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An overview is given of recent work on the dynamical foundations of relaxation toward the ther-
modynamic equilibrium. The hydrodynamic modes play a central role in the relaxation. Recent
advances show that exponentially decaying modes can be explicitly constructed at the microscopic
level of description thanks to the concept of Pollicott-Ruelle resonance if the dynamics is hyperbolic.
This construction is developed in detail for the irreversible processes of diffusion in the Lorentz gases
and the multibaker models. These diffusion models are shown to obey the second law of thermody-
namics according to which entropy production corresponds to the dissipation of energy.

I. INTRODUCTION

The advances in our knowledge of classical and quantum dynamics shed new lights on our understanding of the
time evolution of the systems of interacting particles which compose matter. In particular, the discovery of chaotic
dynamical systems has shown that a random time evolution is not incompatible with a deterministic law as given by
Newton’s equations. This remarkable result has suggested that many random processes in Nature may be governed
by an underlying deterministic dynamics if this latter is chaotic.

In this perspective, the chaotic hypothesis appears as a principle of order. Indeed, a chaotic system naturally
develops a milder dynamical randomness than the stochastic systems commonly used to model random processes. If
the stochastic models are valid on relatively large spatial and temporal scales their validity becomes questionable on
smaller scales where the deterministic dynamical rule manifests itself. In this regard, the chaotic hypothesis brings a
missing link between the dynamic and the stochastic descriptions. Mathematical tools have been developed in order
to characterize the dynamical randomness as well as the dynamical instability such as the Kolmogorov-Sinai (KS)
and the ε-entropies per unit time and the Lyapunov exponents [1–3]. These characteristic quantities of chaos allow
us to classify the different models of time evolution, in particular, in statistical mechanics [4].

Furthermore, the long-time relaxation to an asymptotic invariant statistical state can nowadays be characterized at
the microscopic level of description in many systems of relevance to statistical mechanics. The long-time relaxation
can already be characterized by the concept of mixing, which distinguishes between nondecaying and decaying time
correlation functions, albeit ergodicity questions the unicity of the asymptotic invariant state [5]. The mixing property
guarantees the statistical independency between two events separated by a long-time interval.[105] This statistical
decorrelation turns out to play a fundamental role in nonequilibrium statistical mechanics because the transport
coefficients are directly given in terms of the time correlation functions of the microscopic currents according to the
Green-Kubo formulas [6, 7].

Moreover, the new concept of Pollicott-Ruelle resonance allows us to define at the microscopic level the exponential
decay of statistical ensembles in systems of hyperbolic type [8–14] as well as in nonhyperbolic systems [15, 16].
It is at this place that a close connection appears with the macroscopic theory of transport and other irreversible
processes where exponential decay are very common. Indeed, thanks to the Pollicott-Ruelle resonances, the exponential
relaxation to the thermodynamic equilibrium can today be explained in great detail at the microscopic level of
description in the phase space of spatially extended systems sustaining irreversible transport and reactive processes
at their macroscopic level. In these systems, the relaxation to the thermodynamic equilibrium corresponds to the
dissipation of work.

Besides, the Pollicott-Ruelle resonances also appear in the escape-rate theory of transport [17–19]. In this theory,
the system is set out of equilibrium by absorbing boundary conditions. Accordingly, trajectories escape out of the
system and the decay is characterized by an escape rate which is the leading Pollicott-Ruelle resonance of the system.
The escape rate turns out to be given in terms of the positive Lyapunov exponents and the KS entropy, which
establishes a relationship between transport and chaotic properties.

The Pollicott-Ruelle resonances have also been shown to be of importance to understand the relaxation in wave
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and quantum systems [20–25]. In this context, a new regime of semiclassical relaxation, referred to in some papers
as the “Lyapunov decay regime”, has been identified beside the previously known deep quantum “golden rule decay
regime” [26–28].

The purpose of these notes is to explain in detail the physical and mathematical bases of the connections between
the macroscopic irreversible properties of relaxation and the underlying laws of time evolution of the microscopic
dynamics and their characteristic features. These notes are organized in two different parts. A first part composed
of Secs. II to IV deals with the classical systems, in the context of which the characteristic quantities of chaos as
well as the Pollicott-Ruelle resonances have been developed. Section II describes the macroscopic phenomenology of
the approach to the thermodynamic equilibrium with the hydrodynamic modes. Section III summarizes the tools of
dynamical systems theory which are important to analyze and characterize the microscopic dynamics. The microscopic
construction of the hydrodynamic modes and nonequilibrium steady states is overviewed in Sec. IV. The connection
to thermodynamics is explained in Subsec. IV F for the processes of diffusion in the Lorentz gases, in which relaxation
by diffusion is shown to correspond to the dissipation of work. A second part composed of Sec. V is concerned by the
possible extension of these considerations to the understanding of relaxation in quantum systems.

II. MACROSCOPIC DESCRIPTION: THE HYDRODYNAMIC MODES

Let us start from the phenomenological description of macroscopic systems in order to explain how the concept of
hydrodynamic mode is central to our understanding of the approach to the thermodynamic equilibrium.

The time evolution of macroscopic systems is described by the continuous-media partial differential equations such
as the heat and diffusion equations, the Navier-Stokes equations, as well as the reaction-rate equations in chemical
kinetics. The macroscopic equations are established starting from the laws of local conservation of mass, energy, linear
momentum, and also angular momentum. Closed equations for the mean local variables are obtained by using phe-
nomenological relations: firstly, for the equilibrium equations of states and, secondly, for the nonequilibrium relations
between the currents and the gradients (or thermodynamic forces). The former phenomenological relations obey the
laws of equilibrium thermodynamics while the latters obey those of irreversible thermodynamics and, especially, the
second law of thermodynamics which requires the transport and reaction-rate coefficients of proportionality between
the currents and the thermodynamic forces to be positive [29, 30].

The so-established macroscopic equations describe the large-scale properties of systems such as fluids, solids, reactive
media, plasmas, etc... under equilibrium or nonequilibrium constraints. The constraints are imposed on the boundaries
of the system and they determine whether the system will evolve to the state of thermodynamic equilibrium or not. An
example of a system under equilibrium constraints is a glass of water which has been initially stirred. In this example,
the fluid is transiently out of equilibrium but will eventually reach a state of macroscopic rest since the velocity field
vanishes after a long enough time by the effect of viscosity. The description of this approach to the equilibrium is
macroscopically described by linearizing the Navier-Stokes equations. The linearized Navier-Stokes equations must
be solved by using the boundary conditions that the velocity field vanishes at the interface between the fluid and the
glass. These boundary conditions select different modes of exponential decay known as the hydrodynamic modes. It
is a very general result that the macroscopic equations predict such an approach to the equilibrium rest state by a
linear combination of exponentially decaying modes.

This property also holds for spatially periodic modes in translationally invariant macroscopic systems. These
spatially periodic modes are characterized by a wavelength λ or, equivalently, by a vector ~k of wavenumber k = 2π/λ
giving the wavelength in terms of its magnitude and the direction of the spatial periodic modulation by its orientation
~k/k. These modes are the solutions of the linearized macroscopic equations behaving as

exp
(
s~k t+ i ~k · ~r

)
(1)

and they can be considered as the Fourier modes introduced by the spatial Fourier transform of the local variables
describing the system. The time evolution of each mode is determined by the so-called dispersion relation

s~k = Re s~k + i Im s~k (2)

The real part of s~k gives the decay rate of the modes and Re s~k ≤ 0 because the system is expected to reach equilibrium
for t→ +∞. The imaginary part of s~k gives the frequency of oscillation of the modes. This frequency is nonvanishing
for the propagative modes such as the sound modes but vanishes for the purely dissipative modes such as the thermal
and diffusive modes.

It should be emphasized that the existence of spatially periodic and exponentially decaying solutions of the macro-
scopic equations does not mean that all the solution are exponentially decaying. Indeed, it is well-known that linear



3

Im  s

k

Re  s

k

0

0

2 long. sound modes 

2 long. sound modes 

3 other modes 

2 shear modes 

1 thermal mode 

FIG. 1: Schematic dispersion relations of the five hydrodynamic modes of a normal fluid.

combinations of slower and slower exponential decays can lead to power-law decay. An example is given by the dif-
fusion equation for which the dispersion relation is given by s~k = −Dk2. In this case, the integration of the Fourier
modes (1) over vanishing wavenumbers ~k leads to the power-law decay t−d/2 for t → ∞, where d is the spatial
dimension.

The modes can be distinguished by their behavior at large wavelength. The modes for which the rate s~k vanishes
as the wavelength becomes infinite, lim~k→0 s~k = 0, are called the hydrodynamic modes. This is the case for the modes
associated with the conserved quantities such as mass, energy, and momentum. Each globally conserved quantity
is defined as the integral over the whole system of some combination of the local variables describing the system.
Accordingly, the conserved quantity is given in terms of the spatial Fourier modes at zero wavenumber. Whereupon
the time evolution of the modes associated with the conserved quantities must be frozen in the infinite wavelength
limit so that s~k=0 = 0 for these modes.

An example of macroscopic systems illustrating this situation is a normal fluid composed of spherical particles
carrying no angular momentum.[106] The five locally conserved quantities which are mass, energy, and the three
components of linear momentum give five corresponding hydrodynamic modes [32–35]

• Two longitudinal sound modes which are propagative;

• Two shear modes which are purely dissipative;

• One thermal mode which is purely dissipative.

