivially implies Theorem 5.2, or that Theorem 7.3 implies Theorems 6.1 and 6.2. A priori, there could exist nonextendable cyclic orders which are not obtained from a face of C_n disjoint from P_n.

Acknowlegments

We are indebted to Jean-Paul Doignon for his valuable suggestions. We thank Peter Cameron, Stefan Felsner, Bernhard Ganter, Michel Goemans, Rudi Pendavingh, Mark Skandera and Tom Trotter for motivating discussions and reactions. The first author thanks ATT research for its support during his stay at Shannon Laboratory.

References

[1] P. Alles. Erweiterungen, Diagramme und Dimension zyklischer Ordnungen. PhD thesis, Technische Hochschule, Darmstadt, 1986.

[2] P. Alles, J. Nešetřil, and S. Poljak. Extendability, dimensions, and diagrams of cyclic orders. SIAM Journal on Discrete Mathematics, 4(4):453–471, 1991.

[3] A. Borobia. (0,^1_2 , 1) matrices which are extreme points of the generalized transitive tournament polytope. Linear Algebra and its Applications, 220:97–110, 1995.

[4] A. Borobia and V. Chumillas. ∗-graphs of vertices of the generalized transitive tournament polytope. Discrete Mathematics, 179(1–3):49–57, 1998.

[5] R.A. Brualdi and S.-G. Hwang. Generalized transitive tournaments and doubly stochastic matrices. Linear Algebra and its Applications, 172:151–168, 1992.

[6] I. Chajda and V. Novák. On extensions of cyclic orders. C̆asopis Pĕst.

Mat., 110:116–121, 1985.

[7] A.B. Cruse. On removing a vertex from the assignment polytope. Linear Algebra and its Applications, 26:45–57, 1979.

[8] T. Dridi. Sur les distributions binaires associées à des distributions ordinales. Mathématiques et Sciences Humaines, 69:15–31, 1980.

[9] B. Dushnik and E.W. Miller. Partially ordered sets. American Journal of Mathematics, 63:600–610, 1941.

[10] P.C. Fishburn. Decomposing weighted digraphs into sum of chains. Discrete Applied Mathematics, 16:223–238, 1987.

[11] P.C. Fishburn. Binary probabilities induced by rankings. SIAM Journal on Discrete Mathematics, 3:478–488, 1990.

[12] P.C. Fishburn. Induced binary probabilities and the linear ordering polytope: A status report. Mathematical Social Sciences, 23:67–80, 1992.

[13] P.C. Fishburn and D.R. Woodall. Cycle orders. Order, 16:149–164, 1999.

[14] Z. Galil and N. Megiddo. Cyclic ordering is NP-complete. Theoretical Computer Science, 5:179–182, 1977.

[15] B. Ganter. Two basic algorithms in concept analysis. Technical Report Preprint-Nr. 831, Technische Hochschule Darmstadt, 1984.

[16] B. Ganter and K. Reuter. Finding all closed sets: A general approach.

Order, 8:283–290, 1991.

[17] M.X. Goemans and L.A. Hall. The strongest facets of the acyclic subgraph polytope are unknown. Integer Programming and Optimization, 1084:415–429, 1996.

[18] A. Heyting. Axiomatic projective geometry (2nd edition). Bibliotheca Mathematica. North-Holland, Amsterdam-New York, 1980.

[19] T. Hiraguchi. On the dimension of orders. Sci. Rep. Kanazawa Univ., 1, 1955.

[20] E.V. Huntington. A set of independent postulates for cyclic order. Proc.

Nat. Acad. Sci. U.S.A., 2:630–631, 1916.

[21] E.V. Huntington. Set of completely independent postulates for cyclic order. Proc. Nat. Acad. Sci. U.S.A., 10:74–78, 1924.

[22] D. Kelly. The 3-irreducible partially ordered sets. Canadian Journal of Mathematics, 29(2):367–383, 1977.

[23] N. Megiddo. Partial and complete cyclic orders. Bull. Amer. Math. Soc., 82:274–276, 1976.

[24] N. Megiddo. Mixtures of order matrices and generalized order matrices.

Discrete Mathematics, 19:177–181, 1977.

[25] J.E. Mitchell and B. Borchers. Solving linear ordering problems with a combined interior point/simplex cutting plane algorithm. In H. Frenk et al., editor, High performance optimization, pages 349–366. Dordrecht: Kluwer Academic Publishers. Appl. Optim. 33, 2000.

[26] V. Nalivaiko. Das lineare Ordnungsproblem. PhD thesis, Falkultät für Mathematik, Universität Magdeburg, 1999.

[27] V. Novák. Cyclically ordered sets. Czech. Math. J., 32:460–473, 1982.

[28] V. Novák. On some minimal problem. Arch. Math. Brno, 10:95–100, 1984.

[29] Z. Nutov and M. Penn. On non {0,^1_2 , 1} extreme points of the generalized transitive tournament polytope. Linear Algebra and its Applications, 233:149–159, 1996.

[30] G. Pickert. Projektive Ebenen. Springer-Verlag, Berlin-Göttingen- Heidelberg, 1955.

[31] A. Quillot. Cyclic orders. European Journal of Combinatorics, 10:477– 488, 1989.

[32] G. Reinelt. The Linear Ordering Problem: Algorithms and Applications.

Number 8 in research and exposition in mathematics. Heldermann Verlag Berlin, 1985.

[33] W.T. Trotter. Combinatorics and Partially Ordered Sets, Dimension Theory. The Johns Hopkins University Press, 1992.

[34] W.T. Trotter and J.I. Moore. Characterization problems for graphs, partially ordered sets, lattices, and families of sets. Discrete Mathematics, 16:361–381, 1976.