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Abstract

In recent years, the skew-normal models introduced in Azzalini (1985) have enjoyed
an amazing success, although an important literature has reported that they exhibit, in
the vicinity of symmetry, singular Fisher information matrices and stationary points in
the profile log-likelihood function for skewness, with the usual unpleasant consequences
for inference. For general multivariate skew-symmetric and skew-elliptical models, the
open problem of determining which symmetric kernels lead to each such singularity has
been solved in Ley and Paindaveine (2009). In the present paper, we provide a simple
proof that, in generalized skew-elliptical models involving the same skewing scheme as in
the skew-normal distributions, Fisher information matrices, in the vicinity of symmetry,
are singular for Gaussian kernels only. Then we show that if the profile log-likelihood
function for skewness always has a point of inflection in the vicinity of symmetry, the
generalized skew-elliptical distribution considered is actually skew-(multi)normal. In ad-
dition, we show that the class of multivariate skew-¢ distributions (as defined in Azzalini
and Capitanio 2003), which was not covered by Ley and Paindaveine (2009), does not
suffer from singular Fisher information matrices in the vicinity of symmetry. Finally,
we briefly discuss the implications of our results on inference.
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1 Introduction

Azzalini (1985) introduced the so-called skew-normal model, which embeds the univariate
normal distributions into a flexible parametric class of (possibly) skewed distributions. More
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formally, a random variable X is said to be skew-normal with location parameter y € R,
scale parameter o € Rar and skewness parameter A € R if it admits the pdf

xH2a*1¢(x;“)q>(A(x;“)), z €R, (1.1)

where ¢ and ® respectively denote the probability density function (pdf) and cumulative
distribution function (cdf) of the standard normal distribution. An intensive study of these
distributions has revealed some nice stochastic properties, which led to numerous generaliza-
tions of that univariate model. To cite a few, Azzalini and Dalla Valle (1996) introduced the
multivariate skew-normal distribution by replacing the normal kernel ¢ with its k-variate
extension, Branco and Dey (2001) and Azzalini and Capitanio (2003) defined multivari-
ate skew-t distributions, while Azzalini and Capitanio (1999) and Branco and Dey (2001)
proposed skew-elliptical distributions based on elliptically symmetric kernels. Azzalini and
Capitanio (2003) also established a link between the distinct constructions of skew-elliptical
distributions, and extended the latter into a more general class of skewed distributions con-
taining all the pre-cited examples. This generalization is very much in the spirit of the
so-called generalized skew-elliptical distributions analyzed in Genton and Loperfido (2005),
associated with pdfs of the form

v 2B 2P ET 2@ - ) I(E @ - ), @ € RY, (1.2)

where ;o € RF is a location parameter, ¥ is a scatter parameter belonging to the class Sj, of
symmetric and positive definite k x k matrices (throughout, |A| stands for the determinant
of A, and AY2 for A € S, denotes the symmetric square-root of A, although any other
square-root could be used), f (the symmetric kernel) is a spherically symmetric pdf, and
where the mapping IT : R*¥ — [0,1] satisfies II(—z) = 1 — II(z) Vo € R*. The densities
in (1.2) in turn can be generalized by relaxing the spherical symmetry assumption on f into
a weaker central symmetry one (under which f(—z) = f(z) Vo € R¥); see Wang, Boyer and
Genton (2004). For further information about models of skewed distributions and related
topics, we refer the reader to the review paper Azzalini (2005).

Besides the quite appealing stochastic properties, the skew-normal model, as already
noticed in Azzalini (1985), suffers from two closely related inferential problems: at A = 0,
corresponding to the symmetric situation, (i) the profile log-likelihood function for A always
admits a stationary point, and consequently, (ii) the Fisher information matrix for the
three parameters in (1.1) is singular. These two unpleasant features are treated in, e.g.,
Pewsey (2000) or Azzalini and Genton (2008). Most authors show that, if a normal kernel
is used, in some specific class of skewed densities containing those of (1.1), the problems in
(i) and (ii) occur. However, from an inferential point of view, it is more important to derive
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an “iff” result, stating the exact conditions under which such singularities happen. Some
“iff” results have been provided in parametric subclasses such as the skew-exponential one
(DiCiccio and Monti 2004) or skew-t one (Gémez et al. 2007, DiCiccio and Monti 2009), until
Ley and Paindaveine (2009) determined the collection of symmetric kernels bringing such

singularities in broad semiparametric classes of multivariate skew-symmetric distributions.

