COMPACTNESS OF SIGN-CHANGING SOLUTIONS TO
SCALAR CURVATURE-TYPE EQUATIONS WITH
BOUNDED NEGATIVE PART

BRUNO PREMOSELLI AND JEROME VETOIS

ABSTRACT. We consider the equation Agu + hu = [u|2"~2u in a closed Rie-
mannian manifold (M, g), where h € C%%(M), 6 € (0,1) and 2* = %7
n = dim(M) > 3. We obtain a sharp compactness result on the sets of sign-
changing solutions whose negative part is a priori bounded. We obtain this
result under the conditions that n > 7 and h < 4&7__21) Scaly in M, where
Scaly is the Scalar curvature of the manifold. We show that these conditions
are optimal by constructing examples of blowing-up solutions, with arbitrarily
large energy, in the case of the round sphere with a constant potential function

h.

1. INTRODUCTION AND MAIN RESULTS

Let (M, g) be a closed (i.e. compact, without boundary) Riemannian manifold
of dimension n > 3. We are interested in this paper in the asymptotic behavior of
sequences of sign-changing solutions (uy ) to the scalar curvature-type equation

Agu+hu=|ul* "2u in M, (1.1)
where A, := —div,V is the Laplace-Beltrami operator, h € C%(M), 6 € (0,1)
and 2* = % is the critical exponent for the embeddings of the Sobolev space

H' (M) into the Lebesgue spaces L% (M).

The case of positive solutions of (l.1)) has originated a vast amount of work
in the last decades and is now well understood. In particular, assuming that the
operator Ay + h is coercive (which is a necessary condition to the existence of
positive solutions for ([1.1))), Druet [14] showed that if

n—2
h < —Scal, in M, 1.2
where Scaly is the Scalar curvature of the manifold, then there exists a constant
C > 1 such that every solution u of (1.1)) satisfies

1
agugC in M.

We are concerned in this article with sign-changing solutions. Our first result
establishes the boundedness of the set of solutions of (|1.1) whose negative part is
a priori bounded:
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Theorem 1.1. Let (M, g) be a closed manifold of dimension n > 7, and let h €
C%9 (M) and 6 € (0,1). Assume that ([1.2) holds true. Then for every A > 0, there
exists Cy > 0 such that for every solution u of (L.1)), if u > —A in M, then

u<Cyq inM.

We prove in this paper a slightly more general result, Theorem below, which
also addresses the case of subcritical powers and allows to take into account per-
turbations of the potential h and the exponent 2*. By standard elliptic regularity
results, Theorem establishes in particular the compactness in C?(M) of the
set of solutions to (|1.1) which are uniformly bounded from below. Note that in
the statement of Theorem @, the operator Ay + h is not assumed to be coercive,
unlike in the positive case, and in particular (M, g) is not assumed to be of positive
Yamabe type.

The next result shows that the assumptions of Theorem [1.1|are sharp in the case
of the round sphere (S™, gg) with a constant potential function h (note that in this
case Scaly, =n(n—1)):

Theorem 1.2. Let (S™, go) be the n—dimensional round sphere. Assume that h is
a constant and h > 0 in case n € {3,4,5}, h > 2 in casen =6, h >n(n—2) /4 in
case n > 7. Assume moreover that h # j(j +n —1)(n—2) /4 for all j > 1. Then
there exists a sequence of solutions (uy),cy to the equation

Agoup + hug = lug)® Zugp  in S” (1.3)
such that
—00 < lim minug <0 and lim maxwu, = oco. (1.4)
k—oco M k—oo M

The sequence (uy)ren that we construct in Theorem also satisfies
lim ||'U/]€||H1(Sn) = +00. (1.5)
k—o0

We point out that according to Druet’s result [14], it is not possible to construct
positive blowing-up solutions of when h < n(n—2)/4; when h > n(n—2) /4,
however, such solutions were constructed by Chen, Wei and Yan [7] (see also Vétois
and Wang [44]). Theorem highlights the specificity of the six-dimensional case:
when n = 6, n(n —2)/4 = 6, but we manage to obtain non-compactness under the
weaker assumption i > 2. This is due to a subtle interaction between the bubbling
profiles, the negative part of the solution and the potential h, see for instance (3.57)).

The result of Theorem [1.2]is also true when A = n (n — 2) /4, namely in the case
of the Yamabe equation. Solutions of this type have been constructed in this case
by del Pino, Musso, Pacard and Pistoia [10/11].

Few results are known concerning the question of compactness of the set of
solutions of in the context of sign-changing solutions. On the one hand, the
non-compactness of the whole set of solutions in the case of the Yamabe equation on
the sphere was established by Ding [13]. More recently, several examples of solutions
were constructed in the case of the Yamabe equation on the sphere. In this case, del
Pino, Musso, Pacard and Pistoia [10,/11] obtained examples of solutions satisfying
and concentrating along some special submanifolds. Musso and Wei [2§]
constructed another type of solutions satisfying a non-degeneracy property. In a
different direction, Clapp [8] and Clapp and Ferndndez [9] used topological methods
to obtain examples of solutions satisfying equivariance properties and, very recently,



COMPACTNESS OF SIGN-CHANGING SOLUTIONS 3

by using ODE methods, Ferndndez and Petean |18 discovered the existence of a
new type of solutions vanishing on an arbitrary number of hypersurfaces.

On the other hand, a compactness result for energy-bounded, sign-changing so-
lutions was established by Vétois [43]. In this work, it is the compactness of sets
of solutions whose energy is a priori bounded which was obtained, also in the case
where n > 7 and holds true in M, with the additional assumption that (M, g)
is locally conformally flat. The proof of [43] uses in a crucial way the H'-bubble
tree decomposition result obtained by Struwe [41]. This type of result (see also the
C°-blow-up theory developed by Druet, Hebey and Robert [16] in the context of
positive solutions) applies to energy-bounded sequences of solutions. Theorem
and the results in [43] are therefore very different in nature, and so are their proofs.
It is in particular worth noting that Theorem is the first compactness result
for sign-changing solutions of which does not require an a priori bound on
the energy. It is also worth noting that, in view of Theorem 1.3 in Vétois [43],
the boundedness assumption on the negative part of the solutions in Theorem
is optimal, since — at least on locally conformally flat manifolds — infinite-energy
blow-up occurs otherwise.

Different types of existence results of sign-changing blowing-up solutions were
also established by Deng, Musso and Wei |12], Pistoia and Vétois [31] and Robert
and Vétois [35L[37]. More precisely, these papers are concerned with the existence of
families of sign-changing blowing-up solutions (u.).>0 to the asymptotically critical
equations

Agues + hu, = |u5|2*_2_5u5 in M

for small ¢ > 0. In particular, we point out that the solutions constructed by
Robert and Vétois [3537] satisfy , however, in contrast with , their energy
is bounded from above. The existence of such solutions was obtained in [35| for
manifolds with positive Yamabe invariant, under the conditions that there exists
a non-degenerate solution ug to with either [n € {3,4,5} and h is arbitrary],
[n = 6 and 4(7;7:21)8(:&19 —h < 2ug], [n € {7,8,9} and h = #:21)8(:&19] or [n >
10, h = 4(’;7721) Scal, and (M, g) is locally conformally flat]. The non-degeneracy
condition was then relaxed in [37] in the case where ug is a strict local minimizer
of an energy functional.

More generally, these compactness questions originated with the investigation of
the set of positive solutions of the Yamabe equation in manifolds of positive Yamabe
type. In the case of the sphere, the positive solutions of the Yamabe equation were
classified by Obata [29]. For more general manifolds, references in the context
of positive solutions include Druet [14], Khuri, Marques, and Schoen [23], Li and
Zhang [24}125], Li and Zhu [26], Marques [27] and Schoen [39,40] for compactness
results and Brendle [4] and Brendle and Marques [5] for non-compactness results.

We prove Theorem [I.T]in Section [2] Its proof is based on an a priori asymptotic
analysis of sequences of blowing-up solutions (uy)ren of . We identify, for each
k, a suitable set of points in M where uy, is likely to blow-up (the number of such
points is not known to be a priori bounded in k). Around each one of these points
x) a local analysis is carried on, and we prove that uj blows-up at first order, and
on a controlled scale around xj, as a canonical bubbling profile. The conclusion
is then obtained by analyzing the pointwise interactions between all these defects
of compactness. The new difficulty here is of course that the sequence (ug)ren
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that we investigate changes sign. We overcome this issue by adapting the approach
introduced in Druet—Premoselli [17] (see also Premoselli [32]).

We prove Theorem|[I.2]in Section[3] The proof of this result relies on a Lyapunov—
Schmidt-type method, which was invented, developed and successfully used in a
series of works by Wang, Wei and Yan [45,46] and Wei and Yan [47H50]; see also
del Pino, Musso, Pacard and Pistoia [10,/11] and Guo, Li, Pistoia and Yan [20] for
more recent works inspired from this method. The solutions that we construct are
of the form

k
up = ZBi,k — Ao + P,

i=1
where k € N, By, ..., By are standard bubbles concentrating at k equidistant
points of the equator, Ao := h'/(2"=2) is the constant solution of and &, — 0
as k — oo in H! (M). This ansatz is similar to the one used by del Pino, Musso,
Pacard and Pistoia |10l/11] in the case of the Yamabe equation. Note, however, that
in contrast with [10,[11], our proof does not rely on weighted L>°—norms. Instead,
we use the Sobolev norm induced by the operator A, + h, an approach which is
closer to the one used for instance by Chen, Wei and Yan [7] in the context of
positive solutions.

