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Decoherence and kinetic processes in quantum nanosystems
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A quantum master equation has been derived recently by M. Esposito and P. Gaspard [Phys. Rev.
E 68, 066112 (2003)] to study the dynamics of a quantum subsystem weakly interacting with another
system which has a dense spectrum. This equation takes into account the fact that, because of energy
conservation in the total system, the energy of the system with the dense spectrum is affected by the
dynamics of the subsystem. We argue that such a situation can often be encountered in quantum
nanosystems and we apply this equation to a nanosystem composed of a spin interacting with some
remainder. By doing this, we demonstrate that quantum decoherence may already manifest itself
in isolated nanosystems.
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A small quantum subsystem interacting with its envi-
ronment undergoes irreversible processes such as relax-
ation and decoherence. Relaxation is the decay of the
populations of the energy levels, while decoherence is the
damping of the off-diagonal elements of the density ma-
trix of the subsystem [2]. These decay processes are well
known if the environment is an infinite thermal reservoir
at a given temperature. Today, advances in nanoscience
enable us to study isolated quantum systems of nanomet-
ric size containing a finite number of particles. In these
nanosystems, a spin or a two-level subsystem may inter-
act with the other degrees of freedom, which play the
role of an environment and which we call the remainder
of the system. In such isolated nanosystems, the total
energy is conserved so that the dynamics takes place at
fixed energy instead of fixed temperature.
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FIG. 1: Schematic representation of an electronic spin in a
chaotic billiard quantum dot with a magnetic field perpendic-
ular to the plane of the dot and interacting with a magnetic
dipole-dipole potential due to a classical ferromagnetic impu-
rity.

The aim of the present letter is to show that the irre-
versible processes of relaxation and decoherence already
emerge in such isolated nanosystems. An example is
given by an electronic spin traveling in a semiconduct-
ing quantum dot with a chaotic billiard shape and sub-
mitted to a magnetic field. The quantum dot contains
a localized ferromagnetic impurity with which a classical
magnetic dipole is associated. The two spin levels of the

traveling electron are split by the magnetic field and in-
teract with the ferromagnetic impurity by the magnetic
dipole-dipole potential. This system is schematically de-
picted in Fig. 1. Such devices are currently envisaged
for understanding dissipation in quantum systems [3], as
well as in the field of spintronics where spin relaxation
and decoherence is ubiquitous [4]. Similar examples ap-
pear in the problem of decoherence of a qubit interact-
ing with a couple of other qubits in devices for quantum
information processing [5]. Related relaxation and deco-
herence processes are also observed in the dynamics of
molecules or nanoclusters after their excitation by fem-
tosecond laser pulses [6–8]. Such systems are described
by the total Hamiltonian

Ĥtot = Ĥs + Ĥr + λŜR̂ , (1)

where Ĥs (resp. Ĥr) is the subsystem (resp. remainder)
Hamiltonian and Ŝ (resp. R̂) is the subsystem (resp.
remainder) coupling operator.

We have derived in Ref. [1] a quantum master equa-
tion to describe the time evolution of the populations and
coherences of a subsystem weakly interacting with the
remainder of a total system where energy is conserved.
This equation generalizes the weak-coupling master equa-
tions for the reduced density matrix of the subsystem
(the so-called Redfield equations [9–12]). This general-
ization is performed by describing the time evolution as
a function of the energy of the remainder. Our goal is
to show that this master equation applies to quantum
nanosystems and allows us to understand the decoher-
ence processes which are internal to the nanosystem. For
this purpose, we first summarize previous results.

The starting point of our description is the von Neu-
mann equation ruling the time evolution of the density
matrix of the total system. We suppose that the Hamil-
tonian Ĥr of the remainder has a sufficiently dense spec-
trum that its level density is well represented by the
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smooth function n(ε). The central quantity of our theory
is an operator acting on the subsystem state space and
depending on the remainder energy ε. It is defined as

P̂ (ε; t) ≡ Trrδ(ε− Ĥr)ρ̂(t) , (2)

where ρ̂(t) is the density matrix of the total system. The
reduced density matrix of the subsystem can be given in
terms of this quantity as ρ̂s(t) ≡ Trrρ̂(t) =

∫
dεP̂ (ε; t).