In this paper, we first provide a simple and direct proof that, in generalized skew-elliptical
models involving the same skewing scheme as in the skew-normal model, Fisher information
matrices, in the vicinity of symmetry, are singular for Gaussian kernels only (Section 2).
Then, after discussing the behavior of the first derivative of the profile log-likelihood func-
tion for skewness, we investigate the second derivative of that function; more precisely,



we show that, if the profile log-likelihood function has a systematic point of inflection in
the vicinity of symmetry (“systematic” here meaning for any sample of any sample size),
then the generalized skew-elliptical distribution considered is actually skew-(multi)normal
(Section 3). Still within the class of generalized skew-elliptical distributions, we then turn
our attention towards the multivariate skew-t distributions as defined in Azzalini and Cap-
itanio (2003); these distributions do not belong to the class of densities considered in Ley
and Paindaveine (2009), but are the commonly used form of skew-t distributions in the liter-
ature. We show (Section 4) that the “iff” result from DiCiccio and Monti (2009) concerning
the aforementioned singularities actually extends from the univariate to the multivariate
setup. Finally, we briefly discuss the impact of our results on inference (Section 5).

2  On the singularity of Fisher information matrices

As mentioned in the Introduction, there exist many distinct generalizations of the skew-
normal distributions described in Azzalini (1985). We now focus on generalized skew-
elliptical distributions involving the same skewing scheme as in the skew-normal model.
More precisely, within the class of densities of type (1.2), we consider densities of the form

2= fopsal@) =287 2172 @ - D IVETV 2 (@ — ), weRY,(23)
where 1 € R¥ is a location parameter, ¥ € S, a scatter parameter, A\ € R¥ a skewness
parameter, where the radial density g : Rf — RT satisfies (a) [zr g(||z])dz = 1 and (b)
Jer zl2g(|z|) dz = k, and where the skewing function II is described in Assumption (A)
below. Condition (b) allows to identify the elliptically symmetric part (obtained for A\ = 0)
of (2.3); on one hand, it guarantees that > and g are identifiable, and on the other hand it is
so that the (multi)normal case is associated with the Gaussian kernel g(r) := ¢, exp(—r?2/2),
where ¢, := (27)7%/? is the normalizing constant determined by Condition (a). The func-

tions g and II further need to satisfy

ASSUMPTION (A). (i) The radial density g : Rf — RT belongs to the collection G of
a.e. positive, continuously differentiable functions for which Conditions (a)-(b) above hold
and for which, letting g := —g'/g, [pr ¢5(l2])g(l|2])) dz and fpe ||2]*05([l2])g(l|2() dz are
finite. (ii) The skewing function I : R — [0, 1] is a continuously differentiable function that
satisfies (—x) =1 —(x) for all x € R, and I'(0) # 0.

We adopt the following notation. Let vec ¥ denote the k?-vector obtained by stacking
the columns of 3 on top of each other, and vech ¥ be the k(k + 1)/2-subvector of vec X
where only upper diagonal entries in ¥ are considered (in order to avoid heavy notations,
we will write Vy, instead of Vyeen sy in what follows). Define %2 := ¥, ® ¥, where ® stands
for the usual Kronecker product, and let Iy and K} be the /-dimensional identity matrix
and the k? x k? commutation matrix, respectively. Finally, put J;, := (vec I})(vec I,)’ and
let Py be the matrix such that P} (vech A) = vec A for any k X k symmetric matrix A.

Under Assumption (A), the scores for p,vech ¥ and A, in the vicinity of symmetry (that



is, at A = 0), are the quantities dg,, (), dg.x(x) and dg\(x), respectively, in

EQ;M,EJ\(x) = dg;E(x)

oo (1572 (@=@)) 1,
R r=n] I )

= — —12(z— — _
= | 4R e (ST 2 (o — 22— 1)

201 (0)2 Y2 (z — )

where the factor 2 in the A-score follows from the fact that II(0) = 1/2. The corresponding
Fisher information matrix is then given by I'y := [p« fg;u,&)\(Cﬂ)%;ﬂ,g)\(Cﬂ)fgﬂg,o(ﬂ?)dﬂ@, a
matrix that naturally partitions into