2. PROOF OF THEOREM [L.1]

In this section, we will prove the following result, which is more general than
Theorem [k

Theorem 2.1. Let (M, g) be a closed manifold of dimension n > 3, q¢ € (2,2%]
and hg € C*? (M), 6 € (0,1). In case ¢ = 2*, assume that n > 7 and ho <
4(’;7:21) Scaly in M. Let A € R. Then for every sequences (hy)i in C%%(M) such
that ||hx — hollco.oary = 0 as k — 400, (qk)pen C (2,2%] such that g — q and

(ug)r, € C%9(M) such that
Aguk + hpug = |uk\q’€72uk, (2.1)

if (ug)r satisfies
u, <A foranykcN, (2.2)
then up to a subsequence, uj, — ug in C>%(M), where ug solves
AgUQ + houg = |UO|q72UQ n M.

In (2.2) we have let u; := — min(uy,0) which is always non-negative. Assump-
tion (2.2) ensures that the sequence (uy) does not develop sign-changing bubbles.

Remark 2.2. If (ur)r is a sequence satisfying the assumptions of Theorem |2.1
(2.2) is in particular true if one of the following two conditions is satisfied:

o Either ||ug|| Lo (ar) is uniformly bounded in k for some p > 2*, or

o [|ukllL2* (ary is smaller than some (small) constant eo(n, g, h) for all k.

Proof of the Remark: Following Ouyang [30], u; satisfies, weakly in H*(M):
Aguy, + hyuy, < (ug )™t

Now, if u, is uniformly bounded in some LP(M) with p > 2* then a bootstrap
argument shows that v, is uniformly bounded in L>°(M). On the other hand, if we
assume that [|ug|| 2+ () is small enough then an adaptation of Trudinger’s classical
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argument (see for instance the proof of Theorem 2.15 in Hebey [22]) similarly yields
that u, is uniformly bounded in some L*(M) with s > 2%, and we again conclude
with a bootstrap argument. |

The proof of Theorem [2.1] goes through an a priori asymptotic analysis. In
what follows we let (hg)k, (gx)r and (ug)r be sequences as in the statement of
Theorem In case ¢ = 2%, we assume that n > 7 and hg < 4&7:21)802119 in
M. Note that we do not assume that Ay + hg is coercive anymore. We assume
that (uy) satisfies assumption and, up to a subsequence, we assume that
uy, # 0 for all k. If the sequence (||ug||ze(ar))x is uniformly bounded Theorem
easily follows by standard elliptic theory. We therefore proceed by contradiction

and assume that
Jull oo (ar) —> +00 (2.3)
as k — +oo. We first prove Theorem in the subcritical case ¢ < 2*:

Proof of Theorem[1.1] when ¢ < 2*. Assume that limy_, 1~ g = ¢ < 2*. Let y; €
M be such that

lur (yr)| = mﬁx|uk| — +00

by (2.3). We then obtain wug(yr) = |ur(yx)| by (2.2)), and we can let vy :=
up(yr)~ (@272 For any x € B(0,i,(M)/2vy), where ig(M) is the injectivity
radius of M, define

2
vp(x) == v up (exp,, (V).

It satisfies ||vk||oc < 1 and solves
Ny vk + VEhy (expy, (vk+)) vk = lug| %2 in B (0,i,(M)/2v),

where g, := expy, g(vk+). By standard elliptic theory we then get that vy — v in
CZM(R™), for any 0 < 1) < 1, where

loc
Avg = |vg|7 2wy in R™.

Here A := —3"" 07 stands for the non-negative Euclidean Laplacian. By as-
sumption (2.2]) we have 0 < v, < Aui/(qk_Q) pointwise for any k, so that vg > 0.
Since ¢ < 2* the classification result of Gidas and Spruck [19] shows that vy = 0,
but this is impossible since vo(0) = 1. This ends the proof of Theorem when
q < 2*. O

The next two subsections are devoted to the proof of Theorem [I.1]in the asymp-
totically critical case. We will assume from now on that limg_ 4 qx = 2* and
therefore that n > 7 and hg < 4&7_721) Scaly.

2.1. Local analysis. In this section we consider sequences of critical points (xg)x
of ui and a sequence of positive numbers (pi)r with 16p, < i,(M) such that
|ur(zk)| > 0,

dy(zr, a:)TQ*? lug(z)] < C  for any x € By, (8pk) (2.4)

and
pir™? max |ug| — 400 (2.5)
B, (8pk
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as k — +o0o. Relevant examples of such sequences (zx)r and (pg)r will be con-
structed in the next subsection. We first prove that uj develops a concentration

point at xx. Let
q—2

pe = lug(we)|” 2 (2.6)
Lemma 2.3. Assume (2.4) and (2.5). Then as k — +o0 one has py, — 0 and

= 2\
o uk(expmk(uk~)) — (1 + n(>

n—2)
zn C?OC(RTL)'
Proof. Let y, € Bg(xk,8py) be such that
U = max |ug| — +00
| ()| Bg(ack,Spk)| |

as k — 400 by (2.5). We have in particular ug(yr) = |ur(yx)| by (2.2), and we
let vy := u(yp)~%~2/2. By (2.5) one has bk — 400 as k — +oo. For any
x € B (0, px/vi) define
2
vp(2) = 1w (exp,, (vkT)).
It satisfies
Ny vk + Vihy (exp,, (vk+)) v = |og |7 2wy, in B (0, pr/vk),
where gj, := expy g(vk+). Also, [[vg][oc < 1 by definition of yi.. By standard elliptic
theory we get that vy, — vg as k — oo in C’?’"(R") for any 0 < n < 1, where

oc

Avy = |v0|2*72v0 in R".

By assumption we have 0 < v < Al/lz/(q"'_Q) pointwise for any k, so that
v > 0. Also vy is non-trivial, since vy (yo) = 1, where yo := limp_ 1 oo i exp;kl(yk),
and the latter limit is finite since dy(zx, yr) = O(14) by (2.4). By the classification
result in Caffarelli, Gidas and Spruck [6] we get

z— a2
wie) = (1+ 52

Since Vug (z) = 0, 0 is also a critical point of vy and therefore yo = 0. In particular,
up(zr) > 0 and 7= = v (0)(2=2)/2 5 1 as k — oo, where py, is as in (2.6]), which
concludes the proof of Lemma [2.3 (]

1-3
> for all z € R™.

Define, for any k£ > 1 and for any « € M,
n—2
n—2— 25 dg(zp, )%\ 7
By(z) := w4 . 2.7
)= (i A (2.7

Let ¢ € (0,1) be fixed. Following the approach of Druet and Premoselli [17] (see
also Premoselli [32]) we define, for any k > 1,

TE 1= Sup {Mk <r <p; suchthat |ug(x)— Bi(x)| <eBg(x)
and |V (ug — By) ()| <e|VBg| for all z € By(z,7)}. (2.8)

Here By(xy,r) denotes the Riemannian ball of center z;, and radius . The radius
r, measures the distance from x; at which u, deviates from the bubbling profile
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By, due to the pointwise influence of other concentration points. By Lemma [2.3]
there holds wuy(zx) > 0 hence p = uk(a:k)*(qrz)/z and

e 4o as k — +oo. (2.9)
Pk

The definition of r; shows in particular that uy > 0 on Bg(xg, 7). We first obtain
a control on 7 in terms of pu:

Lemma 2.4. Assume that € is chosen small enough (independently of k). We have

n—4
ry, =0 (u;Q) .

Proof. Let X, be the 1-form defined in By (z, %) by

X (z) := (1 — 6(711_1)Ricg(ka(w),ka(x))> V fr(x),

where fi(z) := 1dy(zy,z)? and Ric, is the Ricci curvature of the manifold. We let
Qp 1= Bg(xy, 1) and write a Pohozaev identity for uy, in . Following Proposition
6.2 in Hebey [22] (and identifying X} with the associated vector field through g),

it can be written as follows

1 1
hiug (X, V) dvg + ( - ) / divy Xy |[ug | dvg
qk Qp

o 2

1
—|—/ <VXk — —divy Xy, ~g) (Vug, Vuy)dy,
Q, n
n—2

4n Qe

1 1
= / ( (X, V) |ug|™ + (X, Vug) Opup — = (X, v) |Vuk|2
a9, \dk 2

—2
A (divyXy) uldv, + ”2— / divy Xy hpu2du,
n Qp

n—2
an

By definition of X}, it is easily checked that

| Xk(z)| = O (dg(z, 7)) ,

By (divyXy) () = = - Scaly (w) + O (dy (w1, 7))

divy Xk (z) = n+ O (dy(zx, 2)?) ,

0y (divgXy) () = O (dg(xg, ).
Straightforward computations using Lemma 2-3), 2.9), and the C%?¢

convergence of the hy yield

1
Oy (divy Xy) up + Q*divgxka,,ukuk> dog. (2.10)

(2.11)

-2
hiug (Xg, Vug) dvg + r-s Ay (divy Xy) uido,

n—2 n—2 n—25
div, X 2 = —_— 1 — T
2n /Qk Vo Xichiujdvg = Oln) (4(n -1 Scaly (@) ho(xk)) k

n— 4 _
+0(uk ‘1“) (2.12)