Their dispersion relation is schematically depicted in Fig. 1.
It should be noticed that kinetic modes may exist beside the hydrodynamic modes. The kinetic modes have the

property that their damping rate does not vanish for ~k = 0 so that they cannot be associated with conserved quantities.
Usually, the kinetic modes are not easily identified at the macroscopic level of description but at the kinetic level by
using for instance the Boltzmann equation in the case of dilute gases. The spectrum of kinetic modes depends on the
interaction between the particles (as well as on the internal dynamics of the colliding particles such as rotation and
vibration in the case of molecules). For a gas of spherical particles without internal structure, the kinetic modes have
typically a damping rate of the order of the collision frequency. It is important to notice that the dynamics of relaxation
to a local Maxwell-Boltzmann velocity distribution is controlled by the kinetic modes. Instead, the hydrodynamic
modes rule the long-time evolution of the local macroscopic variables which are the mean local fluid velocity, density
and temperature, the velocity distribution having locally reached its equilibrium Maxwell-Boltzmann distribution
after a few intercollisional times. In the case of dilute gases, the spectrum of hydrodynamic and kinetic modes is
obtained by linearizing the Boltzmann equation and finding the eigenvalues of the collision operator [31, 34, 36]. At
very short wavelength of the order of the distance between the particles in dense fluids, the propagative hydrodynamic
modes may present propagation gaps where the oscillation frequency vanishes, Im s~k = 0, as shown in Fig. 2 [37].

In systems with a mixture of several species of particles further hydrodynamic modes exist which correspond to the
local conservation of the different species. If the fluid is composed of n species there are (n−1) such modes of mutual
diffusion [38].

If the different species undergo chemical reactions they are no longer conserved so that some of the hydrodynamic
modes become kinetic modes with a nonvanishing decay rate at zero wavenumber. To illustrate this situation, we may
consider the reaction of isomerization, A↔ B, between two species A and B. The particles A and B are supposed to
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FIG. 2: Example of propagation gap in the dispersion relation of a sound mode.

diffuse in a solvent of inert particles, the whole fluid is at rest. This system is a ternary mixture in which we expect
the five standard hydrodynamic modes plus two modes of mutual diffusion in absence of reaction. If the fluid is at
rest and the reaction isothermal, the system can be modeled by two coupled diffusion-reaction equations [39–42]

∂tρA = DAA∇2ρA +DAB∇2ρB − κ+ρA + κ−ρB (3)
∂tρB = DBA∇2ρA +DBB∇2ρB + κ+ρA − κ−ρB (4)

Supposing solutions of the form (1) for Eqs. (3)-(4), we obtain two modes: a diffusive mode and a reactive mode.
The diffusive mode has the dispersion relation:

s~k = −D k2 +O(k4) (5)

with the diffusion coefficient

D =
κ+(DBB +DAB) + κ−(DAA +DBA)

κ+ + κ−
(6)

The decay rate of this mode vanishes at ~k = 0 so that it corresponds to the hydrodynamic mode of conservation of
total mass of species A and B. The reactive mode has the dispersion relation:

s~k = −κ+ − κ− −D(r) k2 +O(k4) (7)

with the reaction rate −s0 = κ+ + κ− and the reactive diffusion coefficient

D(r) =
κ+(DAA −DAB) + κ−(DBB −DBA)

κ+ + κ−
(8)

Both dispersion relations are depicted in Fig. 3. We notice that the reactive mode becomes diffusive again if the
reaction rates vanish, κ+ = κ− = 0, in which case the ternary mixture has two diffusive modes beside its five standard
hydrodynamic modes, as expected. Accordingly, we conclude that some hydrodynamic diffusive modes turn into
kinetic modes with s0 6= 0 in reacting systems. Very often these reactive modes are observed at the macroscopic level
because their decay rates are of the order of the inverse of reaction rates in the range of seconds, minutes, or more.
This is the case for the typical reactions studied in chemical kinetics at the beginning of the XXth century [43]. In the
second half of the XXth century, faster and faster chemical reactions have been studied bringing the inverse reaction
rates down to the time scale of the picoseconds and below [44]. Such ultrafast reactions evolve on the picosecond time
scale of the kinetic modes of inert fluids and even on faster time scales. It is therefore appropriate to consider the
reactive modes as some kind of kinetic modes.

Hydrodynamic modes, i.e., modes with a vanishing dispersion relation at infinite wavelength, also arises in systems
undergoing the spontaneous breaking of a continuous symmetry. These hydrodynamic modes are often referred to
as Goldstone modes [45]. For instance, a breaking of continuous symmetry occurs in the fluid-solid transition at
which the system looses its continuous translational symmetry in the three spatial directions. Accordingly, solids have
three extra hydrodynamic modes beside those associated with the five fundamental conserved quantities which are
the three components of linear momentum, energy, and mass. Solids have therefore eight hydrodynamic modes which
are known to be [46]
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FIG. 3: Schematic dispersion relations of the diffusive and reactive modes of a reaction of isomerization A ↔ B taking place
in a fluid solvent at rest.
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FIG. 4: Schematic dispersion relations of the six hydrodynamic modes of a superfluid.

• Two longitudinal sound modes which are propagative;

• Four transverse sound modes which are propagative;

• One thermal mode which is purely dissipative;

• One mode of vacancy diffusion which is purely dissipative.

Another example of continuous symmetry breaking occurs in the fluid-superfluid transition. In the superfluid phase,
the superfluid coexists with the normal fluid and is characterized by an order parameter which breaks a continuous
gauge symmetry. Since the order parameter is a scalar one Goldstone modes adds to the five hydrodynamic modes of
a normal fluid, leading to a total of the six following hydrodynamic modes [47]

• Two first sound modes which are propagative;

• Two second sound modes which are propagative;

• Two shear modes which are purely dissipative.

Their dispersion relation is schematically depicted in Fig. 4.
These different examples show the fundamental importance of the hydrodynamic modes for the understanding of

the time evolution of different materials and, especially, the approach to the equilibrium rest state in each system. The
existence of these hydrodynamic modes emphasize the importance of the exponential decay to the thermodynamic
equilibrium. The exponential decay is one of the most compeling expression of the irreversibility of the approach to
the thermodynamic equilibrium. We may wonder how such exponential decay are compatible with the underlying
microscopic dynamics which is known to be Hamiltonian and time-reversal symmetric. This question brings us to the
study of the microscopic dynamics.

III. GENERALITIES ABOUT THE MICROSCOPIC DYNAMICS

All the systems of Nature are observed to be of Hamiltonian type at their microscopic level. It turns out that the
observation of nonHamiltonian behavior has always been found to have its origin in the existence of previously ignored
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degrees of freedom and a Hamiltonian description has always been recovered by including the neglected degrees of
freedom. We should probably understand the importance of the Hamiltonian framework as due to the fact that time
translations are naturally generated by the energy operator in quantum mechanics.

The Hamiltonian of electromagnetic interaction, which rules the low-energy macroscopic world, is known to be
time-reversal symmetric whereupon the motion of atoms and molecules is assumed to be ruled by a time-reversal
symmetric Hamiltonian. Fluids are very well described by the Hamiltonian of atoms or molecules interacting through
the van der Waals interactions[107]

H =
N∑
i=1

~p 2
i

2m
+

1
2

∑
i 6=j

V (‖~ri − ~rj‖) (9)

where V (r) is the interaction potential. This system has f = Nd degrees of freedom if the physical space has dimension
d. The time evolution is time-reversal symmetric because

H ({~ri,−~pi}) = H ({~ri, ~pi}) (10)

At room temperature, the de Broglie wavelength of the particles is much shorter than their mean free path so that
classical mechanics provides an excellent description according to Hamilton’s equations:

~̇ri = +∂H
∂~pi

~̇pi = −∂H
∂~ri

(11)

with i = 1, 2, ..., N .
We notice that the Hamiltonian assumption is stronger than the fulfilment of the conservation of energy since it

imposes a symplectic structure to the microscopic time evolution. One of the consequences of this symplectic structure
is Liouville’s theorem that volumes dfrdfp are preserved in phase space [48].

The time integration of Hamilton’s equations uniquely determines the trajectories Γt = {~ri(t), ~pi(t)} in terms of
their initial conditions Γ0 = {~ri(0), ~pi(0)}. We denote by Γt = ΦtΓ0 the flow induced in phase space by Hamilton’s
equations.

A. The Poincaré map

A very powerful tool in the analysis of continuous-time dynamical systems is provided by the Poincaré map [3, 30].
The idea is to intersect the trajectories of the flow Φt by a surface of section introduced in phase space. Each
trajectory will thus generate a sequence of intersection points {Γn}. Since the system is deterministic the knowledge
of an intersection point determines the next one. Accordingly, the flow induces the Poincaré map: Γn+1 = ΦT (Γn)(Γn) ≡ φ(Γn)

tn+1 = tn + T (Γn)
(12)

where {tn} denote the intersection times which are controled by the first-return time function T (Γ) [3]. The Poincaré
map provides a description of the system which is strictly equivalent to the flow, given that each segment of trajectory
between two successive intersections can be reconstructed.

An example of Poincaré map is the Birkhoff map in billiards where the trajectory moves in free flight between the
collisions [3]. The Birkhoff map is the mapping from each collision to the next. In two-dimensional billiards, each
collision can be represented by the so-called Birkhoff coordinates: the arc of perimeter r‖ of the impact point and
the momentum p‖ tangent to the border of the billiard at the impact. The free flight from one collision to the next
induces a mapping of Birkhoff’s coordinates, (r‖,n+1, p‖,n+1) = φ(r‖,n, p‖,n), which is known to be area preserving.
In this way, the continuous-time dynamics of a billiard such as the two-dimensional Lorentz gas can be described
by an area-preserving mapping, which can greatly simplify the analysis while keeping the strict equivalence with the
continuous-time dynamics [3].