This shows that the quantity (2) distributes the popula-
tions and coherences of the subsystem over the energy ε
of the remainder. The dynamics of the quantity P̂ (ε; t)
is ruled by an equation which is different from the usual
perturbative master equation for the dynamics of the re-
duced density matrix ρ̂s(t) of the subsystem. For this
reason, our equation keeps important information on the
remainder time evolution. In order to get a closed evolu-
tion equation for the central quantity P̂ (ε; t) of our the-
ory, one needs to expands the complete von Neumann
equation for the total system to second order in the cou-
pling parameter λ and use Eq. (2) [1, 13]. One then gets
the fundamental non-Markovian master equation of our
theory

˙̂
P (ε; t) = −i[Ĥs, P̂ (ε; t)] + λ2

∫ t

0

dτ

∫
dω
{

(3)

−α̃(ε;−ω)eiωτ ŜŜ(−τ)P̂ (ε; t)
−α̃(ε;−ω)e−iωτ P̂ (ε; t)Ŝ(−τ)Ŝ
+α̃(ε− ω;ω)eiωτ ŜP̂ (ε− ω; t)Ŝ(−τ)

+α̃(ε− ω;ω)e−iωτ Ŝ(−τ)P̂ (ε− ω; t)Ŝ
}

.

The dynamics of P̂ (ε; t) involves different values of the
remainder energy, correlating the subsystem state with
the remainder state. The coupling to the remainder
is fully characterized by the Fourier transform of the
microcanonical correlation function α̃(ε;ω) = n(ε +
ω)F (ε, ε + ω) =

∫ +∞
−∞

dt
2π eiωtα(ε; t) defined as α(ε; t) =

Trrρ̂rR̂(t)R̂(0) =
∫

dε′ei(ε−ε′)tn(ε′)F (ε, ε′), where ρ̂r =

δ(ε − Ĥr)/n(Ĥr) and F (ε, ε′) = |〈ε|R̂|ε′〉|2. The over-
line denotes a smoothing over the dense spectrum of the
remainder. We notice that the derivation of Eq. (3)
requires to assume 〈ε|R̂|ε〉 = 0. Let us mention that
πλ2α̃(ε;ω) is the Fermi golden rule transition probabil-
ity rate of the remainder to jump from the remainder
energy ε to the remainder energy ε + ω. By integrating
Eq. (3) over the remainder energy, our equation reduces
to the Redfield equation under the condition that the re-
mainder correlation function α̃(ε;ω) does not vary too
much over energy scales of the order of the subsystem
energies ~ωs,s′ : α̃(ε;ω) ' α̃(ε±~ωs,s′ ;ω). This condition
is only satisfied when the remainder is large enough to be
unaffected by the subsystem dynamics. In such cases the
remainder becomes a heat bath. It is worth noting that
this condition is similar to the requirement of equivalence

between the microcanonical and the canonical ensembles
[13].

We now consider a two-level system inside a nanosys-
tem at fixed energy. We assume that the two-level sys-
tem interacts in a non-diagonal way with the remain-
der of the nanosystem. We call this model the spin-
remainder model. The total Hamiltonian is given by
Ĥtot = ∆

2 σ̂z + Ĥr + λσ̂xR̂. We remark that it has the
same form as the famous spin-boson Hamiltonian [12].
The subsystem density matrix has the form

ρ̂s(t) =
∫

dε

(
P++(ε; t) P+−(ε; t)
P−+(ε; t) P−−(ε; t)

)
. (4)

Eq. (3) takes the simple form

Ṗ±±(ε; t) = (5)

−2λ2

∫
dω α̃(ε;−ω)P±±(ε; t)

sin(ω ±∆)t
ω ±∆

+2λ2

∫
dω α̃(ε− ω;ω)P∓∓(ε− ω; t)

sin(ω ±∆)t
ω ±∆

for the distributions of the populations and

Ṗ±∓(ε; t) = ∓i∆P±∓(ε; t) (6)

−λ2

∫
dω α̃(ε;−ω)P±∓(ε; t)