+
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o= [ (e
 Jre n(n — 2)
Similarly one obtains, with (2.8]), that

as k — oo, where

1 1
/ ( (X, ) [ + (X, V) Oyi — = (X, v) | Vg 2
89, \dk 2

-2 1 2(n—2)— —4_
_ 714 0, (leng) ui + ?dingk&,ukuk) dag =0 (l‘Lk( ) a2 rin) )
n
(2.13)
Now, since By, defined in (2.7)) is radial, one gets by definition of X}, that
1.
‘ <VXk - Edlngk . g) (VBk, VBk) =0 (dg(a:k, -)3|VBk|2)
(see for instance Lemma 8.10 in Hebey [22]), so that with (2.8) we get
1 o4
/ (VXk — gdingk -g) (Vug, Vug)dvg = O (E,uk ‘““2> . (2.14)
Qp

Finally, up to reducing py, if necessary and since g, < 2*, it is easily seen with (2.8))

and (2.11)) that

1 1
( - ) / dingk\uk|q’“dvg Z 0. (215)
a  2*) Ja,

For ¢ small enough (but independent of k), plugging (2.12)—(2.15) into (2.10) and
= O

using that hy < 4&7_21) Scal, proves Lemma

Since n > 7, Lemma [2.4] shows in particular that
re =o0(y/pr) as k— +oo. (2.16)
Coming back to the definition of By in (2.7)) this implies that for any R > 0 and

for any sequence yj, € By(zk, Rri),

n—2
n(n—2)\ 2 "F2-2%5 n=2 5
By (yx) > <) o T "
1+ R2

My ™ Ty s
so that with we get
Bi(yr) — o0 as k — +oo. (2.17)
To prove we also used that u; < 1 for k£ large enough and that "T*Q—ﬁ <0.

The following lemma shows in particular that uj; remains positive on balls of radii
comparable to 7:

Lemma 2.5. Let R > 0 be fized. There exists a sequence (ng)x of positive numbers
with ny, — 0 as k — 400 such that for any y € By(xy, Rri,),

u(y) > (1 —nx) Br(y).

Proof. Let 6 > 0 be fixed. Let A > ||hgl|z(ar) be a positive constant and for
any « € By(zk,d) denote by Gy, the Green’s function of A, + A on By (zy,d) with
Dirichlet boundary condition. Let (yz)r be a sequence of points in Bgy(zk,d/2).
Since Gi(yx,y) > 0 for y € Bg(xk, d)\{yr} and 0,Gr(yk,y) < 0 for y € 0By(xy,d)
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(see for instance Robert [34]) and since for k large enough we have A — hy, > 0 in
M, a representation formula with (2.1)) and (2.2]) gives

wn(ye) = /B Gl g
gl\Tk,
+/ Gr(yr, ) (A—hk)ukdvg—/ 0 G (Yr, -)urdoy
BQ(EKWJ) 8Bq(zk75)

> / Gk:(yk:a ')qu—ldvg - C(na 6)A(1k—1’ (218)
Bg(zkﬂ’k)

where A is the constant appearing in and C(n,d) is a numerical constant.
Assume now that y, € Bg(xy, Rry), so that in particular dg(zx,yr) = o(1) as
k — oo by Lemma Fatou’s Lemma using Lemma (2.8) and standard
properties of the Green’s function show that

/ G (i, Ju? " dv, > (14 o(1)) By (ye)
By (zk,Tk)

as k — oo (see for instance Hebey [22], Proposition 6.1). With (2.17) and (2.18)
(]

this concludes the proof of Lemma, [2.5

Note that, unlike in the case of positive solutions, the lower bound on uj given
by Lemma[2.5is really a consequence of the estimate on 74 given by Lemma [2.4) and
of the assumption that n > 7 . Lemma shows in particular that uy is positive
in By(xy,7ry). Standard Harnack inequalities for positive solutions of (2.1]) then
apply (see for instance Han and Lin , Theorem 4.17) and using we in
particular get that

1
on By(zy,6ry), for some positive C independent of k. Define now, for = € B(0, 5),
i 2 (n-2)
g (z) == p* i 2y, (exp,, (rh)) - (2.20)

Lemma 2.6. As k — oo, there holds
(n(n —2))"7"

e — (2.21)
in C% _(B(0,5)\{0}). As a consequence, for k large enough,
TR = Pk (2.22)
holds.
Proof. By Uy, satisfies
(n—2)(qr—2)—2
g iy, + rehy (expy, (re)) @ = (:‘:) afe ! (2.23)

in B(0,5), where gy := exp}, g(rx-), so that by (2.16) and (2.19) @z converges
in C2"(B(0,5)\{0}), for any 0 < 5 < 1, towards a harmonic function i, in

loc

B(0,5)\{0}. By (2.19) and Bocher’s theorem, @, can be written as

Uoo(x) = A + H(z) forall z € B(0,5),

|x|n—2
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where H is harmonic in B(0,5). By integrating (2.23) in B(0,1), using (2.19)
and Lemma and since H is harmonic one gets, since r, = o(1l), that A =

(n(n —2))""?/? and hence that

(n(n—2))"F

|x|n72

Uoo () =

We now claim that

+ H(z) for all x € B(0,5).

H =0 in B(0,5).
First, as a consequence of Lemma we have H > 0 everywhere in B(0,5). We

now come back to the Pohozaev identity (2.10)). The boundary term in the right-
hand side now can be written as

1 1
/ ( (Xis ) g™ + (X, Vur) Oup, = 5 (X, v) |Vug|?
OBg(x,T) k

—2 1
n n 0y (divy Xy) up + 2*dngX;ga,,uku;,c) dog

2

where w,_; is the area of the unit sphere in R™. With , and ,
equality gives H(0) <0, and hence H(0) =0 and H =0 in B(0,5) since H
is harmonic.

It remains to prove . Assume, up to a subsequence, that ry < pg for
k large enough. By the definition of 7y in and by Lemma this means
that there exists yr € 9By(zk, k) such that either uy(yr) = (1 + €)Bi(yx), or
IV (uk — Bi) (yx)| = €|VBi(y)|. But this is impossible by (2.2I). This ends the
proof of Lemma [2.6] U

= (_(n —2) (n(n — 2))% wn—1H(0) + 0(1)) ,ui(niz)iq’%zri*”,

Lemma shows that the assumption hg < 4(’;7’_21) Scal, forces uy, to be close to
the bubble By, at first order on the whole of By(xg, 7). With and Lemma
we obtain in particular that

o = o (Viw) (2.24)

as k — 400 and that

Yk _ 1 <e.
U VN REA)
Since € can be chosen as small as needed, up to a subsequence we obtain
%’“ 1 = o(1) (2.25)
k Lo (Bg(x,px))

as k — +oo, where By, is defined in ([2.7)).

2.2. Proof of Theorem Recall that (ug)y is the sequence introduced in (2.1))
which satisfies (2.2 and (2.3). We first identify a set of points of M where we expect
the blow-up for (ug)r to occur:

Lemma 2.7. There exist Ny > 1 points (X1, ..., TN k) of M satisfying, up to a
subsequence,
(1) Vug(z; ) =0 for 1 <i< N,
2
(2) dg (@i, xj) %2 |ug(zix)| > 1 for all1 <i,j < Ny, i # j, and
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(3) there exists a positive constant C' independent of k such that
2
q—2
. < .
(| auin dy (@) )™ o) < € (2.26)
for any x € M.

By construction the x; j satisfy in particular |ug(z; k)| > 0.

Proof. The proof of this Lemma follows closely the proof of Lemma [2.3] First, an
adaptation of Lemma 1.1 in Druet-Hebey shows that for any k there exist
N > 1 critical points 21 g, ..., 2N,k of u, such that for any 1 <4, j < Ny, i # j,
one has i

dg (@i, 2j,) %2 fug (i) = 1
and that

_2
(KI%V d, (xi7k,:c))qk lup(z)] < 1 (2.27)

for any critical point x of u,. We prove Lemma[2.7] by contradiction and we let, up
to a subsequence, yr € M be such that

2
a5 —2
(12nin, do o) )™ fston)

2
qp—2
- . 2.2
ggg(lgg}v dg (wz,my)) lue(y)| — +oo  (2.28)

as k — +oo. By (2.28) we have ug(yr) # 0 and, since M is compact and by (2.2),
up(yr) = |ur(yr)| = +00 as k — +oo. Letting v := uy(yp)~ (=272, ([2.28)) shows
that

1
— ( min d, (xl-ﬁk,yk)> — +o0 as k = +o0. (2.29)

Vi \1<i<Ng

For 0 < § < 1iy(M) and = € B (0,6/vy,) we define

Up(x) == vk W “uy, (exp,, (vkz)) .
Using (2.28) and ( we have v (0) = 1 and, for R > 0,
|uk( )| <1+0(1) forany z € B(0,R).
By standard elliptic theory and , Qg converges in 012 JI(R™), for any 0 < < 1,
towards a non-negative function g which solves
Nty = “0 -1 in R™

By the classification result in @, we again have

fol) = <1+n(7|1x|_2)>

Since 0 is a non-degenerate critical point of g, this implies in particular that for
k large enough uy possesses a critical point z; € M, with dg(yk,zk) = o(vx) and
Vz/(qkﬁ)uk(zk) =14o0(1) as k — oo. But then

2

qp—2
(|, amin dy (o) )™ ()| — +oo

as k — oo by (2.29), which is in contradiction with (2.27)). This ends the proof of
Lemma 271 O
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For any k, consider the points {1, ..., %y, r} constructed in Lemma[2.7] It is
a first, simple remark that the analysis of subsection shows that Ny > 2 — so
there are at least two concentration points. Indeed, if up to a subsequence we had
Ny = 1, conditions and would be satisfied for the sequences (x1 1), and
Pr = 3%ig(M ). More precisely, would follow from , while would
follow from . But this would then contradict .