Lospun 0 Lgipun
r, = 0 Lysx 0 ,
Lygnu 0 Lgon

with

1 _ _ 4
Ly = EEW?(”Z”)]E . L = 21T (0)% V2 = P, Tgpn = E(HI(O))zE[”Z”Q]Ih

and
1 _ _ _
Pyws = Pu(SE2) V2 (k(k + 2)) "EBIIZIPQ2 1 ZI)) T2 + Kk + i) — T }(E92) 72 P

here, Z stands for a random vector with the same distribution as $~/2(X — p), where X

has pdf fgr;[u,z,o- The zero blocks in I'y can easily be obtained by noticing that the score in

vech X is symmetric with respect to « — p, while the scores in p and A are anti-symmetric
with respect to the same quantity.

The expression of I'y enables us to have

Theorem 2.1 Let Assumption (A) hold. Then, Iy is singular iff g is the Gaussian kernel
(i.e., g(r) = cx exp(—r?/2) for all T > 0).

We here propose the following simple and direct proof of this result.

PrOOF OF THEOREM 2.1. Since I'gxy is invertible (see, e.g., Hallin and Paindav-
eine 2006), I'y is singular iff
rsub . ( | AT N )
g Fg;/\u r GiAA
is singular. Now, since gy, = 1E[@2([|Z])]E7! is invertible, we have that TSP =
P gl T gian — Tgianl g L gnl- Hence, Ty is singular iff Tgoan — Tginn Ly gin = 4(11(0))?

gt
(E[HZHQ]E[@E(HZH)] - kQ)Ik/(kE[gpg(HZH)]) is, which, under Assumption (A), is the case iff

Bl ZIPIEle5(121)] = k*. (2.4)



Now, by applying the Cauchy-Schwarz inequality and by integrating by parts, we obtain

VEIZFEIZIN 2 Bl Zles (1210 =( [~ gty ar) ([ roatrirt= otr)ar) = k.

Equation (2.4) indicates that the Cauchy-Schwarz inequality here is an equality, which
implies that there exists some real number 7 such that ¢4 (r) = nr for all » > 0. Solving
the latter differential equation yields g(r) = v exp[—nr?/2]. Since [k g(||z]|)dz = 1 and
Jer zl2g(||z|) dz = k, we must have v = ¢ and 1 = 1, which establishes the result. O

Theorem 2.1 states that, in the semiparametric class of generalized skew-elliptical den-
sities of type (2.3), only the skew-(multi)normal parametric submodel may suffer from the
inferential problems usually associated with singular Fisher information matrices. We refer
to Ley and Paindaveine (2009) for a discussion of such issues (see also Section 5 below), as
well as for possible extensions of Theorem 2.1 to the skew-symmetric setup. Here, we only
stress that the simple proof above can be straightforwardly adapted to the setup where 3,
in the argument of the mapping IT in (2.3), is replaced with the identity matrix I} (Genton
and Loperfido 2005 also consider generalized skew-elliptical distributions of this form).

3 On the profile log-likelihood function for skewness

For a given random sample X := (X1,...,X,) from (2.3), we define the profile log-
likelihood function for the skewness parameter A as

Ao (XMWY= sup LI o (X)), A eRF, (3.5)
where LE;/AE,)\(X(N)) = Y. log fg,r;[%g)\(Xz') is the standard log-likelihood function as-

sociated with X (") This expression can be rewritten under the more tractable form
L;};A(X(")) =L )\(X(”)), where fig(A) and X4()) stand for the MLEs of 1 and ¥

g;ug(/\)ig()\) -
at fixed \. This equality implies that VALg/\(X(”)) = VALE;MEA(X("))](“,27”:(%()\),%@))\)
(see Ley and Paindaveine 2009 for explicit calculations, or Barndorff-Nielsen and Cox 1994
for general results on profile log-likelihood functions). Consequently, a necessary and suffi-
cient condition for the profile log-likelihood function to always admit a stationary point at
A =0 is that

n

VAEEA(X(H)N)\:O = 2IT'(0)(2,(0)) /2 D (Xi — f1g(0)) =0
i—1

for any sample X (™. Since 29(0) € Sy, hence is invertible, this means that fi4(0), the MLE
for the location parameter p at A = 0, must coincide, for any X ™ with X := % X
The result in Theorem 3.1 below—which is in line with the statement of Theorem 2.1—thus
directly follows from a well-known characterization property of (multi)normal distributions
which can be traced back to Gauss (see Azzalini and Genton 2007 for a recent account).