B. Statistical ensembles and their time evolution

The Newtonian scheme does not fix the initial conditions to be used for Newton’s equations. In many experiments,
the initial conditions are fixed by the preparation of the system under study. For instance, in artillery, the initial
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condition of the cannon-ball is determined by the cannon, which is a mechanical device external to the system deter-
mining the parabolic trajectory of the cannon-ball. It is in general impossible to achieve the perfect reproducibility
of the initial condition from one experiment to the next. Therefore, the initial conditions are always submitted to
some uncertainty, which can be modeled by repeating many times the experiment and establishing the statistics of
the initial conditions. The statistical description defines the probability density of initial conditions as

f0(Γ) = lim
M→∞

1
M

M∑
m=1

δ(Γ− Γ(m)
0 ) (13)

where M is the number of performed experiments with the idea that this number should be large enough in order for
the initial density f0(Γ) to be represented by a smooth function of Γ.

In laboratory experiments on matter, the initial conditions are also submitted to uncertainty. Often, the experiment
starts at a given initial time when the system is in a state of stationarity for as many quantities as can possibly be
monitored by measuring devices. Since the resolution of the measuring devices is always finite the initial conditions
are not reproducible and will vary from one experiment to the next. This nonreproducibility requires the use of
statistical considerations and the description of the initial conditions by a probability density such as (13).

From the initial condition, the system is supposed to be left to itself so that the trajectory evolves according to
Hamilton’s equations in each repetition of the experiment. Because of the sensitivity to initial conditions which is
the feature of chaotic systems, the prediction of the time evolution of the individual trajectories is vain beyond the
time of divergence of trajectories from nearby initial conditions [30]. Instead, predictions remain fruitful for statistical
quantities such as averages or correlation functions which are described in terms of the probability density of the
trajectories defined as

ft(Γ) = lim
M→∞

1
M

M∑
m=1

δ(Γ− Γ(m)
t ) (14)

The time evolution of this probability density is induced by Hamilton’s equations and is known to be ruled by the
Liouville equation

∂tf = L̂f ≡ −div
(
~̇Γf

)
= {H, f} (15)

where {·, ·} denotes the Poisson bracket of classical mechanics. The time integral of Liouville’s equation defines the
Frobenius-Perron operator which is given by

ft(Γ) = P̂ tf0(Γ) = eL̂tf0(Γ) = f0(Φ−tΓ) (16)

for time-independent systems. The last equality is a consequence of Liouville’s theorem. The probability density can
then be used to calculate the statistical averages of the physical observables:

〈A〉t =
∫
A(Γ) ft(Γ) dΓ = 〈A|P̂ t|f0〉 (17)

Very often, the system under study is not isolated but in contact with other systems through walls. This is the
case for a fluid in a container. After a time interval, the bulk of the fluid becomes determined by the state of the
walls of the container and, in particular, by their temperature. At the wall, the atoms of the fluid interact with the
atoms of the wall via short-ranged interactions. The description of this interaction implies to suppose that the whole
system composed of the fluid plus its surrounding is Hamiltonian. If the description is reduced to the sole degrees
of freedom of the fluid, the equations of motion typically become Langevin stochatic differential equations of the
form of Hamilton’s equations plus extra forces describing the stochastic forcing of the fluid degrees of freedom by the
surrounding and the associated dissipation from the fluid to the surrounding [49].

If the temperature of the surrounding is uniform and if the system does not sustain a net flux of matter, the system
is expected to reach a state of thermodynamic equilibrium for typical statistical ensembles of initial conditions. This
is the case for the initially stirred glass of water described here above. The description of such an experiment of
approach to the thermodynamic equilibrium is most often simplified by ignoring the stochastic forcing at the wall and
supposing that the fluid particles undergo elastic collisions on the wall of the container. In this way, the boundary
stochastic forcing is replaced by reflecting boundary conditions which require that the probability current ingoing the
wall exactly compensate the outgoing current so that no particle remains stuck at the wall. For reflecting boundary
conditions, the system is typically expected to evolve toward a microcanonical statistical state of thermodynamic
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equilibrium at the total energy of the initial conditions. The convergence to the microcanonical state should be
understood as a weak convergence holding only for statistical averages such as (17).

For the purpose of computing the viscosity or other quantities of interest by molecular dynamics, periodic boundary
conditions are often used to simplify the dynamics. These boundary conditions are implemented by supposing that
the system is composed of N particles moving on a torus obtained by identifying two-by-two the opposite boundaries
of a cell tessellating the physical space. For periodic boundary conditions, the system is typically expected to evolve
toward a microcanonical statistical state of thermodynamic equilibrium at the total energy and linear momentum of
the initial conditions.

In many systems of interest, the surrounding is not in equilibrium, for instance, because different walls are at
different temperatures or, more generally, because there is an exchange of matter under the form of a flux of particles
from one reservoir to another. Typical experiments in which such fluxes are essential are the laminar or turbulent
flows in pipes or around an object as studied in fluid mechanics, or flows of chemical species in a continuously stirred
tank reactor as used in nonequilibrium chemical kinetics [30]. Another example is given by the study of diffusion
of tracer particles through slabs of fluids or even solids sandwitched between two reservoirs [50]. In these different
systems, a fictitious boundary delimits an open system through which matter is exchanged. The number of particles
inside the system fluctuates so that the state of the system should be described by a sort of classical analog of the Fock
space introduced in the study of many-body quantum systems. Indeed, the system may contain a varying number of
particles and, for each number N of particles, the system is described by a probability density such as (14):

f =
{
f (0), f (1)(~r1, ~p1), f (2)(~r1, ~p1, ~r2, ~p2), ..., f (N)(~r1, ~p1, ..., ~rN , ~pN ), ...

}
(18)

The probability that the system contains N particles is given by

PN =
∫
f (N)(~r1, ~p1, ..., ~rN , ~pN ) d~r1 d~p1 · · · d~rN d~pN (19)

which is normalized by

∞∑
N=0

PN = 1 (20)

Under similar circumstances as the stochastic forces due to the surrounding can be modeled by reflecting or periodic
boundary conditions at equilibrium, we can here also take into account of the nonequilibrium constraints from the
surrounding by appropriate boundary conditions which fix the probability currents ingoing the system at its bound-
aries. The advantage of this description is that the Hamiltonian character of the time evolution is maintained in the
whole description. A typical trajectory of the system is a sequence of segments of trajectories of Hamiltonian N -body
systems, N being the number of particles in the system during each segment of trajectory. During each segment, all
the particles are contained inside the boundaries delimiting the open system and the trajectory belongs to some phase
space M(N) which is limited in position.

Each probability density in Eq. (18) obeys a N -body Liouvillian equation:

∂tf
(N) = L̂(N)f (N) = {H(N), f (N)} (21)

with appropriate boundary conditions. The probability that the system contains N particles evolves in time according
to

dPN
dt

=
∫
M(N)

dΓ(N){H(N), f (N)} (22)

= −
∫
M(N)

dΓ(N) div
(
~̇Γ

(N)

f (N)

)
(23)

= −
∫
∂M(N)

d~Σ(N) · ~̇Γ
(N)

f (N) (24)

= −
∫
∂M(N)

in

d~Σ(N) · ~̇Γ
(N)

f (N)

︸ ︷︷ ︸
≥0

−
∫
∂M(N)

out

d~Σ(N) · ~̇Γ
(N)

f (N)

︸ ︷︷ ︸
≤0

(25)

where the first term of the last equality is fixed by the boundary conditions.
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These considerations provide a fairly general framework to describe a large variety of nonequilibrium systems while
preserving the Hamiltonian and Liouvillian properties. Open systems exchanging matter with its surrounding can
be described by imposing flux boundary conditions that the ingoing probability currents at the boundaries be fixed
according to the concentrations and velocity distributions of the different species of ingoing particles. We notice
that such a framework has already been developed for solving Boltzmann’s equation in nonequilibrium systems.
Such considerations are here generalized to Liouville’s equation. Nonequilibrium systems between heat reservoirs at
different temperatures can also be modeled with flux boundary conditions by supposing that the ingoing particles
have a Maxwellian velocity distribution at the temperature of the heat reservoir. Since Liouville’s theorem is strictly
preserved in the present framework we could here speak about Liouvillian thermostats. Systems such as a fluid
undergoing the Rayleigh-Bénard convection or nonlinear chemical reactions sustaining nonequilibrium oscillations
can be described in this framework.

After a long time, the system is supposed to reach a stationary state which is a nonequilibrium steady state if the
boundary conditions are of nonequilibrium type. In such a stationary state driven by flux boundary conditions, each
probability (19) should reach a nonvanishing constant value so that the ingoing and outgoing fluxes of probability given
by the two terms of the last line of Eq. (25) balance each other. Such a stationary state should in general be described
by a vector of probability densities (18) which is very different from the equilibrium densities. At stationarity, this
vector defines the invariant probability measure describing the statistical steady state of the system.