Hence Ni > 2 up to a subsequence. Define then

: . 1.
16d}, := min (lging}rgl]vk dg(Zik, Tj k), §zg(M)>, (2.30)

and assume that the concentration points are ordered so that
dg(1k,22k) < dg(@1k,23k) < ... < dg(T1k, TNy k) (2.31)
Another important observation is that
dy — 0 as k— +o0. (2.32)

Indeed, assume by contradiction that, up to a subsequence, dr /4 0 as k — +oo.
In this case, as a consequence of (2.30)), Ny is uniformly bounded — that is, that
there only are finitely many, isolated, possible concentration points z;; — and we
can assume that Ny = N for all k. By the initial assumption , there exists
then i € {1,..., N} such that

2

qk—2

. max  |ug| — 400

Bg(xio,k ,8dy)

as k — oo. But the sequences (x;, )i and pr = di now satisfy (2.4) and (2.5)),
which again contradicts (2.24]). This proves ([2.32)).
Let R > 1 and define, for any k, Ny r by

1<i< Npr < dg(xl,k,xi,k) < Rdy,

which is well-defined in view of . Clearly Ny r > 2 for any R > 16. With
(2.30) it is also easily seen that, for fixed R, Nj g is uniformly bounded in k. In
what follows we will fix R > 16 and, up to a subsequence, we will therefore assume
that Ny g is constant and equal to Ng > 2 . Let now 1 < ¢ < Np. At each point
2, 1 two alternatives can occur, up to a subsequence,

either d,;““ﬁ max |ug| < C (Case one)
Bg(:r,,k,Sdk) (2 33)
or d,;““ﬁ max  |ug] — +oo  (Case two)

Bg(:r,;,k,Sdk)

as k — 400, where C' > 0 is independent of k. It turns out that cases one and two
cannot simultaneously occur among the points z; ; with 1 <4 < Np:

Lemma 2.8. Assume that, for some ig € {1,...,Ng}, z; x Satisfies the first case
in (2.33). Then each other x;y, i € {1,...,Nr}\{io}, also satisfies the first case
in (2.33).

Proof. Choose R > 16. We assume that there exists ig € {1,...,Ng} for which
Case one in (2.33) holds. We first remark that we then also have

2

dix=? i > O 2.34
B Byanddy) = (2:34)
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for some positive constant C;, > 0 independent of k. Indeed, define

_2
U (2) == d* g eXpy, (dkx))

for all x € B(0,8). By , , and the assumption of Case one in
ay, converges in Ci27(B(0,7)), for any 0 < i < 1, towards a nonnegative solution
’[1,0 of

Nug = a2 ~' in B(0,7).
By Lemma one has tp(0) > 1, so that mingep(oq) tio(z) > Ci, > 0 by the
maximum principle, which proves (2.34)).

Let now A > ||ho||pe(ar), @ € {1,..., Ngr}, i # io and let G} denote the Green’s
function of A, + A, with Dirichlet boundary condition on By(z; x, 3Rdy). By stan-
dard properties of Green’s functions (see again Robert [34]), for 2 € B(z; x, 2Rdy,)
we have

1

6dg(x,y)2*” < Gi(z,y) < Cdg(:r,y)zfn for any y € By(x; r, 3Rdy)

and
10,Gr(x,y)| < CR'™™d, ™" for any y € OBy (z; x, 3Rdy)

for some C > 0 independent of k and R. Let (zx)r be a sequence of points in
Bg(xi k, 2Rdy). With (2.1)), a representation formula for uy on By(z; &, 3Rdy) gives

uk(2x) =/ G2k, ) Jug | ™~ ugdug
Bg(miﬁk,Sde)
+ / Gk(zk, ) (A — hk) ukdvg — / &,Gk(zk, -)ukdag
Bg(aci,k,fide) BBg(xi,k,Sde’)
> / Gk(zk, ~)|uk|q’“72ukdvg - C
Bg(a:i()_’k,ﬁldk)

1 —52s
Z adk T C (235)

for some positive constant C' depending on n and A, where A is the constant
appearing in (2.2)). Here we used (2.2)) to estimate the integrals on the region of M
where uy, is negative and (2.34) to estimate uy from below on By(z;, &, 4dy). With
(2.32), (2.35) now becomes
2
min d* *uy, > Co+o(1
By(wip2Rdy) ® 0 S

as k — oo, for some positive constant Cy independent of k. In particular, by the
analysis of subsection Case two in cannot be satisfied at z; j, since by
it would contradict the latter inequality. Hence Case one in is satisfied
at x; ; and this ends the proof of Lemma O

Lemma [2.8shows in particular that, for any R > 16, either all the concentration
points x; i, 1 < i < Np satisfy case one in (2.33]) or they all satisfy case two.

End of the proof of Theorem[I.1, We first assume that, for any R > 16, all the
i €{1,..., Ng} satisfy case one in (2.33)). Then the function

—2_
wi(z) = d;’“_z i ( exp,, (dkm)),
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defined for x € B(0,i4(M)/2dy), is locally bounded and by (2.1)), (2.2) and stan-
dard elliptic theory converges in C12 J1(R™), for any 0 < 7 < 1, towards a nonnegative
solution wq of
Awy = wg -1 inR™
Also, wy is non-zero by Lemma and by construction 0 and
1
To = kgriloo a eXp;ik (xZ,k)

are distinct critical points of wy. But this is impossible by the classification result
of @

Hence, all the points z; 5, 1 <1 < Ng satisfy case two in (2.33). By Lemma
and for all i € {1,..., Ny}, the sequences (x; ), and (dy)x satisfy ZD and (2.5))
with pp = di. Hence the analysis of subsection applies and ([2.25) shows that

i
Bik

-1

—o(1) (2.36)
Lo°(Bg(xi,k,dk))

as k — 4o0, for any 1 <1i < Npg, where
n—2
dy(zig,2)*\ 7
n(n —2)

and p; = uk(;vi’k)_(q’“_2)/2. Let 0 <6 < % be fixed and let (zx)r be a sequence
of points in M such that

Bk = p; . ' M+

dg(.’L‘Lk,Zk) = ddy,. (2.37)
We let G, be the Green’s function with Dirichlet boundary condition of Ay + A on
Bg(z1 k, Rdy). A representation formula for uy as in (2.35) gives, with (2.36),

up(z1) > (1 —l—o(l))/ Gk(zmy)Bi]fkfldvg
Bg($1,k7dk)
+ (14 0(1)) / Gr(z,y)BE Ydu, — C (2.38)
Bg(v2,k,dk) ’

as k — oo, for some positive constant C' depending on n and A. Let G denote the
Green’s function with Dirichlet boundary condition of the non-negative Euclidean
Laplacian A on B(0, R). Define, for any z € B(0, R),

f(2) := (n — 2)wn_1|2|"2G(0, 2).

Using Fatou’s lemma and standard properties of Green’s functions we get that as
k — oo,

/ Gk ) BY vy > (1 -+ 0(1)) £(2) B i (21) (2.39)
Bg(xl,kvdk)
holds, where 2 := limg_, 1 o i exp;llch (2x). Similarly, we obtain
_ 1
/ G (2k, y) BE Hdvg > 5 B2k () (2.40)
By (z2,k,dr)

for some C' > 0 independent of k¥ and R. Coming back to (2.38) with (2.36)), (2.39)
and (2.40)) we obtain

(1= £(2) +0(1)) B(z) > (é +0(1)) Ba.x(2)
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as k — oo which yields, with (2.37)),

n—2——2, .
q 1—
lim sup (m) ' < C’# (2.41)
k— 400 M1,k on—

for some C' > 0 independent of k and R. On the Euclidean ball B(0, R) the Green’s
function G is explicit, so that
5 |Zv' ‘ n—2
fg)=1- =k
Since || = 4, after letting R — +oo in (2.41)), this yields
M2k

lim sup —— = 0. (2.42)
k—+oco M1,k

Now, by the choice of z; j and xg in (2.31)), the roles of By j and By are sym-

metric. In particular, repeating the analysis from (2.37) to (2.42]) by centering
everything at x, j yields in the same way

lim sup Hik _ 0.

k—+oo M2,k
This is an obvious contradiction with (2.42), and concludes the proof of Theo-
rem [T1] O

The idea behind this last argument is as follows: since by uy, is equivalent
to By on the whole ball By(z1 &, di), the bubble B j cannot interact at a pointwise
level with By, on Bg(21 k, di) — otherwise u;, would deviate at first order from B; .
As (2.42) shows, By i therefore has to concentrate much faster. But if holds,
then wy, cannot be equivalent at first order to Bs j, on By(x2 k, di) anymore.