Theorem 3.1 Let Assumption (A) hold. Then, the profile log-likelihood function for skew-
ness in (3.5) admits, for any sample X™) of size n > 3, a stationary point at A =0 iff g is
the Gaussian kernel.



Although Theorem 3.1 only considers the first derivative of the profile log-likelihood
function, it also shows that, in the class of generalized skew-elliptical densities of type (2.3),
only the skew-(multi)normal ones may exhibit a systematic saddle point at A\ = 0 in the
profile log-likelihood function for skewness (since a saddle point is in particular a stationary
point). In contrast with this, we now investigate the conditions under which the profile
log-likelihood function for skewness has a systematic point of inflection at A = 0, without
requiring anything on the first derivative (hence, in particular, without requiring that this
point of inflection is a saddle point).

To avoid any confusion, we will say that zo € R¥ is a point of inflection for h : RF — R
(of class C1) if there is no neighborhood of (x), h(xg))’ € R¥*! in which the graph G}, of h is
fully contained in one of the two (closed) halfspaces determined by the hyperplane tangent
to G, at (z(, h(xg))'. Defining Assumption (A’) as the reinforcement of Assumption (A)
obtained by further requiring that both g and II are of class C? (which clearly implies
that 1I”(0) = 0), we have the following result.

Theorem 3.2 Let Assumption (A’) hold. Then, if the profile log-likelihood function for
skewness in (3.5) admits a point of inflection at X = 0 for any sample XM g is the
Gaussian kernel.

PROOF OF THEOREM 3.2. First note that, under Assumption (A’), the profile log-
likelihood function for skewness is of class C2. Hence, if the latter has a systematic point
of inflection at A = 0, there exists a non-zero k-vector v such that

V(VAVA) LA (X ™) r=o]v = 0 (3.6)

for any sample X (™); throughout, we denote by (V,V})hap(.) the matrix whose entry (i, §)

is given by aaaal;)() By using the main result in Patefield (1977), we can write

(VAVAI LI (X ™) = [(VAVA) Lo a(X™)

(v)\vl )Lga)\( ( ))[(V % )Lga)\(X(n))] (V vl) ga)\(X(n))}’(a,)\):(&g()\),)\)y

where a = (¢//, (vech X)) and d&,4(\) stands for the MLE of « at fixed A\. By (3.6), we then
have

V{ [E(VAVA) L a (X ™) (3.7)
__(VAV/ )Lga )\(X(n))[ (v A% )Lga )\(X(n))] (v v)\)Lga )\(X(n))} |(a,)\)=(dg(0),0)}v =0

for any sample X ™. Now, writing M, (z) := (V,V,)log g(||z||), direct computations show
that
(VAV)LE s A(X™)[\oo = —2nIT'(0)x1/2
A [FHTDIPN A=0 )

(v vl )Lg,uZ])\( |)\ 0 — ZE 1/2M( 71/2(X¢—,u))271/2,
1=1

and

(VAVA L s n (X ™) a0 = —4(IT(0))*27 V2 |3 (X — ) (X — ) | 712,



whereas it is easy to show (by using the expression for A?’ 7, on page 2246 of Paindav-
eine 2008) that, for some mappings Ng.x; and Py satisfying E[Ny.x(X — p)] = 0 and E[P,;x
(X — p)] = 0 if X admits the pdf f;_;ImZ,O?

(Vuv/z)L?;u,z,,\(X(n))h:o =Y Nys(Xi — p),
=

and N
(VAVIZ)LE;MZ,)\(X(TL)N)\:O = Pys(Xi — p).
i=1
Since %(VMV/E)LEM,EA(X(TL))’A:O and %(VAV'Z)Lng’)\(X("))]AZO converge to zero in prob-
ability as n — oo, substituting in (3.7) and taking the limit in probability as n — oo yields
—4(IT(0))* V(7 VPE[(X — p)(X — )| 72 + (B[My (572X — p))) v =0.