×
∫ t

0

dτ
[
ei(ω±∆)τ + e−i(ω∓∆)τ

]
+λ2

∫
dω α̃(ε− ω;ω)P∓±(ε− ω; t)

×
∫ t

0

dτ
[
ei(ω∓∆)τ + e−i(ω±∆)τ

]
for the distributions of the coherences. These equations
are non-Markovian because of the time integral in the
right-hand side. We notice that the non-Markovian Eqs.
(5) and (6) couple together the distributions P̂ (ε; t) at
different remainder energies. This means that the dis-
tributions of populations or coherences, if initially local-
ized at a given remainder energy, can spread over the
remainder energy during the time evolution. For time
scales longer than the remainder correlation time [typi-
cally the time over which α(ε; t) goes to zero], we can use
the Markovian approximation, that consists in putting
the upper bound of the time integral to infinity. The
Markovian population dynamics is given by

Ṗ±±(ε; t) = −2πλ2α̃(ε;±∆)P±±(ε; t) (7)
+2πλ2α̃(ε±∆;∓∆)P∓∓(ε±∆; t)

and the Markovian coherence dynamics by

Ṗ±∓(ε; t) ' [∓i(∆− Γ)− γcoh]P±∓(ε; t), (8)

where γcoh = πλ2 [α̃(ε;∆) + α̃(ε;−∆)] and Γ =
2∆λ2

∫
dωP α̃(ε;ω)

ω2−∆2 . The Markovian dynamics can be
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well described in terms of the quantities

C(ε; t) ≡ P++(ε; t) + P−−(ε + ∆; t),
Z(ε; t) ≡ P++(ε; t)− P−−(ε + ∆; t),
X(ε; t) ≡ P+−(ε; t) + P−+(ε; t),
Y (ε; t) ≡ iP+−(ε; t)− iP−+(ε; t), (9)

where C(ε; t) and Z(ε; t) characterize the subsystem pop-
ulations and X(ε; t) and Y (ε; t) the subsystem coher-
ences. Using Eqs. (7) and (8), one gets

C(ε; t) = C(ε; 0)
Z(ε; t) = Z(ε;∞) + [Z(ε; 0)− Z(ε;∞)] e−γpopt

X(ε; t) = [X(ε; 0) cos(∆− Γ)t− Y (ε; 0) sin(∆− Γ)t] e−γcoht

Y (ε; t) = [X(ε; 0) sin(∆− Γ)t + Y (ε; 0) cos(∆− Γ)t] e−γcoht

(10)

where γpop = 2πλ2 [α̃(ε;∆) + α̃(ε + ∆;−∆)] and
Z(ε;∞) = n(ε)−n(ε+∆)

n(ε)+n(ε+∆) C(ε; 0). The two-level subsys-
tem dynamics is fully described in terms of these quan-
tities because w(t) = Trρ̂(t)σ̂w =

∫
dε′W (ε′; t), where

w = x, y, z and W = X, Y, Z. If we choose the initial
condition as the product of a general subsystem density
matrix with a microcanonical distribution at energy ε
for the remainder, P̂ (ε′; 0) = ρ̂s(0)δ(ε′ − ε), the two-level
subsystem has a biexponential relaxation for the popu-
lations and an oscillatory exponential relaxation for the
coherences:

z(t) = Z(ε; t) + Z(ε−∆; t)
x(t) = X(ε; t) , y(t) = Y (ε; t). (11)

Indeed, the populations decay at the rates γpop(ε) and
γpop(ε − ∆) and the coherences at the rate γcoh(ε). In
contrast to the usual approach where the remainder is
a heat bath, we here have, in isolated nanosystems, two
relaxation rates for the populations instead of one. Each
of these rates corresponds to a pair of remainder energies,
shifted one with respect to the other by an amount ∆,
and between which the system undergoes transitions.