3. PROOF OF THEOREM [1.2]

This section is devoted to the proof of Theorem [I.2} Throughout this sec-
tion, we assume that h is a constant and h > 0 in case n € {3,4,5}, h > 2
in case n = 6 and h > n(n—2)/4 in case n > 7. We assume moreover that
h#3(j+n—1)(n—2)/4forall j € N. By using the stereographic projection, we
can write the equation as

Au+ hou = \u|2*_2 u in R" (3.1)
ue DY (R, '
where Au := —div Vu is the Laplace operator for the Euclidean metric, hq is the

function defined by
_4h—n(n-2)

(1 + |x|2)2

and D12 (R") is the completion of the set of smooth functions with compact support
in R™ with respect to the norm

ho (x) : Vo € R"

[ull przmy = IVl L2 ny -
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For every k € N, we let Hj, be the set of all functions v € D12 (R™) such that u is
even in xg,..., T, and

w(rcos(0),rsin(0),zs,...,x,)
=u(rcos (0 + 2n/k),rsin (0 + 2n/k),x3,...,2p)
for all 6, x3,...,x, € R and r > 0. We equip Hy with the inner product
(u,v),, = / ((Vu, Vv) + houwv) dx  Yu,v € Hy
and the norm
llull, == +/(u,u), Vu € Hy.
For every k> 1 and r,t > 0, we define

k
Uk,rt (7) = ZBz',im,t (x) —wup (x) Vo eR",
i=1

where
n—2

vn(n—2)tdy :
Bi,k,r,t (-T) = 2 5 P
(t0k)” + |2 — T4 1|

Tigyr = (rcos(2(t—1)w/k),rsin(2(i —1)n/k),0,...,0),
k=2 (Ink)™? ifn=3
Sp = k72 if n € {4,5,6}

n—2

kn—1 ifn>7

up () ::< 2vh ) .

L+ |af”
Remark that the functions B; 1 »+ and ug are solutions to the problems

{ABM’M =B}, mR"

and

t
’ 3.2
Bikrs € DV (R") 2

and

{Auo + hOUO = ug*_l in R" (3 3)

ug € DV2 (R™).
We let (A + ho) ™! : L#¥2 (R™) — D12 (R") be such that for every v € L=tz (R"),
the function u := (A + ho)_1 v is the unique solution to the problem
Au+hou=v inR"
u € DV (R™).
It follows from the Sobolev inequality that (A + ho)_1 is a continuous operator
from L7+ (R™) to D12 (R™). We then define
Ryt = (B +h0) " (|Ukril” 7 Usirt) = Ut (3.4)

As a first step, we prove the following estimate:
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Lemma 3.1. For every a,b,c,d > 0 such that a < b and ¢ < d, there exists a
constant Cy > 0 such that

(Ink)™! ifn=3
L < Cog k7T if n € {4,5,6} (3.5)

_ (n+2)(n+4) )
2n(n—4) an 2 7

forallk > 2, r €la,b] andt € [c,d].

Proof. By continuity of (A + ho) ™" : Lt (R") — DV2 (R™), by using (3.2) and
(3.3) and since hg = O (ug*_Q), we obtain

+ ho - k,r,t - kort) — Vkrt
(A + o)™ (1Ol ™ Ust) = Uk,
= O (H |Uk,r,t|2*72 Uk,r,t - (A + ho) Uk,’f‘,t“ﬂ)

k

¢ (H |Uk,nt|2 - Uk,rt = ho ZBZ kort Zsz;lt +ug ! )
=1 +2

k k 2% -2

0 (‘ ul 2 Z Bi k,rt + ug ( Z Bi,k,r,t>

i=1
2*—1 k
H (ZBZ . ) -y B ) (3.6)
nt+2

i=1
Moreover, by symmetry, we obtain
k 2°—1  k 20
[OIETIES B: 7
i=1 i—1 2
k k 2" —1 28
=0 (’fH (Bf ot Z Bi ket + (Z Bi,k,r,t) )Xsh ) , (3.7)
—2 i=2 2
where xq, is the characteristic function of Q; and
Qi={zeR": |z -z, <|z—zir,] Vie{2,...,k}}. (3.8)
Finally, we infer (3.5) from (3.6) and (3.7)) by applying Lemmain the appendix
and using the definition of ;. This ends the proof of Lemma O

We define

k
Pk,r,t = {¢ S Hk : Z <¢a Zi,j,k,r,t>h =0 V] S {172}} )

i=1

where

d d
— [B; 7. _
dr [ 1,7977‘,75} and 4,2,k,rt dt [

We let II, .+ be the orthogonal projection of Hy, onto Py ;. We prove the following
result:

Zi kit 2= Ok Bi kort] -
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Lemma 3.2. For every a,b,c,d > 0 such that a < b and ¢ < d, there exist k; € N
and C1 > 0 such that for every k > ki, r € [a,b] and t € [c,d], the linear operator

Lirt s & — Ty pi (6 — (A +ho) 7 (25 = 1) [Uri|* 2 9)) (3.9)

is an isomorphism from Py, . to itself and
1
o 21l < Lkt (D), < Crlloll, Vo€ Prpe. (3.10)

Proof. We begin with proving the second inequality in (3.10). Assume by contra-
diction that this inequality is not true. Then there exist sequences (7), in [a, b],
(tx), in [c,d] and (¢),, (¥x), in DV (R™) such that

B Uk € Pt Dhomty (06) 0k =k, [[nllh =k and [|gx]; =o (k) (3.11)
as k — oco. By symmetry, it follows from (3.11)) that

/Q (<V¢’>k, Vi) + hodwtn — (25 = 1) [Ug ot |> 2 ¢wk) dr =1, (3.12)

/ (IW%I2 + howi) dr =1 (3.13)

1
and

/ (|V¢>k|2 + ho¢i) dz — 0 (3.14)

1

as k — oco. In particular, it follows from (3.12))—(3.14]) that

/ |Uk;Tk7tk|2 -2 (/j)k"/)kdx —
Q

3.15
2% — 1 (3.15)

as k — oco. On the other hand, straightforward estimates give

k 2% -2
/ Ukt 72 drtbnda = O (/ [(Z Bi,k,m,tk)
(971 Q1 )

+ B Jrug*—z} | Pkt dm). (3.16)

By using Holder’s and Sobolev inequalities together with (3.11)), Lemma in the
appendix and the definition of d, we obtain

k 2% -2 k
/(ZBZ;k,m,tk) el dr < || D Bikrn Xy
o\

=2
:O(

2% 2
| érxo,

o [k X ||+

2%

i _2k3> =o(1) (3.17)

k
E Bi,k,rk,tk X
1=2

as k — oo. Similarly, straightforward calculations give

2* 2
By b |06tk da

/QI\B(xl,k,,.k i/ k)

2% -2
S ||Bl,k,7’k,thQl\B(:L'l)kJ.k Tr/k) || 9% HQSkaHy ||1;Z)kXQ1 b
—o(1) (3.18)
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as k — oo, where B(x1 ., 7k/k) is the Euclidean ball of center z1 ., and radius
ri/k. It is easy to see that B(z1 k. r,,7k/k) C ©1. On the other hand, by rescaling,
we obtain

/ Bfk_fktk |prtok| do = / U 72| gifr|de,  (3.19)
B(@1,k,r), 7./ k) B(0,rk/(ktrdr))

where

n—2

. n(n—2) B
U(x):= (1 e ) ,
G (@) = (tk0k) T 1 (tadkry @) i (te0k) T + B0 01 »

n—

T;k (.Z‘) = (tkék)T n (ktkdkr,zlx) Vi ((tkék) x + x1,7-k7tk) ,
and 7 : R — [0,00) is a smooth cutoff function such that n = 1 in B (0,1) and

n =0 in R"\B(0,2). It follows from (3.13), (3.14) and the Sobolev inequality
that (z/;k)k and (qﬁk)k are bounded in L2 (R™) and, up to a subsequence, (gbk)k

converges weakly to 0 in L2~ (R") and dr — 0 ae. in R as k — co. It then follows
from (3.19) and standard integration theory that

/ B2 dwtk] de — 0 (3.20)
B(Il,k,rk T/ k)
as k — oo. To estimate the last term in (3.16)), we write
/Q u? =2 |ppipn| do = / up | én/VE||n/ VE|da. (3.21)
1 R™

By using (3.13), and the Sobolev inequality, we obtain that (1/vk), and
(qﬁk/\/ﬁ)k are bounded in L?>" (R™), up to a subsequence, (¢;€/\/E)k converges
weakly to 0 in L?" (R”) and ¢, /vE — 0 a.e. in R™ as k — co. It then follows from
and standard integration theory that

/Rn w2 2| én/VE| [/ VE|dz — 0 (3.22)

as k — oo. By putting together (3.16])—(3.18)), (3.20) and (3.22), we obtain

/ Usree|” % rtbrdz — 0 (3.23)
Q

as k — oo, which is in contradiction with (3.15)). This ends the proof of the second
inequality in (3.10)).

Now we prove the first inequality in (3.10). Assume by contradiction that this
inequality is not true. Then there exist sequences (), in [a,b], (tx), in [c,d] and
(éx), in D2 (R™) such that

2 2
Pk € Prrts 0kl =k and | Lk o (01, = o () (3.24)

as k — oco. By symmetry, it follows from (3.24)) that

/Q (Vi + hoo) do =1 (3.25)
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and

| ((900.96) 4 ot = @27 = 1) U 0 da

—0 <\//Q (|w|2 + how) dac) (3.26)

as k — oo uniformly in ¢ € Py ., ¢, . In particular, it follows from (3.25) and (3.26)
that

/ |Uk7rk»tk|2*72 gb%dil' — (327)

2* -1
1
as k — co. On the other hand, similarly as in (3.16)—(3.19)), we obtain

k
/Q U | 7% $dz = O ( /Q [ZBik,‘ri,tk +ug -2]¢zdx>, (3.28)
1 1

i=1
k 2" -2
/ <Z Bi’kmk> Shde = o(1), (3.29)
M\ =
/ B . v hde = 0(1) (3.30)
QUN\B(21,k,74 7k /F)

as k — oo and

/ B} i S =/ U? “2¢ida. (3.31)
B(z1, kg re/k) B(0,ri/ (ktxdk))

It follows from that
/ ((Vor, V) + hidrt) — (25 = 1) [Tk |” “drd)dz = o (J¢ll,)  (3.32)

Q

as k — oo uniformly in ¢ € C° (R™), where

i o= (te0k)> h (t0k) T + T4y 1))

and .,
Ukﬂ”kﬂfk = (tkdk)T Uk,ﬂmtk ((tkék) T+ xl,rkﬂfk) .
It is easy to see that h, — 0 and Uy, ¢, — U in C2_ (R") as k — oco. Hence it

follows from (3.25)) and (3.32)) that, up to a subsequence, (q@k) ., converges weakly in
D12 (R"™) and pointwise almost everywhere in R™ to a solution b of the equation

Ado = (2 —1)U* 2§y in R™.