Dividing by —4(II’(0))?, letting, as before, Z stand for a random vector with the same
distribution as E_l/z(X — u), where X has pdf fgr;[u,E,O’ and integrating by parts in the
second term, yields

_ E[|Z2E(121)] - &2

O (ZEZIP) Ik + (= Ele (121D v = lv]* = 0.
X ey ) B2 (1 2])
Since v is a non-zero vector, we must have that E[HZHQ]E[@E(HZH)] = k2, which coincides
with (2.4). We therefore obtain, in the same way as in the proof of Theorem 2.1, that g
must be the Gaussian kernel, which concludes the proof. O

This result shows that, in the class of generalized skew-elliptical densities of type (2.3),
a systematic point of inflection (at A = 0) again can happen at skew-(multi)normal den-
sities only. Similarly to the previous section, the theorem remains valid if ¥ is replaced
with Ij in the argument of IT in (2.3). The proof is actually easier in this setup since
(VAV/E)LE;M,EA(X(M)‘Aﬂ is then exactly zero—and not only a op(n) quantity, as in the
proof of Theorem 3.2.

Strengthening Theorem 3.2 into an “iff” result would require an investigation of higher-
order derivatives of the profile log-likelihood function for skewness. This has been achieved
for the univariate case in Chiogna (2005), where it is shown that the profile function, under
skew-normal distributions, always admits a point of inflection in the vicinity of symmetry.
Hence, the desired “iff” statement is formally established in the scalar case, and should
extend to the general multinormal setup. Finally, whereas Theorem 3.1 can be shown to hold
in broader multivariate skew-symmetric models (see Ley and Paindaveine 2009 for a precise
statement), Theorem 3.2 seems to be limited to generalized skew-elliptical distributions,
mainly due to the very subtle interplay, in the multivariate skew-symmetric setup, between
the nature of points of inflection and the rank of the corresponding Hessian matrices.

4 Investigating the case of multivariate skew-t distributions.

In this section, we study the possible singularity of Fisher information matrices in multivari-
ate skew-t models. It should be noted that the commonly adopted form of those distributions



(namely the one from Azzalini and Capitanio 2003) is based on a skewing function that is
not of the form II(\-) (see the pdf (4.8) below), which explains that the important case of
multivariate skew-t densities does not enter the framework of the previous sections and has
to be treated in this separate section.

For any v > 0 and any positive integer k, consider the mapping

(v +k)/2)

_ tWwr k)4 2 ) N—(v+k)/2
r = gru(r) (w0 2T (]2) (1+47r%/v) , >0,

which is such that x — g, (||z]|), * € R¥, is the pdf of the k-dimensional standard ¢
distribution with v degrees of freedom. Also denote by y — T),(y), y € R, the cdf of the
scalar t distribution with 1 degrees of freedom. Multivariate skew-t densities—as defined by
Azzalini and Capitanio (2003)—then have densities of the form

e fatan(@) = 287 g (=72 @ - ) (4.8)

1 _—1 v+k 12 k
T (X770 (o)) weR

where 1 € R¥ is the location parameter, ¥ € S* the scatter parameter, A € R¥ the skewness
parameter, v > 0 the tail weight parameter, and where o is the k x k diagonal matrix with
diagonal entries o;; = Eili/ 2,

k-dimensional skew-normal distribution.

i =1,...,k. When v — oo, (4.8) becomes the density of a

Azzalini and Genton (2008) provided evidence that, for any finite value of v, the univari-
ate skew-t distributions do not suffer, in the vicinity of symmetry, from a singular Fisher
information matrix—and hence not from a systematic stationary point in the profile log-
likelihood function for skewness. DiCiccio and Monti (2009) formally proved that statement.
As for the multivariate setup, Azzalini and Genton (2008) showed that those singularities in
the vicinity of symmetry also appear in multivariate skew-normal distributions, and conjec-
tured that, as in the univariate case, no member from the multivariate skew-t class should
suffer from those problems. We now prove that their conjecture actually holds.

For multivariate skew-¢ distributions with fixed v value, the score for (¢, (vech )", ',
in the vicinity of symmetry, is given by

dgz;u;u(x) ko,u?M(x)
eng,u;mZ,A(x) = dgk,u;E(x) = d%ngu;z(m) (4.9)
dy! () g A (2)
(A+k/v) 10
T i @ H)
_ k/v _ _
_ %Pk(2®2) 1/2y0c ((1+||Z_(}/—2(£—)M)HQ/V)E 1/2($ — )z — p)'S 1/2 _ Ik)

_ v 1/2
2t,1000 (@ = ) (e 7 )

where ¢,,£(0) stands for the derivative of y — T, r(y) at 0; the exponent ST makes the
notation somewhat heavy, but actually stresses the fact that £y, .. A(x) (that is, the score
associated with the g = g, version of the £, s y(x) score from Section 2) and 65’2?”%27)\(35)
do not coincide, due to the fact that both skewing mechanisms are of a different nature. As
suggested in (4.9), they differ only through the A-part of the scores, though.