Among the different possible boundary conditions, the absorbing boundary conditions play a special role. These
boundary conditions may be imposed on a system with a fixed number N of particles by supposing that there is
no ingoing flux of probability (or particle). Therefore, the first term in the last line of Eq. (25) vanishes and the
probability PN (t) monotonously decays to zero as time increases. Here, the interesting properties manifest themselves
in the way the decay of PN (t) proceeds. If the decay is asymptotically exponential the decay rate defines the so-called
escape rate used in the escape-rate theory of transport. Under certain circumstances, an invariant probability measure
can still be defined in the presence of absorbing boundary conditions as explained in Subsection IV C.

C. Ergodicity and mixing

The construction of the invariant measure mentioned in the previous discussion is an important issue in order to
understand the long-time approach of a system to a stationary statistical state.

In closed deterministic systems in which the number of particles is conserved, a natural invariant measure is selected
by time averaging the quantities of interest over a given trajectory. Birkhoff’s ergodic theorem, that

lim
T→∞

1
T

∫ T

0

A(ΦtΓ0) dt =
∫
A(Γ) µ(dΓ) (26)

for µ-almost all initial conditions Γ0 [5], provides a decomposition of the phase space into ergodic components which
are the support of the different invariant measures µ constructed by the time average. A system is commonly said to
be ergodic if its smallest ergodic components are the energy shells or the energy-momenta shells. The corresponding
invariant measures µ define the statistical ensembles which can be identified with the thermodynamic equilibria.

In open systems with absorbing boundary conditions, a unique ergodic normalizable measure can be defined on the
invariant set of trajectories which are forever trapped inside the system under the condition that this set is transitive,
i.e., contains a dense trajectory. Otherwise, the invariant set should be decomposed into different ergodic components
in a similar way as for closed systems. In open systems with flux boundary conditions, ergodic invariant measures
can be defined by reference to the random process induced by the dynamics and the boundary conditions.

In closed or open systems, the relaxation toward a supposed unique invariant measure µ is guaranteed by the
property of mixing which has been introduced by Gibbs [51] and which is defined by the condition that [5]

lim
t→∞

µ(Φ−tA ∩ B) = µ(A) µ(B) (27)

where A and B are two sets in phase space. The mixing property guarantees the statistical independency between
the random events that the trajectory be in the set B at time t = 0 and in the set A at time t, in the long-time
limit t → ∞. The definition (27) implies that the time correlation functions defined by statistical average over the
invariant measure µ decays to their stationary values as

lim
t→∞

〈A(ΦtΓ)B(Γ)〉µ = 〈A〉µ 〈B〉µ (28)

where 〈X〉µ =
∫
X(Γ) µ(dΓ).
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D. Dynamical instability

Besides the mere knowledge of the trajectories it is often important to characterize their stability and, in particular,
their linear stability which is the behavior of infinitesimal perturbations δΓt = {δ~ri(t), δ~pi(t)} on each trajectory.
These perturbations evolves in time under the linearized Hamiltonian equations:

δ~̇ri = +
∑N
j=1

(
∂2H
∂~pi∂~rj

· δ~rj + ∂2H
∂~pi∂~pj

· δ~pj
)

δ~̇pi = −
∑N
j=1

(
∂2H
∂~ri∂~rj

· δ~rj + ∂2H
∂~ri∂~pj

· δ~pj
) (29)

with i = 1, 2, ..., N . The infinitesimal perturbations may remain bounded or grow as a power of time, or even
exponentially. The exponential growth is the fastest possible growth in a system described by ordinary differential
equations. This form of dynamical instability is characterized by the so-called Lyapunov exponents [1]

λ = lim
t→∞

1
t

ln
‖δΓt‖
‖δΓ0‖

(30)

in closed systems with a constant number N of particles. We may have as many different Lyapunov exponents as there
are different directions in phase space so that the total number of Lyapunov exponents is equal to the phase-space
dimension 2f = 2Nd. The Lyapunov exponents may vary from one trajectory to another.

The Hamiltonian character implies a pairing rule among the different Lyapunov exponents due to the symplectic
property: To each Lyapunov exponent λi, there corresponds another one which is −λi [3].

Several Lyapunov exponents vanish which are associated with the conserved quantities such as energy or linear
momentum when they exist. The pairing rule implies that, to each vanishing Lyapunov exponent associated with a
conserved quantity, there corresponds another vanishing Lyapunov exponent. In the case of the vanishing Lyapunov
exponent associated with energy, the other vanishing Lyapunov exponent is the one associated with the direction
of the flow.[108] In Hamiltonian systems, the number of vanishing Lyapunov exponents is thus always even by the
symplectic property.

Systems with positive Lyapunov exponents are dynamically unstable. Typical Hamiltonian systems have dynami-
cally unstable trajectories, in particular, by the formation of homoclinic orbits. However, typical Hamiltonian systems
also present quasiperiodic trajectories with all their Lyapunov exponents vanishing. In Hamiltonian systems with two
degrees of freedom, these quasiperiodic trajectories exist inside elliptic islands coexisting with zones filled with unsta-
ble trajectories. The quasiperiodic trajectories occupy the largest phase-space volume in systems close to integrability
according to the KAM theorem, which is the case for systems such as Hamiltonian chains of coupled anharmonic
oscillators at very low energy or temperature [52, 53]. However, at high energy or temperature, the quasiperiodic
trajectories are numerically observed to shrink while the unstable trajectories fill the largest part of phase space. This
phenomenon is observed, in particular, in the standard map where the elliptic islands become tiny and practically
inobservable at large values of the parameter although they exist for a dense set of parameter values [54].

Systems are said to be hyperbolic if the positive Lyapunov exponents associated with the different directions and
trajectories of the system remain separated from zero by a gap: λi ≥ λmin > 0. However, typical Hamiltonian
systems such as the standard map are nonhyperbolic because the quasiperiodic trajectories have vanishing Lyapunov
exponents and, furthermore, trajectories close to the quasiperiodic ones may have arbitrarily small positive Lyapunov
exponents.

The spectrum of Lyapunov exponents is best known for billiards with convex boundaries such as the Sinai billiard,
the Lorentz gas, or the finite hard-sphere gases. In these systems, almost all the trajectories have positive Lyapunov
exponents which are well separated from zero. However, there exist sets of zero Lebesgue measure of trajectories with
all their Lyapunov exponents vanishing because these trajectories never bounce on a convex boundary. Under certain
conditions, these special trajectories do not exist as in the periodic Lorentz gas on a triangular lattice with a finite
horizon [3].

Beside the dynamically unstable billiards, we also find the polygonal billiards [55] such as the wind-tree model
[56], in which the boundaries are flat so that all the Lyapunov exponents vanish. In polygonal billiards, infinitesimal
perturbations grow as a power of time but never exponentially.

Beyond the closed systems, the open systems are of great importance in nonequilibrium conditions and, especially,
in scattering experiments [3, 14, 20]. In scattering systems, the majority of trajectories are coming from and returning
to infinity. These systems are typically out of equilibrium with a possible steady state fixed by the velocity distribution
and the spatial profile of the beams of incoming particles. An example of scattering systems is given by a particle
moving in a one-dimensional potential with a maximum above two valleys of asymptotically free motion. Other



11

examples are the disk scatterers. In these open systems, the trajectories which control the long-time escape are
those which are trapped inside the system. The forever trapped trajectories are unstable with positive Lyapunov
exponents and form an invariant set which is of zero Lebesgue measure. Open systems can be dynamically unstable
without being chaotic. This is the case for the point particle on the maximum of a potential as well as for the particle
periodically bouncing on the line joining the centers of two disks in the two-disk scatterer.

For the system to be chaotic, we need more than a positive Lyapunov exponent: we need a random time evolution,
the characterization of which requires to introduce another quantity than the Lyapunov exponent.

E. Dynamical randomness

The definition of dynamical randomness requires the introduction of the so-called Kolmogorov-Sinai (KS) entropy
per unit time [1, 5]. The KS entropy is defined as the supremum of the decay rates of the multiple time probabilities
for the trajectory to successively visit different cells in phase space. Let us suppose that the phase space is partitioned
into cells forming a partition P. If ωn denotes the label of the cell visited by the trajectory at time t = n∆t, the
multiple time probabilities would decay exponentially if the motion of the system is random:

µ(ω0ω1 · · ·ωn−1) ∼ exp (−n ∆t hP) for n→∞ (31)

The exponential decay here goes with the number n of visited cells and not with the time interval ∆t. The rate hP
is the entropy per unit time of the partition P and the KS entropy is defined as [1, 5]

hKS = SupP hP (32)

The KS entropy can equivalently be introduced in terms of the Chaitin-Kolmogorov-Solomonoff algorithmic com-
plexity Kt, which is the length of the shortest program running on a universal Turing machine and able to reproduce
the trajectory over a time interval t. The length of the program can be measured as the binary length or in the
base of natural logarithms as assumed from now on. If the trajectory is periodic, it is enough to store the pattern
of one period and the number of periods over the time t so that the length of this program grows as ln t. However,
if the trajectory is random there is no other mean than to store the whole segment of trajectory in which case the
length of the program grows proportionally to the time t, which is the fastest possible growth. The growth rate of
the algorithmic complexity is equal to the KS entropy

hKS = lim
t→∞

1
t
Kt (33)

for µ-almost all the trajectories [57]. This result shows that the KS entropy per unit time characterizes the dynamical
randomness developed by the system during its time evolution.

A system is defined to be chaotic if it is deterministic (i.e., governed by a mapping or a differential equation) and
its KS entropy per unit time is positive [3].