Moreover, since ¢y, € Py, r, +,, by passing to the limit as & — 0o, we obtain that ¢g
is even in x3,...,x, and

/" <w30, V [02, U] >dx = / <qu0, v LZ& [5%‘2(] (533)}6:1] >dm 0

and so ¢p = 0 (see Bianchi and Egnell [3] and Rey ) It then follows from (|3.31))
and standard integration theory that

/ By 2, drde — 0 (3.33)
B(wl,k,rkﬂ"k/k) ,7 ’
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as k — oo. To estimate the last term in (3.28)), we write

| M GO (3:34)
Q1 Rn
It follows from (|3.24]) that

| (9 (600VR). V) + ho(0n/ V)
— @ = 1)U 72 (d0/VE)®)dz = o (J0]],) (3.35)

as k — oo uniformly in ¢ € Py, +,. Moreover, straightforward estimates give

/}R (1Uk st R w2 =) (¢n/VE)pda
= /Q (L R - PRI

2% -2
(/ [(Zszrk,tk> +ug _3Zszrk,tk:| |¢>kwk|dz> ifn<5s
=1
2% -2
(/ |:<ZB1 k T‘k,tk> B% k_r2k tk::| ‘¢kwk| d$> ifn> 6,
1=2

(3.36)
where 1, := Vkt. Similarly as in (3.17)([3.19)), we obtain
k 2*—2
/ (ZBi,k,rk,tk) opnldo = o (1), (3:37)
Q1 \ =2

/ BE2  owilde = o(1). (3.39)

Ql\B(wl k Tk,’l‘k/k)

k
Z/ Uy OBkt |rk]dz=0(1) forn<5 (3.39)
Q

as k — oo and

/ fk_fk,t,c |prtor| do = / U2*72|€£k7]1k|d$- (3.40)
B(:El k Tk,’l"k/k:)

B(O,Tk/(ktkék))

Since (qu)k and (zﬁk)k are bounded in L2 (R™) and ¢ — 0 a.e. in R”, it follows
from (3.40) and standard integration theory that

/ B i |0kl da — 0 (3.41)
B(x1,k,r, Tk /K)

as k — oo. By putting together (3.36)—(3.39) and (3.41]), we obtain
| W =7 2) (0 V)bt — 0 (.42
as k — oo. It follows from (3.24), (3.35) and (3.42)) that, up to a subsequence,

(sbk / \/E)k converges weakly in D2 (R") and pointwise almost everywhere in R"
to a solution ¢g of the equation

Ado + hodo = (2" — 1) u ¢y in R". (3.43)
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By letting ¢p : S\ {P} — R"™ be the stereographic projection with respect to the

point P := (0,...,0,1), we can write (3.43)) as

5 = o s”, (3.44)

Agod)o = n_o9
where
2\ T
00 = (W) b0 (pp (z)) Vo eR™

Since h # j (j +n—1) (n—2) /4 for all j > 1, it follows from (3.44) that ¢y = 0
and so ¢p = 0. It then follows from (3.34]) and standard integration theory that

/ ud “2pidr — 0 (3.45)
Q1

as k — oo. By putting together (3.28)—(3.30)), (3.33) and (3.45]), we obtain
/ |Uk?,7'k7tk |2*_2 ¢id$ —0
(951
as k — oo, which is in contradiction with (3.27). This completes the proof of
d

Lemma [3.2]

By using Lemmas and we prove the following result:

Lemma 3.3. Let a,b,c,d > 0 be such that a < b and ¢ < d. Let k1 be as in

Lemma[3-4 Then there exist ko > ki and Co > 0 such that for every k > ko,
r € [a,b] and t € [c,d], there exists a unique solution ¢y, € Py 1 of the equation

(3.46)

Wh vt (Upori A Grri— (A +30) ™ Ukt + Sprt)® 2 Ukt + b)) = 0 (3.47)

such that
(Ink)~? ifn=3
ifne€{4,5,6} (3.48)

. —2(n—3
[kl + [ a2 6, < € {47207
R _ (4 (ntd)
k ifn>"17.

n(n—4)

Moreover, the map (r,t) — ¢p 1 is continuously differentiable.
Proof. We define the operators

Nigi:dr— (A+ho) " (|Us,r + ¢|2*_2 (Ugrt + )
Ukt 2 Upt — (25 = 1) |Upa|* 2 0)

and
Tk,r,t . Cb — L};’}n’t (Hkﬂ‘,t (Nk,r,t (¢) + Rk,r,t)) ’
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where Ry, and Ly - are as in (3.4) and (3.9). For every C >0, k € N, r € [a, ]
and t € [c, d], we define the set

Vi (C) 1= {¢ & P [0l + [ Ukl 2 P
R’n

(Ink)™? ifn=3
<0 { kn3) if n € {4,5,6}

_ (n42)(nt4)
n(n—4) ifn>7.
We will prove that if C' is chosen large enough, then T} ,; has a fixed point
in Vit (C), which is equivalent to solving the equation (3.47). It follows from
Lemma [3.2] that

Tt (Ol < O (Nt (D)l + 1Rl (3.9
and
Ukl B (607 o = o (i (6) = L (T (0, Tirs 90
= o (Tt (8) — Nt (6) — R Tt (),
< GO (i, @+ 1Rerell,) (350)

for all k > ki, r € [a,b], t € [¢,d] and ¢ € Py,;. By continuity of (A + ho) ™"
L##5 (R") — DY2(R") and using Holder’s inequality and Sobolev inequality, we
obtain

| Nt (D), = O (H Ut + 0 2 Ukrt + 0) = |Ukrt)® 2 Uprs
- (2* — ].) ‘Uk,r,t‘z*iz ¢H27n)
el 72 6% 4 16" 7| e, ) ifn<6

116 ], ifn>1

Hﬂf_ﬁ ifn>7

(Ink)~ ) ifn=3

(I
(
(100l 2 1,7 0l +llofly ™) itn <o
(
(
(x

—2(n— 3>) if n e {4,5,6) (3.51)

_ (n42)%(nta)
(k™ 2ne=20=0) ifn > 7
uniformly in k > kq, r € [a,b], ¢ € [c,d] and ¢ € Vi, (C). It follows from and
7 that there exists ko > ki and Cy > 0 such that Ty ¢ (Vi (C2)) C
Viert (C2) for all k > ko, r € [a,b] and ¢ € [¢,d]. It remains to prove that T, is a
contraction mapping on Vj ., (C2). It follows from Lemma that

”Tk,r,t (¢1) — Tt (¢2)||h <Gy ||Nk,r,t (p1) — Nirt (¢2)||h (3.52)

0)
0)
0)
0)
0)
0)
0)
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for all ¢ € Py,;. By continuity of (A + hg)~' : L7z (R") — D2 (R") and using
Holder’s and Sobolev inequalities, we obtain

HNkJ,T,t (¢1) - Nk:,r,t (¢2)||h
=0 (H |Ug,rt + <Z51|2*72 Ukt + 01) = |Up et + ¢2|2*72 (Ugyrt + ¢2)

— @ = DUkl (61— 02) | 2, )
O (1 (1Ukal® = (1611 + 1)
— 101 7 4 162”72 101 — 6ol [ 2 ) <6
O (| (l6a" = + 162> ) I - 6l II%) ifn>7
O (| 10kl (1] + 2]} |6 — 2l ;™

< (161l + loall,) T [|én — o™

R I e T R
O((lefly " +lleally Miér—sall,) — ifn>7
uniformly in k > kq, r € [a,b], t € [¢,d] and ¢ € Py, ;. Moreover, we obtain
1Tkl 7 (1] + [02]) 161 — 02 ||,
= g nl 102l — Lione (1n] +16nl) 61 — ),
< S22 Urll + Woalh) 1 — bl (354)
It follows from (3.52)—(B.54) that
[Thne (61) = Tt (6}, = 0 (61 — ) (3.55)

as k — oo uniformly in k > ki, r € [a,b], t € [c,d] and ¢ € Vj .. (C2). By
using and increasing if necessary the values of ko and Cy, we obtain that
Ty,r+ is a contraction mapping on Vi, for all k > ko, r € [a,b] and t € [c,d].
We can then apply the fixed point theorem, which gives the existence of a unique
solution ¢y s € Vit (C2) to the equation . The continuous differentiability
of (r,t) — ¢gr. is standard (see for instance Robert and Vétois [36]). This ends

the proof of Lemma [3.3] O
We define
1 1 *
I(u):= f/ (|Vu|2 + houQ) dx — —/ lul® da Yu € DM (R™).
2 Jan 2 Jon

We prove the following result:
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Lemma 3.4. Let a,b,c,d > 0 be such that a < b and c < d. Let ¢y r+ be as in
Lemmal3dl Then

1 C k2
[(Uk,r,t‘i’ﬁbk,r,t)zﬁ/ |uo|? +;Kn JrEKn E(r,t)

(Ink) " (140(1) ifn=3
x kP (14 0(1)) ifn € {4,5,6} (3.56)
E~m1(1+0(1)  ifn>7

as k — oo uniformly in r € [a,b] and t € [c,d], where

8 2t ,
> (UOE;)M _47”:) ifn=3
s (W ()Y ey
E(rt) = :" (=2 7;; (3.57)
g ((2U0 (T’) + h() (T‘)) t2 - 2(7”1)456> an =6
(- Dh () wart™? |
(n=2)(n—4)  w, (7r)"? S #nz7,

wWn—1 and w, are the areas of the unit spheres in R™ and R"*1, respectively,

2w;1/n

Sn = Zi27n and Kn = ﬂ
n{n —

i=1

i.e. K, is the best constant for the embedding D™ (R"™) < L?" (R™) (see Aubin [1],
Rodemich [38] and Talenti [42] ).