Now, note that the new A\-score dg’;ry_ \(2) remains an anti-symmetric function of z — p.
Hence, the symmetry properties, still with respect to @ — u, of dng,,,;u(x) = dg,,.u(z) and
dggu-z(ﬂf) = dg, ,.>(x) entail that the resulting Fisher information matrix takes the form

ST
o ng,u;;m 0 ng,u;;ﬁ\
T
ng v = 0 ng,lﬁzz 0 I
FST 0 FST
9k, ViAW 9k, ViAA

with the same quantities ng .up and ng -y as in Section 2 (here evaluated at the radial
density gy, ). Note that the finiteness of FSTV requires that v > 2, a condition that guaran-
tees that the parent elliptically symmetric ¢ distribution has finite second-order moments;
see Assumption (A).

We can now state the following result.

Theorem 4.1 Fiz v € (2,00) and an arbitrary positive integer k. Then, at any parameter
value (1, (vech X),0') € R* x Sk x {0}, the Fisher information matriz associated with the
fized-v subclass of multivariate skew-t densities in (4.8), namely ng , 1s non-singular.

PRrROOF OF THEOREM 4.1. First note that, for v > 2, the radial density gy, , satisfies the
g-part of Assumption (A), which entails that (see Hallin and Paindaveine 2006) I', .., and
[y,.;sx are invertible. It is therefore sufficient to show that the (u, A)-submatrix of Fg’gu
is non-singular. Denoting by Z a k-variate random vector with the same distribution as

¥ 1/2(X — ), where X admits the pdf fSE 0.+ We easily obtain that

z7'
Lo n=(1+k 22—1/215{—}2—1/2,
Gk, (1+k/v) (1+||Z||2/V)2
z7'
ST — Aty (ON2(1 + k _121/2E[—]21/2 —1
TeiAX (tu4x(0)"(L+ k/v)o (1‘1‘”ZH2/V) g 5

and

A
L+ 11212 /v)3?
Since I'y, ... is invertible, we have (as in the proof of Theorem 2.1) that the (p, A)-submatrix

ST ST
ng w)\urgk 3 Mﬂrgk

I o= 2t,,+k(0)(1+k/u)3/22_1/2E[

- :|21/2 -1 (FST )/

QkuAN

of I STV is non-singular iff F S = = ST Tewi M u 18 non-singular.

Now, letting

At el S
and

Z2
B = E[—l },
Y L+ 2P /v)

simple algebra and the fact that Z has a spherically symmetric distribution yield
TS s = Atgn(0)2(1+ k/)o 18124, , 512!
= (/) (b = B (s (0)P(1+ k/v)o ™ S0,

9



The Cauchy-Schwarz inequality and the fact that ||Z]| is an absolutely continuous random
variable entail that b,(gll)jb,(fl)j — (blg,?’l/,z))2 > 0. This allows to conclude since the invertibility of

o and X then guarantees that FEICTV, My I8 non-singular. O

Since, as v — oo, the pdf fETE v () in (4.8) tends to the pdf of a skew-multinormal
density, the resulting Fisher information matrix at A = 0 becomes singular. In this sense,
Theorem 4.1 requires the fixed value of v to be finite.

Now, one might argue that, nice as it is, the non-singularity result of Theorem 4.1 is
obtained only for fixed values of v, and that one should also investigate a possible singularity
of Fisher information matrices (still, in the vicinity of symmetry) in the class of multivariate
skew-t densities indexed by u, >, A, and v. It is indeed unrealistic to assume that the tail
weight parameter v is known in practice, so that v should enter score functions and Fisher
information matrices when performing inference for such distributions. The rest of this
section therefore deals with the v-unspecified case.