The KS entropy is related to the sum of positive Lyapunov exponents and the rate of escape γ of trajectories out
of an open system according to a generalization of Pesin’s theorem [1]

hKS =
∑
λi>0

λi − γ (34)

In closed systems, the escape rate vanishes γ = 0 and the KS entropy is given by the sum of positive Lyapunov
exponents, which is the content of Pesin’s theorem. If there exists at least one positive Lyapunov exponent the KS
entropy is also positive and the time evolution is therefore random. In this case, we recover the usual definition of a
chaotic system as a deterministic system with at least one positive Lyapunov exponent.

However, if the system is open, the dynamics can be nonchaotic if the escape rate is itself equal to the sum of
positive Lyapunov exponents, γ =

∑
λi>0 λi, because the KS entropy vanishes in this case. This situation happens in

the system composed of a particle moving in a potential with a maximum, as well as in the two-disk scatterer where
there is only one unstable periodic orbit which remains trapped at finite distance.

We notice that there exists the so-called sporadic systems which are intermediate between the periodic and the
chaotic ones [3, 58]. In these systems, the trajectories have an algorithmic complexity which grows faster than the
logarithm (ln t) but slower than the time t, for instance as t/(ln t) or tν with 0 < ν < 1. Their KS entropy per unit
time vanishes because the algorithmic complexity is not extensive in time. Nevertheless, the sporadic systems still
develop a dynamical randomness but slower than in chaotic systems.
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For deterministic systems with finitely many particles, the KS entropy is typically finite. However, the KS entropy
may become infinite for systems with infinitely many particles. The extensivity of the entropy per unit time with the
number of particles is an important issue in statistical mechanics. We can here define an entropy per unit time and
per unit volume, which is positive if randomness is generated not only in time but also in space. If the particles do
not interact as in an ideal gas or in a harmonic solid, the entropy per unit time and unit volume vanishes. On the
other hand, this space-time entropy is positive in systems of interacting particles such as the hard-sphere gas [3]. The
space-time entropy is also positive in probabilistic cellular automata [59–61], which therefore belong to the same class
of random processes as the chaotic ones.

If the system is described as a random process generating continuously distributed variables, the KS entropy
becomes infinite and no longer provides a useful characterization of the randomness. In this case, we should keep the
notion of entropy per unit time associated with a partition into cells of diameter ε, defining in this way an ε-entropy
per unit time [4]. Processes in which a finite number of outcomes of continuously distributed variables happens per
unit time typically have their ε-entropy per unit time diverging as ln(1/ε) for ε → 0. An example is the random
processes described by the linearized Boltzmann equation which has an ε-entropy per unit time and unit volume
diverging as ln(1/ε) for ε → 0, although the deterministic Hamiltonian equations generate a random process with a
finite entropy per unit time and unit volume [3, 4]. On the other hand, Langevin processes generate continuously
distributed variables continuously in time, leading to an ε-entropy typically diverging as ε−2 for ε→ 0 [3, 4]. Langevin
processes are thus qualitatively more random than the aforementioned processes.

The ε-entropy per unit time depends on the kind of boundary conditions which are considered. In finite systems
with reflecting or periodic boundary conditions, the determinism is preserved throughout the whole time evolution so
that the dynamical randomness is characterized by a finite KS entropy per unit time. If the system is in contact with
reservoirs, the interaction of the particles with the walls is in general stochastic and described by a nondeterministic
Langevin process in a thin boundary layer near the wall of the reservoir [49]. In this case, the process is characterized
by an ε-entropy per unit time which can be estimated as V h(time,volume) + cAε−2 where V and A are respectively the
volume and area of the system, h(time,volume) is the bulk entropy per unit time and unit volume, and c some constant
characteristic of the Langevin process. If the stochastic layer has a negligible thickness with respect to the size of the
system and if the contact with the reservoir is described by a flux boundary condition for Liouville’s equation, the
ε-entropy per unit time can be estimated as V h(time,volume) + νA ln(1/ε) where ν is the frequency of income of new
particles at the boundary (with the same notations as before). The logarithmic divergence of the ε-entropy per unit
time results from the fact that each new incoming particle brings five continuously distributed random variables: two
positions for the point of crossing with the wall and three velocities. The bulk entropy per unit time and unit volume
h(time,volume) can be estimated as the sum of positive Lyapunov exponents divided by the volume V for systems close
to equilibrium: h(time,volume) = 0 for an ideal gas, while h(time,volume) > 0 for a hard-sphere gas. Accordingly, the
dynamical randomness is dominated by the bulk dynamical instability in systems of interacting particles [3].

IV. MICROSCOPIC APPROACH TO THE DECAY AND RELAXATION OF CLASSICAL SYSTEMS

A. Pollicott-Ruelle resonances

In a mixing system, the time correlation functions decay to their stationary values. It is an important issue to
characterize the decay and, if possible, to decompose the decay in terms of exponentials. In order to investigate this
question, we must consider the time asymptotics of the average quantities ruled by the Frobenius-Perron operator,
i.e., the long-time behavior of the statistical averages (17) before they practically reach their stationary values. Recent
work has shown the remarkable result that exponential decays are compatible with Hamiltonian dynamical systems
[3, 14–16]. Hamiltonian systems exist for which:

〈A〉t 't→+∞ 〈A|Ψst〉 〈Ψ̃st|f0〉+
∑
j

exp(sjt) 〈A|Ψj〉 〈Ψ̃j |f0〉+ (Jb) (35)

where sj are the so-called Pollicott-Ruelle resonances [8–13] associated with the eigenstates

P̂ tΨj = exp(sjt) Ψj (36)

P̂ t†Ψ̃j = exp(s∗j t) Ψ̃j (37)

of the Frobenius-Perron operator P̂ t here considered as the evolution operator of the forward semigroup. Since the
evolution operator of the semigroup is not unitary the resonances are in general complex and, moreover, there is the
possibility of formation of Jordan blocks denoted by (Jb) in Eq. (35) [3]. Jordan-block structures arise from multiple
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FIG. 5: Particle moving down a hill under the Hamiltonian (39): (a) the potential; (b) the phase portrait; (c) a typical survival
probability versus time.

eigenvalues in the spectrum and lead to time behavior as tmj−1 exp(sjt) where mj is the multiplicity of the resonance
sj . Jordan-block structures are not exceptional especially in Hamiltonian systems, but we shall here focus on the
eigenstates.

In classical dynamical systems, the eigenstates Ψj or Ψ̃j are generally given by mathematical distributions so that
the associated measures are singular contrary to what is usually assumed in kinetic theory. These singular measures
can be constructed by a kind of semigroup renormalization obtained by rewritting Eq. (36) in the following form
[3, 62]

Ψj = lim
t→+∞

exp(−sjt) P̂ tΨj (38)

As a simple example of time asymptotics, let us consider a particle moving in a one-dimensional potential under
the Hamiltonian

H =
p2

2M
+ V (r) (39)

The potential V (r) is supposed to have a unique maximum at r = 0 and to monotonously decrease to a constant
value at large distances r → ±∞ so that V (0) > V (r) > V (+∞) = V (−∞) (see Fig. 5a). The phase space of
this one-degree-of-freedom system is the plane of the variables Γ = (r, p). The point r = p = 0 is an unstable fixed
point of the flow. Two branches of unstable manifold are issued from the fixed point and are asymptotic to the
momenta p = ±

√
2M [V (0)− V (∞)] for r → ±∞ respectively (see Fig. 5b). By time-reversal symmetry, there exist

two branches of stable manifold of trajectories incoming from infinity and reaching asymptotically the fixed point
as t → +∞. The stable and unstable manifolds form a separatrix between the low-energy trajectories which always
remain on one side of the maximum and the high-energy trajectories which move from one side to the other. If the
statistical ensemble of initial conditions is located around the fixed point, the number of trajectories which remain in
the vicinity of the fixed point is observed to decay exponentially as t → +∞ (see Fig. 5c). The rate of decay is the
so-called escape rate γ, which is equal to the Lyapunov exponent λ of the fixed point in this simple system. The reason
for this equality is that the trajectories escaping after a long time are coming from very close to the maximum and
their dynamics is controlled by the linear stability of the fixed point. This simple system thus provides an example
of a nonchaotic system with a positive Lyapunov exponent but a vanishing KS entropy because γ = λ. We notice
that the positivity of the Lyapunov exponent implies the exponential decay so that there is here a close connection
between the hyperbolicity of the dynamics near the fixed point and the existence of an exponential decay. During the
decay, the cloud of points tends to stretch along both branches of unstable manifold as t → +∞. Asymptotically in
time, the statistical ensemble will be distributed as a kind of Dirac distribution having the branches {Γ(ε)

u }ε=± of the
unstable manifold for support. This intuition is supported by the fact that the following expression,

Ψ(Γ) =
∑
ε=±

∫ +∞

−∞
exp(γτ) δ

[
Γ− Γ(ε)

u (τ)
]
dτ (40)

defines an exact eigenstate of the Frobenius-Perron operator associated with the escape rate γ because

P̂ tΨ(Γ) = Ψ(Φ−tΓ) = exp(−γt) Ψ(Γ) (41)
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since the flow is area-preserving and ΦtΓ(ε)
u (τ) = Γ(ε)

u (τ + t). This result shows that the leading Pollicott-Ruelle
resonances of this simple system is essentially given by the escape rate: s = −γ [3, 62].