Proof. By integrating by parts and using (3.2)) and (3.3)), we obtain
k
[V i+ P in = [ [u% — o +2 (oo — w3 3 By
R’VL n Z:l

k k
2*_1 21 2*—1 2
+ E : B}t Bikrt + 2<hO“0 —ug ~+ E :Bi,k,r,t) Pkt + [V Okt }dz-
ig=1 i=1

(3.58)

If follows from ([3.58) that
n

k k

1 2% 1 2% 2% —1

I Ukt + Grrt) = /n [Uo + z:l Bl ki uo 2 Byt
i= i=

k k
1 . 1 1 v o
-3 > > BBkt Sho " BikraBjkrs — o ( Ukt + Gl — ug
i=1 j#i 1,5=1
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k

- ZBz kot Tt 2" UOZBfkiy}t + 2*“(2)*71 ZBiykmt -2 ZZBEk_vltBJ k,rt

i=1 i=1 j#i

— 2 |Up ] 2 Uk,r,tm,m)] dx + ~ Ryt Grt)y . (3.59)

where Ry, ¢ is as in (3.4). Moreover, straightforward estimates give

)ID DY IR TIES 3 | BB s

i=1 j#i i=1 j#i

k k 2"
=k Z/ Bf kj}tBl krtde + O <k/9 [(Z Bi,k,r,t)
i=2 i=

+B1krtzBlth:|dl‘>, (3.60)

=2

/ <|Uk,r,t + ¢k,r,t|2 —NUprit|” = 2 Upra|” 2 Uk,r,t¢k,r,t) dx
n

=0 </ (lUk7T,t|2*72 (bi,’r,t + |¢k,r,t|2*) dl‘) y (361)

¢

k k 2% —1
/ [wk,r,tf (ZB) +z*uO(zBi,k,r,t)
R’V‘L Z:1

=1

k
+20ug Y Bi,kmt} dz
i=1

o( Ll () -a(Em)

ifn<5 (le 2"=2>1)
_Jo ifn="6(ic 2°—2=1) (3.62)

k 2 k 2% 2
O (/ min |:U3 —2 < Z Bi,k,ri) R u% ( Z Bi,k,r,t) :| dﬂ:)
" i=1 i=1

ifn>7 (e 28 —2<1),

k

k o
L[ ot e Eran o
= i=1 =1 j£i

*

2 k
:0(/ [BlkrtZBfk,}t %kft(Zszm> +(ZBi7k,r,t) }dw)
Q1 1=2

(3.63)
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and

k 2% —
/ U [( Z Bi,k,r,t) Z Bz2k_rlt:|
R i=1
2% -1
O<k/ ’U,0|:B12k_72tZszrt+<ZB1k7’t> :|dl‘>, (364)
Q4

1=2
where Q is as in (3.8). By remarking that hg = O (ug*—z) and putting together
(3-59)—(3.64), we obtain
k

1 o«
I(Uk:’ﬂt—’—(bk,ht):/ |:nu(2) + - E zk'rt—"_uoi :szrt+ hOE : '?k,r,t
Rn

i=1

O (|Uk,r7t|2*_2 , 2*) }dx +0 ([l 6kl n)
k 2* -1 -
_ 5/Q Blk”;BimtderO(ka,T,t), (3.65)
where
2* k 2
Jrt —/ [(Zszrt> + 5B krtzBlkrt +ijkm27t(ZBi,k,r,t>
i—2 i—2

k 2
ol (ZB) }dm
=2
k 2% —2
|| BB (S Be)  Jae itn<s
1 =2

k
/ Ug By kvt E B; kridx ifn==6
(951

=2

ud ~2B? md:p+/ u2Bf ,gftdm
B(z1,k,rV0k)

k
+ / |:UOB12 k_ft Z Bz kot T u() 2B1,k,r,t Z Bi,k,r,t
Q4 =2
k 2% —1
"‘UO(ZBi,k,r,t) ]dw ifn>17,
=2
(3.66)

where B(x1 g, v/0k) is the Euclidean ball of center 1 j ,, and radius v/dy. Straight-
forward calculations (see for instance Aubin [2] and Robert and Vétois [37]) give

‘/QI\B(wl K,V Ok)

/ Blkrtdx :K;n, (367)
n—2
2w 1 K, to)) 2
/ B2, dy = ==L 2n "uo (M) (06 Ty 4oy (3.68)
R" na (n—2) 7 w,
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and
O (o) ifn=3
/ hoB2, o — O (67 |In 65, ]) 2 if n =4 (3.69)
G ST TSRO
as k — oo. For every ¢ € {2,...,k}, by applying the mean value theorem and

> 4r/k, we obtain

n42 n—2
5.2 5.2 _ .
+O< k IS LAWY ) (3.70)

|T1, 5 — Tigor|” |z1,5,r — zi7k7r|n_1

observing that |21k, — T k.r

[v/1 (n — 2)té;] =

|x1,k,r - xi,k,r|n_2

Bi,k,r,t =

in B(z1,,r,r/k). Direct calculations give

n—22

* 2% 1 K™ (o) 2
/ Bi];?"lﬂfdx = L:+2 — (n—k2) (1 +o (1)) s (3~71)

B(z1,k,r,7/k) nT (n—2) 7 w,
/ B — a ] de = O (572) (372)

B(x1,k,r,m/k) Y
and
k .
Zm = E\P (3.73)
im2 TR <2W> Zi_p +o(1) ifp>1

i=1
as k — oo since |T1 5, — T k| = 2rsin((¢ — 1) w/k). By putting together (3.70)—

(3.73]), we obtain

k
2% —1
/ B1,k,r,t E B; j,rtdx
B(xy k,r,r/k) i=2

dw, K (kt(sk)"Z {1nk(1+o(1)) if n=3

(3.74)

NWn, mr Sp+0o(1) ifn>4

as k — 0o. On the other hand, by similar calculations as in the proof of Lemma[AT]
we obtain

k
2% -1 Z

/ Bl,k,,r,t Bi,k,r,tdx
U\B(z1,k,r.7/k) i=2

k
dx
— n
=0 5k : :/ n—2 n—+2
2 JOUN\B@1 /R [T = Tk T = 21 k]

0 ((kék)Slnk) ifn=3
O (k&)™) if n > 4.

(3.75)
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Now we estimate the integrals in the remainder terms of (3.65)). By using (3.5) and
(3.48) together with the Sobolev inequality, we obtain

L (Ul =2 R sl ) o Wt + [ Rirtly Wl
O ((lnk)~?) if n=3
~lo (k:‘2("‘3)) if n e {4,5,6) (3.76)

(n+2)(n+4)
O(k™ »t=0) ifn>T7.
Finally, by applying Lemma in the appendix and using the definition of d, we
obtain

o ((kln k)_1> ifn=3
Tkt =9 o (K*7") if n € {4,5,6} (3.77)

_2(n—2)

o(k "—4) ifn>"17.

We then obtain (3.56]) by combining (3.65)—(3.69) and (3.74)—(3.77) and using the
definition of ;. This ends the proof of Lemma O

Now we can end the proof of Theorem

Proof of Theorem[I.3 We let E be the function defined in . Observe that
the assumptions of Theorem [I.2] imply that 2ug + ho > 0 in case n = 6 and hg > 0
in case n > 7. Then it is easy to check that E attains a strict maximum at the
point (1,¢g), where

2 2
oo (1)7 if n =3
3
2 =
il (”O(”) if n € {4,5}
n(n—2) n

to :=
[2ug (1) + ho (1) .
2 0 0
2P0 T RO fn—
s 35, ifn==6

2772 (n — 1) wnho (1) \ 77
((n—2)2 (n—4)wn18n> ifn=7.