In order to illustrate the time evolution of the distri-
bution functions P̂ (ε; t) of the subsystem, we consider
a spin-remainder model in which the remainder oper-
ators are taken as Gaussian orthogonal random matri-
ces (GORM). The motivation for such an assumption is
that in some nanosystems, the degrees of freedom playing
the role of the remainder may be classically chaotic and
form a complex quantum system. In such systems, some
statistical properties can be modeled by random matri-
ces according to the Bohigas-Giannoni-Schmit conjecture
[14]. Such assumptions are considered for nanosystems
[15]. In the example of Fig. 1, the spatial motion of
the electron is classically chaotic and its Hamiltonian
operator as well as the other operators of the coupling
with the magnetic field can therefore be modeled by ran-
dom matrices. For this so-called spin-GORM model,

Ĥr = 1√
8N

X̂ and R̂ = 1√
8N

X̂ ′, where X̂ and X̂ ′ are
two statistically independent N

2 × N
2 random matrices.

The elements of X̂ and X̂ ′ are independent Gaussian
random real numbers with mean zero and standard de-
viations 1 for the off-diagonal elements, and

√
2 for the

diagonal elements. N/2 is the number of states of the re-
mainder and is here assumed large. Using the convention√

x ≡ 0 if x ≤ 0, we find for the spin-GORM model that

n(ε) = 4N
π

√
1
4 − ε2 and F (ε, ε′) = 1

8N , and therefore that

α̃(ε;ω) = 1
2π

√
1
4 − (ε + ω)2. Notice that the width of the

density of states of the remainder is not affected by the
limit of large N , so that the limit of a dense spectrum
does not correspond to the limit of a remainder with an
infinite number of degrees of freedom and is thus compat-
ible with the fact that the total system is a nanosystem.
Similar models have been studied in [3, 6, 13, 16–20].
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FIG. 2: Time evolution of the populations P++(ε; t) and
P−−(ε; t) for ∆ = 0.1025, ε = 0.25, λ = 0.1.

In the spin-GORM model, the non-Markovian dynam-
ics of P̂ (ε; t) can be studied by numerical integration of
Eqs. (5) and (6). The numerical results are depicted
in Figs. 2 and 3, where the initial condition of the sys-

tem is the pure state ρ̂s(0) =

(
2
3

√
2

3√
2

3
1
3

)
. The initial

distribution of the remainder energy is taken as a Gaus-
sian centered at ε = 0.25 and with standard deviation
0.01. We observe in Fig. 2, that the probability disap-
pearing in P++(ε; t) reappears in P−−(ε + ∆; t) due to
the closed dynamics of Z(ε; t) on the total energy shell
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FIG. 3: Time evolution of the real and imaginary parts of
P+−(ε; t) for ∆ = 0.1025, ε = 0.25, λ = 0.1. The small
features in the wings of the real part are due to non-Markovian
effects.

∆
2 + ε and, similarly, for the probability disappearing in
P−−(ε + ∆; t) and reappearing in P++(ε; t) on the total
energy shell −∆

2 + ε. In Fig. 3, we see that the distribu-
tion of the coherences has an oscillating decay essentially
on the initial remainder energy shell with very small non-
Markovian effects at other energies. The decays of Figs. 2
and 3 predicted by our quantum master equation (3) are
in excellent agreement with the decays calculated with
the exact von Neumann equation [13].

In conclusion, we have shown that relaxation and de-
coherence can already emerge in finite quantum systems
such as a nanosystem made of a subsystem interacting
with the remainder of the nanosystem. In such systems
energy is conserved and dissipation only occurs between
the subsystem and the other degrees of freedom consti-
tuting the remainder. The description of such irreversible
processes can be carried out thanks to a special quantum
master equation which rules the distributions of the pop-
ulations and coherences of the subsystem over the energy
of the remainder. This master equation describes the ex-
change of energy between the subsystem and the remain-
der in agreement with the exact dynamics and general-
izes the approaches where the remainder is considered
as a heat bath. We showed that the subsystem popula-
tions relax according to a biexponential as a consequence
of the total energy conservation (although the heat bath

approach predicts a single exponential decay). Moreover,
the quantum coherences can also be distributed on the
energy of the remainder and their time evolution presents
an oscillatory damping characteristic of decoherence with
small additional features due to non-Markovian effects.
We believe that this new way of describing the time evo-
lution of a quantum subsystem inside a nanosystem can
be of interest for understanding recent experiments in
nanotechnology.
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