A complete asymptotic expansion of statistical averages in terms of decaying exponential functions is given in
Appendix A for the simple case of the inverted harmonic potential. Such complete asymptotic expansions have
also been constructed in simple flows undergoing a pitchfork and a Hopf bifurcations [63, 64]. In these bifurcating
systems, the spectrum of Pollicott-Ruelle resonances collapses onto a continuous spectrum at the bifurcation, leading
to power-law decay at criticality.

Exponential relaxation to the invariant measure can also be proved in simple chaotic systems such as the baker map,
as shown in Appendix B. Besides the simple models which are analytically tractable, the Pollicott-Ruelle resonances
can be numerically obtained thanks to the periodic-orbit theory.

B. Periodic-orbit theory

The periodic-orbit theory of the classical systems is based on the Cvitanović-Eckhardt trace formula which expresses
the trace of the Frobenius-Perron operator of the flow at energy E as a sum over the periodic orbits {p} and their
repetitions r = 1, 2, 3, ...

TrE eL̂t ≡
∫
E

δ(X − ΦtEX) dX =
∑
p

∞∑
r=1

Tp
δ(t− rTp)

|det(I−mr
p)|

(42)

where X are the phase-space coordinates inside the energy shell, Tp is the prime period of the periodic orbit p, and
mp is the linearized Poincaré map evaluated on the periodic orbit [65].

The Laplace transform of the trace of the Frobenius-Perron operator is formally identical to the trace of the resolvent
of the Liouvillian operator and it can be expressed in terms of the so-called classical Zeta function Zcl for a hyperbolic
dynamical system in which all the periodic orbits are isolated and unstable:∫ ∞

0

e−st TrE eL̂t dt = TrE
1

s− L̂
=

∂

∂s
ln Zcl(s;E) (43)

For a two-degree-of-freedom hyperbolic system, the classical Zeta function is a product over all the unstable periodic
orbits:

Zcl(s;E) =
∏
p

∞∏
m=0

{
1 − exp [−sTp(E)]

|Λp(E)|Λp(E)m

}m+1

(44)

where Λp is the (instability) eigenvalue of the linearized Poincaré map of the periodic orbit p. Since each periodic
orbit is unstable we have that |Λp| > 1. The Pollicott-Ruelle resonances sj are given as the zeros of the Zeta function:

Zcl(sj ;E) = 0 (45)

The periodic-orbit theory has been applied to different systems in order to characterize the decay of a statistical
ensemble of trajectories [14]. A class of systems which have been studied in detail are the disk scatterers.

In the two-disk scatterer, there is a single unstable periodic orbit bouncing between the two disks (see Fig. 6a).
This unique periodic orbit forms the so-called repeller of this system, which is the set of trajectories which are forever
trapped at finite distance. This periodic orbit has a positive Lyapunov exponent λ which is proportional to the
velocity of the particle. The instability eigenvalue is given by Λ = exp(λT ) where T is the period which is inversely
proportional to the velocity. The Pollicott-Ruelle resonances of the two-disk scatterer are the zeros of the Zeta
function:

Zcl(s) =
∞∏
m=0

[
1 − exp (−sT )

|Λ|Λm

]m+1

= 0 (46)

This infinite product converges absolutely so that the Pollicott-Ruelle resonances are given by

smn = −m+ 1
T

lnΛ + i
2πn
T

(47)
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FIG. 6: Two-disk scatterer: (a) configuration of the system; (b) spectrum of Pollicott-Ruelle resonances.

with m = 0, 1, 2, 3, ... and n = 0,±1,±2,±3, ... The resonances form a half periodic array extending toward negative
values of Re s and separated from Re s = 0 by a gap given by the escape rate

γ =
1
T

lnΛ = λ (48)

which is here equal to the Lyapunov exponent (see Fig. 6b). Accordingly, the KS entropy vanishes and the system is
nonchaotic as expected.

In order to obtain a chaotic system, it is enough to add a third disk forming an equilateral triangle with the
two previous disks, which defines the three-disk scatterer (see Fig. 7a). In this open system, the set of trapped
trajectories forms a fractal and chaotic repeller. If the disks are sufficiently far apart, the forever trapped trajectories
are in one-to-one correspondence with a symbolic dynamics based on the labels of the disks with the constraint that
no two consecutive labels are equal because the particle cannot bounce twice on the same disk without having an
intermediate collision on another disk [20]. This constraint means that the symbolic dynamics is effectively dyadic,
leading to a twofold proliferation of orbits with the period. All the periodic orbits can be listed in order of increasing
period or instability. This listing helps to numerically compute the Zeta function by truncation after a given period,
which amounts to neglect the effect of the most unstable trajectories. This method, called the cycle expansion
[66], is excellent in a system such as the three-disk scatterer and allows a high-precision calculation of the different
characteristic quantities of chaos with four or five digits [14]. In particular, it is possible to calculate the spectrum of
Pollicott-Ruelle resonances (see Fig. 7b). Because of the threefold symmetry of the equilateral three-disk scatterer
the Pollicott-Ruelle resonances fall into the different irreducible representations (A1, A2, and E) of the C3v symmetry
group. The spectrum is separated from the imaginary axis by a gap given by the escape rate γ which is the leading
Pollicott-Ruelle resonances. Since the system is chaotic, the escape rate is no longer equal to the maximum Lyapunov
exponent but it is lowered by the KS entropy per unit time according to: γ = λ − hKS. The different Pollicott-
Ruelle resonances control the decay of a statistical ensemble of trajectories escaping from the scatterer. The survival
probability, i.e., the probability that a trajectory is still in the vicinity of the scatterer, decays in a gross exponential
way at a rate given by the escape rate. But on top of the decay curve, we observe modulations at certain frequencies
which are precisely given by the imaginary parts of the Pollicott-Ruelle resonances (see Figs. 7c and 7d) [14].

This phenomenon is also clearly evidenced in Fig. 8 which depicts the survival probability in two geometries of the
four-disk scatterer, composed of four disks forming a square of side R = 12 and R = 24 respectively, the radius of
the disks being taken as unity. In these systems, the modulations of the survival probability are very pronounced and
their Fourier transform presents peaks at the frequencies of the Pollicott-Ruelle resonances as can be seen in Fig. 8
[14]. These results show that the Pollicott-Ruelle resonances control the decay under classical dynamics in these open
systems.

C. Escape-rate theory of transport

The purpose of the escape-rate theory of transport is to express the transport coefficients in terms of the escape rate
of some fractal repeller [3, 17–19]. The fractal repeller is defined by considering some absorbing boundary conditions
in the phase space of the system. The absorbing boundary conditions set up a first passage problem for the Liouvillian
equation ruling the time evolution of the statistical ensemble of trajectories. As explained here above, the probability
density f(Γ) evolves in time according to Liouville’s equation. Since this latter is a partial differential equation, it
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FIG. 7: Three-disk scatterer: (a) configuration of the system; (b) spectrum of Pollicott-Ruelle resonances; (c) typical survival
probability versus time; (d) Fourier transform of the modulations of the survival probability versus the frequency, compared
with the spectrum of Pollicott-Ruelle resonances.

requires boundary conditions to be solved. The absorbing boundary conditions impose that there is a vanishing flux
of incoming trajectories at the border of the system so that the probability (19) defines the survival probability and
decays monotonously according to Eq. (25).

In general, the decay can be a power law (possibly corrected by logarithms) or an exponential. In finite ergodic
hyperbolic systems with positive Lyapunov exponents, the decay turns out to be exponential in the long-time limit
t→∞ with a positive escape rate related to the positive Lyapunov exponents and the KS entropy according to Eq.
(34). The set of trapped trajectories form a fractal and chaotic repeller, which can be characterized in terms of the
partial information dimensions {di} associated with the different unstable directions in phase space [1]

hKS =
∑
λi>0

di λi (49)

The codimensions are defined by ci = 1− di so that the escape rate can be written in terms of the positive Lyapunov
exponents and the partial codimensions as [1]

γ =
∑
λi>0

λi − hKS =
∑
λi>0

ci λi (50)

The transport properties such as diffusion, viscosity or heat conductivity are characterized by coefficients which
enter the macroscopic equations of motion such as the diffusion or heat equations and the Navier-Stokes equations. In
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FIG. 8: Four-disk scatterer composed of four disks of unit radius at the vertices of a square of size R: (a) configuration of
the system; (b) survival probabilities versus time for the configurations with R = 12 and R = 24; (c) Fourier transform of the
modulations of the survival probability versus the frequency, compared with the spectrum of Pollicott-Ruelle resonances in the
case R = 12 and (d) in the case R = 24.

the fifties and early sixties, these transport coefficients have been expressed in terms of the Helfand moments G(α) or
the microscopic currents J (α) = dG(α)/dt [6, 7, 67]. In particular, the transport coefficients are given as the integral
of the time autocorrelation function of each microscopic current by the Green-Kubo formula [6, 7] or, equivalently, as
the linear growth rate of the variance of the Helfand moment [67]

α =
∫ ∞

0

〈J (α)
0 J

(α)
t 〉 dt = lim

t→∞

1
2t
〈(G(α)

t −G
(α)
0 )2〉 (51)

The Helfand moments associated with the different transport properties are given in Table I.
The Einstein-like formula in Eq. (51) shows that the Helfand moments have a diffusive motion. A first passage

problem can be set up by imposing absorbing boundary conditions in the space of variation of the Helfand moment
[18]. These absorbing boundary conditions select all the trajectories of the whole system for which the Helfand
moment never reaches the absorbing boundaries:

−χ
2
≤ G

(α)
t ≤ +

χ

2
(52)