The parameter v enters the score function KSEV; Wy, y(z) through a further component
given by (in the vicinity of symmetry)

gL+ P@—pIPfy) | wt k) 15T - )l

BT () =, , (4.10)

2 27 (14 [ - wIP/v)
where ¢, := d% log (%), which gives rise to a Fisher information matrix of the
form
ST
ng,uhuﬂ 0 ng,,,;;vx S 0
T
PST S’I(‘) ng’l,;EZ S’IQ ng’u;ZV i
ng,u;ku STO ng,u;M STO
0 ng,l/;yz 0 ng,l/§VV

again, the extra zero blocks in I'ST follow from the fact that the v-score in (4.10) is symmetric
with respect to x — p.

Theorem 4.2 Fix an arbitrary positive integer k.  Then, at any parameter value
(1, (vech B),0/,v) € RF x 8% x {0} x (2,00), the Fisher information matriz associated
with the class of multivariate skew-t densities in (4.8), namely TST, is non-singular.

PROOF OF THEOREM 4.2. Clearly, it is sufficient to show that the (u, A\)- and (X, v)-
submatrices of I'ST are non-singular. Since the (i, A)-submatrix was shown to be non-
singular in the proof of Theorem 4.1, we may focus on the (X, r)-submatrix. As already
stated in the proof of Theorem 4.1, Iy, .»x is invertible, so that the (3, r)-submatrix is
non-singular iff I’ggy;m/.z = I’Sgy;w
latter is non-zero.

Consider the random variable Y := d;guw(X) - PEEV;VEF;;’V;ZEdi;Z(X), where X

9k,vs

— FSE 'VEF;kl 'ZEFEE s, 1 non-singular, that is, iff the
sV U U

has pdf fﬁ’gow. Clearly, the expectation and variance of Y are equal to 0 and ng

27

respectively. If FE’EV;W.E = 0, we must therefore have that

ST ST -1 _ k
dg, (@) — ng,l,;uEng’l,;Engk,y;E(35) =0 a.e. over R".
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This, however, cannot hold, since substituting, in dg, ,.»(z) and dg’;ry;,,(x), Y12z — p)
with s7Y2(z — p) (s € R) and letting s go to infinity indeed reveals that dg,.,:s(T),

unlike dggy;y(az), is a bounded function of s. Therefore, we must have that FEEV;Vv.E > 0,
which establishes the result. 7 (]

Theorems 4.1 and 4.2 prove that the conjecture of Azzalini and Genton (2008) is cor-
rect. Finally, note that the proof of Theorem 4.2 did not require an exact determination
of the Fisher information matrix I'ST, which is known to be difficult (see Azzalini and
Capitanio 2003).

5 Implications for inference.

We have shown in the previous sections that, for the class of generalized skew-elliptical
densities of type (2.3) and for the class of multivariate skew-t distributions, singular Fisher
information matrices and systematic stationary points in the profile log-likelihood function
for skewness, both in the vicinity of symmetry, only occur for skew-(multi)normal distri-
butions (here, we of course consider that the skew-normal distributions are embedded in
the class of skew-t distributions, that is, we allow the number of degrees of freedom to be
infinite in that class). We now provide a short overview of the implications of our findings
on inference.

Azzalini (1985) proposed an alternative parameterization, the so-called centred param-
eterization, in order to get rid of the singularities of the univariate skew-normal model.
Arellano-Valle and Azzalini (2008) adopted the same approach for the multivariate skew-
normal densities. Our results strongly alleviate the necessity of such a rather cumber-
some reparameterization for broad classes of skewed densities which do not contain the
skew-normal ones, which appears to be a welcomed feature (see Azzalini and Genton 2008,
Section 1.2). Moreover, for distributions other than the skew-normal, the more regular be-
havior of the profile log-likelihood function for skewness should remove estimation problems
encountered in the neighborhood of A = 0. Non-singular Fisher information matrices also
allow for using the standard asymptotic theory of MLEs, hence avoid further mathematical
complications.

As for hypothesis testing, the singularities related to the skew-normal densities imply
that the Le Cam optimal tests for symmetry about an unspecified centre against skew-
normal alternatives coincide with the trivial test, that is, the test discarding the observations
and rejecting the null of symmetry at level a whenever an auxiliary Bernoulli variable with
parameter « takes value one. It can be shown that non-singular information matrices protect
from such “worst” Le Cam optimal tests for symmetry (see Ley and Paindaveine 2009 for
more details); our findings therefore encourage the construction of Le Cam optimal tests for
symmetry against non-Gaussian generalized skew-elliptical alternatives.

Further inferential aspects related to singular information matrices can be found in
Rotnitzky et al. (2000) or Bottai (2003).
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