It then follows from (3.56) that for k large, there exists a critical point (r,tx) of
the function (r,t) — I (Ut + ¢k,rt) such that (rg,tx) — (1,%0) as & — oco. We
then define uy := Uy rt, + Ok,rty-

Since uy, is also a solution of the equation (3.47]), we obtain that there exist real
numbers c; j, and ¢z, such that

2

DI(ug) =Y cin ¥ Zijhmoter - (3.78)

j=1 i=1

x>

Since (rg,tx) is a critical point of (r,t) = I (Uk,rt + ¢k rt), We obtain

d d
DI (ug) . Ukt + Grrti] ey, = DI (ug) o [Ukrist + Gty thyey, = 0. (3.79)



30 BRUNO PREMOSELLI AND JEROME VETOIS

Direct calculations give

d 1
<Zi,j7k7rk,tm df [Uk r tk]r o 5 73,/6 Tk:7tk7Z0¢71;k7 Tlc7tk>h
h o1

1 e
5 (||vv1||2+o<1>) ifj=1

o

(3.80)
o S if j =2
O,
and
d k
< 0,7, KTk ti % [Uk,rk,t}t_tk>h = Z <Zi,j,k,Tk,tkaZoc,Q,k,rk,tk>h
a=1
o(1) ifj=1
e (3.81)
IVVal2 4+ 0(1) if j=2
as k — oo, where
n—=2 n+2 n—2 n+2
T (n—2) 1 n 1 (n—2)7% (|z]” —
Vl;:n4(n )E:m and 1, = (n )
(1+ 1)’ 2 (14 )"

Moreover, since ¢, € Py ¢, we obtain

k k
d
Z <Zi,j,k:,'rk,tka df [¢k T, tk r= 7‘k> Z < ],k,r,tk]T.:rk 7¢k,rk,tk> (382)
= i=1 h
and
ul d " /d
Z <Zi,j,k,rk,tk7 s [¢k,rk,t]t_tk> = — Z <dt [Zi,j,k,rk,t]t:tk ;¢k,rk,tk> . (3.83)
i=1 h i=1 h
By using Cauchy—Schwartz inequality together with (3.48)) and direct calculations
we obtain
d d
‘<dr [Zi’j,k’ﬁtk]r:rk 7¢k,rk,tk> < Hd [Z ,]krtk}r =7 H(bk,rk,tk”h
jk’r‘tkrrkh =0 a (3.84)

||¢k7rk7tk||h

) =o(1)  (3.85)

d
S Hdt [Zi,j7k,rk,t]t=tk .
d

as k — oo. It follows from (3.78))-(3.84) that if & is large enough, then ¢i , = co 1, =
0, i.e. the function uy is a solution of the equation (3.1)).

It remains to verify that (1.4]) holds true. For this, we define
u, = —min (0,uy) .

and
d
g [Z% j ko, ;t] = aék,r ,t >
‘<dt Jikoretli=t,, wte [

Vg =
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By remarking that vy — ug a.e. in R™, we obtain

lim inf min u;, = — lim sup max v < —maxwug < 0. (3.86)
k—oco M k—00 M

Moreover, since 0 < vy < Uy — Prp t, N Okt — 01D L% (R™), we obtain that
v — ug in L?" (R™) as k — oo. For every p > 2, by multiplying (3.1)) by Ug_l
integrating by parts, we obtain

/ VP 2y = / ((p — 1) P2 | Vaop|* + hovZ) dx

4(p—-1 4(p—1
=/n (@ﬁ)]v[vzm]|2+hov£) dz > (ppz)HvZ/zHi- (3.87)

It follows from the Sobolev inequality and (3.86)) that

and

P 2| 55—
loxll352 57 = ([0 *]|577 < Cllvkll, - (3.88)
for some constant C' > 0 independent of k. On the other hand, by applying the
triangle inequality together with an interpolation inequality, we obtain

||Uka+2*72 < ||u0||p+2*72 + [lvx, — u0||p+2*72
s 2y
T oy — w5

< ||u0||p+2*—2 + [lvk — uo

_p__ 22
popy2) T 2 ok —uol| 3T (3.89)

< Nuollpze—o + (I0kllzep 2 + lluo

Since vy — uo in L?” (R™) as k — oo, it follows from (3.87)—(3:89) that (v), is
bounded in L?"?/2 (R™). By applying Theorem 4.1 in the book of Han and Lin [21],
we then obtain that (v),, is bounded in L> (M). This, together with (3.85]), implies
the first part of .

Now we prove the second part of (1.4). Assume by contradiction that [lux||,, < C
for some constant C' > 0 independent of k. We then obtain

n—2

2
) —uy—C in B (Jfl,k,rwtk(sk)

n(n—2)

_ . >B —ug—C >
¢k77'k7tk - Lkt 0 B ( 2tk:6k?

and so
nn—2 "
19k s i llge = <(2)> +o(1)

as k — oo, which is in contradiction with (3.48]). This completes the proof of
Theorem L2 O

APPENDIX A. INTEGRAL ESTIMATES

In this appendix, we prove the following lemma, which we used several times in
the proof of Theorem

Lemma A.1. Let €y and B;j r+ be as in the previous section. For every o, 3 >0
and a,b,c,d > 0 such that « + f < 2%, a < b and ¢ < d, there exists a constant
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C > 0 such that

k 8
/ ug aﬁBik,r,t(ZBi,k,r,t> dx
! i=2
kAL ifa(n—2)+B(n—-3)<n—-1
K1 (Ink)’™ ifa=2andn =3
(at8)(n=2) , 8

<Cl¢, x ¢ kOTA=3 (Ink)” ifa>2andn=3

EP~1Ink ifa(n—2)+pB(n—-3)=n—1andn >4
Elethm=2=n yran—-2)+B(n—-3)>n—1andn >4

TG P 2
n—
kink)? ifn=3 n+8(n-2) n

¢ .
+ BOD  nsa X Q0 [In 0y | if = — (A1)

- o (B=e)(n=2) n

M fa>—:

& if a > —

for allk > 2, r € la,b] andt € [c,d].

Proof. By splitting the integral into three parts, in the domains Q} := B (21 k., 0k,
Qf == QU N B(0,2r)\B (21,4, 0) and Q" := Q1\B(0,2r) and remarking that
|z — 21 k| > || /2 for all x € QY’, we obtain

k B
2 —a—
\/Q Ug “ ﬂBik,r,t(E :Bi»kﬂ'ﬂf) dz
1

i=2
o 5<rf—a>2(n—2) / (zk: 1 >Bd
= k P —— T
Q) \i= |x - xi7kﬂ“|n 2
k B
(ot B)(n—2) 1 dx
+ 5k 2 / (Z n—2> a(n—2)
o iS5 |T— @ikl |z — 21 k0
k B
(ot B)(n—2) 1 dx
+o, / ( _> — . (A.2)
Q ; R T Kl A RS

For every = € y, since |z — 1 k.| < |2 — 24 1,r|, We obtain

1
<$1,k,r — X, X1k, — 5L’i,k,r> < 5 |x1,k,r - xi,k,r‘Q . (A?’)

Moreover, by applying Young’s inequality, we obtain
3 2 1 2
(T ke — T, T e — Tihyr) < 1 |z — 21 pr|” + 3 |Z1 e — Tigr| (A4)

It follows from (A.3)) and (A.4]) that

1 1
|z — g > 12 1|’ + g |21k — T |

1 2
=l = wul” + 577 sin (= 1) /k)?
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and thus
1

k 1 k
Z . '|”_2 S Z n;2

=2 (Yo =z + 2r2sin (i - 1) 7/k)?)

1/2
<2 & =
1/k (i |x — Il,k,r|2 + %7’2 sin (7r5)2> ’
2
+ n—2
(i \xfx17kyr|2+ %TQ sin (ﬂ/k)Q) ’
1/2 ds 2
< 2k/1 i ) 3 n—2 + L Var n—2
/ (Z |l‘ — xl,k77.| + ﬁ) (Z ‘JZ — 1‘17k7,.| + \/gk)
- T 1 .
C’kzln( [ = Z1er| + ) itn=23
|z — 1 0| +1/k
< . ) (A.5)
Ck — = — ifn>4
(|2 — 21,5,0| + 1/k) (|2 — 21 k0| +1)
for some constant C' > 0 independent of k. It follows from ({A.5) that
k 1 Cklnk ifn=3
Y ———=< nez (A.6)
i—2 |5E*$i,k,r| Ok‘ 1fn24
and
1 .
& ) C’kln(1+||> ifn=3
T —T1k,r
Yoz < on (A7)
= 1T — Tikr] if n > 4.

n—3 , ‘x _ x17k7r|’n72 )

max ( |z — 21 g r

It follows from (A.6)) that

/Q<Zk: 1 n_z>ﬁd:c— O (o} (kInk)”) ifn=3 s

i=2 | — 4 (0] (6;]&‘[3(”_2)) if n > 4.

We define

n 1
= {(mh""xﬂ) SAUE |3;‘1 _T|2+Z|xi‘2 - kQ}
=3

By remarking that

Q) c{(z1,...,2) ER" : |x2| < 2rm/k} (A.9)
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and since kdp — 0 as k — oo, it follows from (A.6) that

[
QYN \ ;55 “T - l'i,k,r‘n72 |1' - xl,k,r|a(n72)

0(1{&(”*2)*”) if o <

O((knk)?®) iftn=3 e
o (km"*)) —_— x { O(|lnédy|) if o = = 5 (A10)
O (5722 ifa> .
By using and (A.9), straightforward estimates give
k 1 A dz
/Q'l'\r1 (; |z — xiyk,r|n2> |z — x17k77n|°‘("72)
O (k1) ifa(n—-2)+8(n—-3)<n—-1
O(kﬁ_l(lnk)ﬁﬂ) ifa=2andn=3
Ok 3 (Ink)’) ifa>2andn=3 (A.11)
O (K" ~*Ink) ifa(n—2)+B(n—3)=n—1landn >4
0) <k(a+5)("_2)_”) ifan—2)+8(n—-3)>n—1andn > 4.

By using (A.7)), we obtain

k B
1 dx
=0 (K 1). A.12
/Q/l// (Z |"_2> |x|2n—ﬁ(n—2) ( ) ( )

i=2 |.Z‘ = Li,k,r

Finally, (A.1) follows from (A.2)), (A.8) and (A.10)—(A.12)). This ends the proof of
Lemma [A1] O
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