However, most of the trajectories reach the absorbing boundaries and escape out of the domain delimited by these
boundaries. Accordingly, the trajectories forever trapped inside the absorbing boundaries form a set of zero probability
in the form of a fractal repeller. This repeller is characterized by an escape rate which can be evaluated by using the
equation of diffusive motion of the Helfand moment g = G

(α)
t

∂p

∂t
= α

∂2p

∂g2
(53)
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with the corresponding absorbing boundary conditions p(g = ±χ/2, t) = 0. The solution of this equation is given by

p(g, t) =
∞∑
j=1

aj exp(−γjt) sin
(
jπg

χ
+
jπ

2

)
(54)

so that the decay rates of the survival probability are

γj = α

(
jπ

χ

)2

and j = 1, 2, 3, ... (55)

The escape rate is the slowest decay rate which is thus related to the transport coefficient α according to

γ ' γ1 = α

(
π

χ

)2

for χ→∞ (56)

Substituting this result in the escape-rate formula (50) we obtain the following relationships between the transport
coefficients and the characteristic quantities of chaos which are the Lyapunov exponents λi, the KS entropy hKS, or
the partial codimensions ci as [18]

α = lim
χ,V→∞

(
χ

π

)2 ( ∑
λi>0

λi − hKS

)
χ

= lim
χ,V→∞

(
χ

π

)2 ( ∑
λi>0

ci λi

)
χ

(57)

In the limit χ→∞, the partial information codimensions can be replaced by the Hausdorff codimensions in hyperbolic
systems.

TABLE I. Helfand’s moments of different transport properties.

transport property moment

self-diffusion G(D) = xi

shear viscosity G(η) = 1√
V kBT

∑N
i=1 xi piy

bulk viscosity (ψ = ζ + 4
3η) G(ψ) = 1√

V kBT

∑N
i=1 xi pix

heat conductivity G(κ) = 1√
V kBT 2

∑N
i=1 xi (Ei − 〈Ei〉)

electric conductivity G(e) = 1√
V kBT

∑N
i=1 eZi xi

Equation (57) has been applied to the transport by diffusion in the open two-dimensional periodic Lorentz gas (see
Fig. 9a) [68]. In this system, the particles have a deterministic diffusive motion induced by the elastic collisions on
immobile scatterers until the particles escape upon reaching absorbing boundaries in the form of a hexagon, a circle,
or two parallel lines separated by a large distance L. The absorbing boundary conditions select a fractal repeller
of trapped trajectories which can be numerically evidenced by plotting the time to escape as a function of initial
condition (see Fig. 9b). In this two-degree-of-freedom system, there is only one unstable direction and, thus, one
positive Lyapunov exponents and associated codimension. Accordingly, Eq. (57) shows that the diffusion coefficient
is given by [17, 68]

D = lim
L→∞

(
L

π

)2

(λ− hKS)L = lim
L→∞

(
L

π

)2

(c λ)L (58)

where c is either the information or the Hausdorff partial codimension associated with the unstable direction. The
open random Lorentz gases have also been investigated [69].

The escape-rate theory has also been applied to reaction-diffusion processes in which point particles diffuse in
a Lorentz gas until they reach catalytic disks where they are annihilated [70]. In this reactive process, absorbing
boundary conditions are set up on the border of the catalytic disks and select a fractal repeller of trajectories which
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FIG. 9: Open Lorentz gas: (a) configuration of the system with a typical trajectory; (b) time taken by the particle to escape
versus the initial angle θ = 0.75π−uπ10−10 of velocity of the particle starting from the central disk. The escape time becomes
infinite on each stable manifold of a trapped trajectory.
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FIG. 10: Schematic illustration of the application of the escape-rate theory to (a) the diffusion of a Brownian particle escaping
out of a sphere A of diameter L in a fluid of volume V and (b) the viscosity in a fluid of volume V in which the Helfand moment
Gt escapes out of a domain A of width L.

never hit a catalyst. In this reaction-diffusion system, the reaction rate is given by the escape rate, which is in turn
related to the characteristic quantities of chaos [70].

Equation (57) can also be applied to transport in many-body systems such as the diffusion of a Brownian or tracer
particle in a fluid of other particles or to the shear viscosity (see Fig. 10). In these many-body systems, there is
a spectrum of Lyapunov exponents as well as of partial codimensions. Typically, the spectrum of codimensions is
peaked on the maximum Lyapunov exponent in multidimensional fractal repellers.

The escape-rate theory can also be considered for the determination of the mobility coefficient in the biased diffusion
of a charged particle in a static external electric field [3, 71], or for heating by the diffusivity of total energy in systems
driven by a time-periodic external force.

D. Hydrodynamic and reactive modes in spatially extended systems

In spatially extended systems, the relaxation to the equilibrium state is ruled by the hydrodynamic modes. These
modes can be explicitly constructed in periodic dynamical systems which are spatially extended by considering in-
finitely many images of the system in the form of a checkerboard [72–74].

A simple example is the periodic Lorentz gas in which the unit cell contains a single scatterer. The system is
spatially extended by tessellating the plane with the unit cell. The motion of the point particle bouncing on the
disk can be considered either inside the unit cell which forms a torus, or in the array formed by the infinitely many
images of the unit cell. Diffusion is conceived as the irregular motion on the infinite spatially extended system. When
the particle performs a bounded chaotic motion inside the unit cell (or torus) its images diffuses on the lattice made
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of the infinitely many images of the unit cell. The probability density of finding the particle on the lattice can be
Fourier transformed and decomposed into different components associated with the different values of the wavenumber
~k ranging in the first Brillouin zone of the lattice. Each ~k-component of the probability density has its own time
evolution under an operator Q̂t~k which is obtained by Fourier transforming the Frobenius-Perron operator P̂ t over the
whole lattice. This new operator may admit Pollicott-Ruelle resonances which also depend on the wavenumber as for
the associated eigenstates:

Q̂t~k Ψ~k = es~k
t Ψ~k (59)

If T̂~l denotes the operator of translation by the lattive vector ~l, the eigenstates satisfy the quasiperiodic boundary
conditions:

T̂
~l Ψ~k = ei~k·~l Ψ~k (60)

When the wavenumber vanishes ~k = 0, we recover the Frobenius-Perron operator only ruling the dynamics on the
torus. If this dynamics is ergodic and mixing as it is the case for the Lorentz gas or the Sinai billiard one of the
Pollicott-Ruelle resonances must be identical to the vanishing Liouvillian eigenvalue s0 = 0 associated with the unique
invariant measure. This suggests that, at least, one of the Pollicott-Ruelle resonances vanishes with the wavenumber:
lim~k→0 s~k = 0. Since the Pollicott-Ruelle resonances rule the relaxation to the invariant measure we can identify that
particular Pollicott-Ruelle resonance with the dispersion relation of the hydrodynamic mode of diffusion [3, 72]. This
dispersion relation is given by the van Hove formula as [73]

s~k = lim
t→∞

1
t

ln〈exp[i~k · (~rt − ~r0)]〉 = −D k2 +O(k4) (61)

which is a consequence of Eqs. (59) and (60).
At the microscopic level of description, the hydrodynamic mode is thus represented by the corresponding eigenstate

(59) of the evolution operator. This eigenstate is typically a mathematical distribution represented by a cumulative
function which is continuous but nondifferentiable.

In two-degree-of-freedom systems such as the two-dimensional Lorentz gases, the cumulative functions of the hy-
drodynamic modes of diffusion can be defined in terms of the density Ψ~k of the eigenstate as the one-dimensional
integral over a line in phase space

F~k(ξ) =
∫ ξ

0

dξ′ Ψ~k(Γξ′) (62)

For ~k 6= 0, this function is complex and forms a fractal curve in the complex plane (see Fig. 11) [73]. Its Hausdorff
dimension depends on the wavenumber ~k, the diffusion coefficient D, and the positive Lyapunov exponent λ as [73, 75]

DH(~k) = 1 +
D
λ
k2 +O(k4) (63)

This formula can be rewritten to express the diffusion coefficient in terms of the Hausdorff dimension and the other
characteristic quantities of chaos as [73, 75]

D = lim
~k→0

(
1
k

)2 [
λ (DH − 1)

]
~k

(64)

which has a structure very similar to the escape-rate formula (58). Indeed, in the problem with absorbing boundary
conditions, the role of the wavenumber is played by k = π/L, the Lyapunov exponent is essentially the same for both
problems in the limits L → ∞ or ~k → 0 in which the Lyapunov exponent reaches the value obtained by averaging
over the equilibrium invariant measure. On the other hand, the partial Hausdorff codimension of the fractal repeller
is given by cH = 1 − dH which is positive since the Hausdorff dimension of a fractal object on a line is known to be
bounded as 0 ≤ dH ≤ 1. The role of the partial Hausdorff dimension of the repeller is here played by the Hausdorff
dimension of the fractal cumulative curve in the two-dimensional complex plane, which is bounded as 1 ≤ DH ≤ 2.
We therefore find the positive number DH − 1 in Eq. (64) in the place of the codimension c appearing in Eq. (58).

