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Abstract
We consider the problem of removing a minimum number of vertices of a given graph G so that
the resulting graph does not contain the path Pk on k vertices as a subgraph. (Thus for k = 2 this
is the vertex cover problem.) While for k ∈ {2, 3} the problem admits a 2-approximation algorithm,
nothing better than a trivial k-approximation is known for k > 4. Our main contribution is a 3approximation algorithm in the case k = 4, that is, for hitting P4 ’s. The algorithm is inspired by the
elegant primal-dual 2-approximation algorithm of Chudak, Goemans, Hochbaum, and Williamson
(Operations Research Letters, 1998) for the feedback vertex set problem.
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Introduction

We consider graphs that are finite, simple, and undirected. Let F be a family of graphs. In the F hitting set problem we are given a graph G and an integer r in input, and are asked whether at most
r vertices can be removed from G such that the resulting graph does not contain a graph from F as
a (nonnecessarily induced) subgraph. This contains as special cases the vertex cover and the feedback
vertex set problems, which are obtained by taking F = {P2 } and F = {Ck : k > 3}, respectively, where
Pk (reps. Ck ) denotes the path (reps. cycle) on k vertices.
We consider the F -hitting set problem in the case where F consists of the path Pk on k > 2
vertices. As is well known, the vertex cover problem admits a 2-approximation algorithm, and it is
widely believed that no better approximation ratio can be achieved unless P = NP (something which
is known to hold assuming the Unique Games Conjecture [5]). A straightforward reduction shows that
any α-approximation algorithm for the Pk -hitting set problem can be turned into an α-approximation
algorithm for the vertex cover problem. Hence, obtaining such an algorithm with α < 2 for some k > 2
is unlikely.
For k = 3 at least, a 2-approximation can be achieved in polynomial time: As observed in [7],
the primal-dual 2-approximation algorithm of Chudak, Goemans, Hochbaum and Williamson [3] for the
feedback vertex set problem readily gives a 2-approximation for this problem when adapted in the obvious
manner. At a high level point of view, this is essentially due to the fact that graphs not containing P3
as a subgraph are very restricted forests (every component being isomorphic to K1 or K2 ). However, for
k > 4, graphs containing no Pk as a subgraph may have cycles, and the algorithm of Chudak et al. no
longer yields an approximation algorithm for the problem of hitting Pk ’s.
While the Pk -hitting set problem has been studied previously [1, 2, 4, 6, 7], nothing better than a
k-approximation is known for the problem when k > 4. Note that a k-approximation can trivially be
obtained by taking all vertices in an inclusion-wise maximal packing of vertex-disjoint subgraphs each
isomorphic to Pk . This motivates the following question, which forms the basis of our investigations: Is
there an ε > 0 such that the Pk -hitting set problem can be approximated to within a factor of (1 − ε)k
in polynomial time for every fixed k > 3? In this abstract we report on a first result in that direction,
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namely that there exists a 3-approximation algorithm in the case k = 4. Our algorithm follows a primaldual approach and is very much inspired by the 2-approximation of Chudak et al. for the feedback vertex
set problem mentioned above.
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An Approximation Algorithm

In this section we describe the approximation algorithm, Algorithm 1. It can be shown that it approximates the P4 -hitting set problem to within a factor of 3:
Theorem 1. Algorithm 1 is a 3-approximation algorithm for the P4 -hitting set problem.
Algorithm 1 Primal-dual 3-approximation algorithm
Require: G a graph
Ensure: X a P4 -hitting set of G
X ← ∅, G0 ← G, ` ← 0
yS ← 0 for every subset S ⊆ V (G)
zP ← 0 for every subgraph P of G isomorphic to P4
while G0 contains a subgraph isomorphic to P4 do
`←`+1
V 0 ← V (G0 )
if G0 contains a good P4 , say PP
, then
P
Increase zP until ∃v` ∈ V 0 : S:v` ∈S (dS (v` ) − 1)yS + P :v` ∈V (P ) zP = 1
else
P
P
Increase yV 0 until ∃v` ∈ V 0 : S:v` ∈S (dS (v` ) − 1)yS + P :v` ∈V (P ) zP = 1
end if
X ← X ∪ {v` }
G0 ← G0 − v`
Remove from G0 every component isomorphic to a triangle or a star
end while
for j ← ` downto 1 do
if X − {vj } is a P4 -hitting set then
X ← X − {vj }
end if
end for
return X
In Algorithm 1, a path P isomorphic to P4 in a graph H is said to be a good P4 in H if for some
vertex v ∈ V (P ), every subgraph of H isomorphic to P4 that includes v also includes another vertex
from P . Note that this can be tested polynomial time. Observe also that every inclusion-wise minimal
P4 -hitting set of H avoids the vertex v, and thus contains at most 3 vertices from P .
The variables yS (S ⊆ V (G)) and zP (P subgraph of G isomorphic to P4 ) altogether form a solution
to the dual of the LP relaxation of the following IP formulation of the problem:
X
MIN
xv
v∈V (G)

s.t.

X

∀P ∈ P4 (G);

xv > 1

v∈V (P )

X

(dS (v) − 1)xv > |E(G[S])| − |S|

∀S ⊆ V (G);

v∈S

xv ∈ {0, 1}

∀v ∈ V (G).

Above, P4 (G) denotes the set of subgraphs P ⊆ G that are isomorphic to P4 , and dS (v) denotes the
degree of vertex v in G[S]. The first set of inequalities simply encode the fact that each P4 must be hit
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at least once. The second set of inequalities are ‘sparsity inequalities’ similar to those used in [3] for the
feedback vertex set problem. To see that they are valid, first consider the case S = V (G): If X ⊆ V (G)
is a P4 -hitting set of G then letting V = V (G) we have
X
X
(dV (v) − 1) =
dV (v) − |X|
v∈X

v∈X

= 2|E(G[X])| + |E(X, V − X)| − |X|
= |E(G)| + |E(G[X])| − |E(G[V − X])| − |X|
= |E(G)| − |V | + |E(G[X])| − |E(G[V − X])| + |V − X|
> |E(G)| − |V | − |E(G[V − X])| + |V − X|
> |E(G)| − |V |.
The last inequality is the key inequality here. It follows from the fact that |E(H)| 6 |V (H)| for every
graph H not containing a P4 subgraph, as is easily checked.
Finally, the validity in the case of an arbitrary subset S of V (G) follows from the observation that if
X is a P4 -hitting set of G then X ∩ S a P4 -hitting set of G[S].
In the algorithm we make sure that the dual solution remains feasible at every step, and use it to
choose which vertex to include in the hitting set at each step. The crucial inequality to satisfy for the
dual solution is
X
X
(dS (v) − 1)yS +
zP 6 1
S:v∈S

P :v∈V (P )

for every v ∈ V (G).
At the end of the while-loop we remove from G0 the components that do not contain any copy of P4 .
These are the components that are isomorphic to a star or a triangle. (Note that K1 is considered to be
a star.)
The last step of the algorithm is a classical ‘reverse-delete’ step and ensures a certain form of minimality for the P4 -hitting set X output by the algorithm, which is needed in the analysis.
We note that, as is usual with primal-dual algorithms, our 3-approximation algorithm also works for
the vertex-weighted version of the problem.
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