The hydrodynamic modes have been explicitly constructed and shown to have fractal cumulative functions in the
hard-disk and Yukawa potential Lorentz gases [73], as well as in the multibaker model of diffusion (see Appendix C).
Similar considerations apply to the reactive modes of reaction-diffusion processes in which colored particles diffuse in
a Lorentz gas and change their color upon colliding on catalytic disks [40–42]. The reaction is here an isomerization
A↔ B. The microscopic analysis of this reaction allows us to explicitly construct the diffusive and reactive modes of
relaxation toward the thermodynamic equilibrium. These modes have fractal cumulative functions and their dispersion
relations obey the macroscopic equations (4)-(8).
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FIG. 11: Cumulative functions of the hydrodynamic modes of diffusion in the hard-disk Lorentz gas. The disks form a triangular
lattice, their centers are separated by the distance d = 2.3, and their radius is unity. The cumulative functions (62) are depicted

in the complex plane (Re F~k, Im F~k) versus their wavenumber ~k = k ~ex of magnitude varying in the interval 0 ≤ k < 0.9. ξ is
here the angle of position on the border of a disk. The thermodynamic equilibrium corresponds to the vanishing wavenumber
k = 0.

E. Explicit construction of a nonequilibrium steady state

The nonequilibrium steady state can be explicitly constructed in systems of diffusion between two reservoirs at
different concentrations [3, 76]. To fix the idea, let us consider the open periodic Lorentz gas with flux boundary
conditions at both sides separated by a distance L. From the left-hand side (resp. right-hand side), particles are
incoming from a reservoir of phase-space density f− (resp. f+). The particle moves under the deterministic dynamics
of elastic collisions inside the Lorentz gas. We suppose that the density has reached its stationary value between both
reservoirs. At each point inside the Lorentz gas, the stationary density can then be determined by integrating the
trajectory issued from this point backward in time till the point of entrance in the domain between both reservoirs.
The density is f− (resp. f+) if the point of entrance is at the boundary with the left-hand side (resp. right-hand side)
reservoir [76]. We notice that the backward integration can run for t→ −∞ between both reservoirs in the case where
the point belongs to the unstable manifold of one trapped trajectory of the fractal repeller of the escape-rate theory.
Accordingly, the stationary density is a piecewise constant function taking the values f+ or f−. The discontinuities of
the stationary density occurs on the unstable manifolds of the fractal repeller. This invariant density can be expressed
by the formula

fst(Γ) =
f+ + f−

2
+ ~g ·

[
~r(Γ) +

∫ Tin(Γ)

0

~v(ΦtΓ) dt

]
(65)

where Tin(Γ) is the negative time of entrance of the trajectory going through the point Γ and ~g = ~ex(f+ − f−)/L is
the gradient of phase-space concentration here taken in the x-direction. Indeed, if we integrate the velocity from the
initial time t = 0 backward to the time of entrance, we get

fst(Γ) =
f+ + f−

2
+ ~g ·

[
~r(Γ) + ~rin(Γ)− ~r(Γ)

]
(66)

Since the position of entrance is ~rin = ~ex(±L/2), we finally obtain that

fst(Γ) =
f+ + f−

2
+
f+ − f−

L

±L
2

= f± (67)

as announced. The three terms in Eq. (65) can be interpreted as follows: The first term is simply the concentration in
the middle of the system which is a constant. The second term represents the average linear profile of concentration
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FIG. 12: Cumulative functions of the nonequilibrium steady states of diffusion in the hard-disk Lorentz gas. The scatterers are
disks of unit radius forming a triangular lattice and separated by the gap w. The gap takes the values 0 ≤ w < (4/

√
3)−2 in the

finite-horizon case. In Eq. (70), ξ is the angle of position on the border of a disk and the gradient ~g is either in the x-direction
or in the y-direction. The cumulative functions are depicted in the plane of the quantities Fx(ξ) and Fy(ξ) − Fy(π/2) versus
the gap w between the disks.

expected for the nonequilibrium steady state of a diffusive system. It is remarkable that this linear profile arises
simply from this formula. The third term represents the velocity fluctuations of deterministic origin around the mean
linear profile.

In the limit where the reservoirs are at large distances while keeping the gradient of concentration constant, the
stationary density in the middle of the system becomes wildely fluctuating between the concentrations of both reser-
voirs. The density relative to the average density is no longer defined as a function and becomes a distribution defined
by a singular measure of invariant density

Ψ~g(Γ) = ~g ·
[
~r(Γ) +

∫ −∞

0

~v(ΦtΓ) dt
]

= Ψ~g(ΦtΓ) (68)

It is remarkable that the invariant density (68) is equivalently obtained in terms of the hydrodynamic modes by
considering the following zero wavenumber limit [3, 76]

Ψ~g(Γ) = −i ~g ·
∂Ψ~k(Γ)

∂~k

∣∣∣
~k=0

(69)

as shown elsewhere [77].
As for the hydrodynamic modes, the invariant density (68) is singular and the nonequilibrium steady state should

be represented by its cumulative function as

F~g(ξ) =
∫ ξ

0

dξ′ Ψ~g(Γξ′) (70)

In the Lorentz gases and the multibaker models of diffusion, this cumulative function has been shown to be continuous
but nondifferentiable [72, 77]. In the multibaker models of diffusion, this function is known as the Takagi function
in the name of the Japanese mathematician who invented this function in 1903 as an example of continuous but
nondifferentiable function [77]. In the Lorentz gases, the Takagi function generalizes into similar functions representing,
at the microscopic phase-space level, the nonequilibrium steady states of diffusion corresponding to a linear average
profile of concentration between both reservoirs (see Fig. 12) [62]. The singular character of the nonequilibrium
steady states has very simply its origin in the mixing property of the deterministic dynamics which has the effect of
mixing the different concentrations coming from both reservoirs.

F. Connection to thermodynamics

The connection between dynamics and thermodynamics has always been a difficult problem for the reason that many
different irreversible processes take place in a fluid as explained in Sec. II. Progress in the theoretical understanding
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has always proceeded by the analysis of simplified models such as the Ising model to understand critical phenomena
in phase transitions. In the study of irreversible processes, the Lorentz gases and the multibaker models play a similar
role because they only sustain one transport process, namely, diffusion. The Lorentz gas model has historically been
introduced by Lorentz in 1905 as a model for transport of electrons in a solid [78]. Today, the Lorentz gas is considered
as a model of diffusion of light particles among heavy ones [79, 80]. The heavy particles are immobile on the time
scale of motion of the light particles. At each elastic collision between light and heavy particles, energy is nearly
conserved although momentum is not. Therefore, the randomization of the velocity direction is very fast albeit the
randomization of energy occurs on a much longer time scale. This decoupling of time scales does not preclude the
existence of a well-defined diffusion coefficient on each energy shell. Indeed, Bunimovich and Sinai proved in 1980
that the two-dimensional hard-disk periodic Lorentz gas has a positive and finite diffusion coefficient if the horizon
is finite, i.e., if no trajectory exists running through the lattice of hard disks without elastic collision [81]. Besides,
the hard-disk Lorentz gas is ergodic and mixing. Similar results have been proved by Knauf for the two-dimensional
periodic Lorentz gas composed of scatterers with Yukawa potentials under the condition that the energy of the moving
particle is large enough [82]. The mixing property holds on each energy shell and leads to the establishment of a
local equilibrium in velocity direction. The dynamics of elastic collision on the scatterers has the effect of randomizing
the velocity direction so that the velocity distribution asymptotically becomes uniform in the velocity angle. This
local equilibrium is sufficient for a transport by diffusion to occur which is compatible with the laws of irreversible
thermodynamics.

In the perspective of Sec. II, the Lorentz gases are binary fluids composed of light particles diffusing among heavy
particles which remain immobile. It is enough that the light particles interact with the heavy ones in order to induce
diffusion. The interaction among the light particles is therefore neglected in the Lorentz gases. The light particles thus
constitute a noninteracting gas of particles moving in a nonuniform potential due to the immobile heavy particles.
This potential is such that the motion of each light particle is chaotic. This chaotic dynamics is mixing and induces
the relaxation to the local equilibrium in the velocity direction as well as the diffusion across the lattice. On large
spatial scales, the diffusion occurs on each energy shell so that the density p(~r, ε) of light particles with energy ε at
position ~r obeys the diffusion equation

∂t p(~r, ε) ' D(ε) ∇2p(~r, ε) (71)

where D(ε) is the diffusion coefficient on the shell of energy ε [83]. At each elastic collision energy is conserved so
that the initial distribution of energy is preserved by the dynamics. According to the zeroth law of thermodynamics,
the temperature T of a system is fixed by putting it in contact with a heat reservoir before further operation. The
implementation of the zeroth law of thermodynamics thus fixes the energy distribution of the ideal gas of light particles
to a Boltzmann distribution at the given temperature which is thereafter invariant under the dynamics of the Lorentz
gas. The large-scale density is thus given by

p(~r, ε) = n(~r)
e−ε/kBT∫∞

0
e−ε/kBT dε

(72)

where n(~r) is the number of particles per unit volume around the spatial point ~r. The particle density n(~r) obeys the
diffusion equation

∂tn(~r) ' D̄ ∇2n(~r) (73)

with the mean diffusion coefficient

D̄ =

∫∞
0

e−ε/kBTD(ε) dε∫∞
0

e−ε/kBT dε
(74)

The equilibrium thermodynamics of the hard-disk Lorentz gas is established as follows. Let us consider a gas of N
noninteracting light particles in a spatial domain Q delimited by the hard disks and by a wall enclosing the Lorentz
gas in a square. The volume of the domain Q is V = Vol(Q). The phase space of this gas is

M =
{

(~r1, ~p1, ..., ~rN , ~pN )|~ri ∈ Q, ~pi ∈ Rd, x1 < x2 < · · · < xN

}
(75)

where the last conditions provide the ordering of indices required in the case of identical particles. The phase-space
volume element is

dΓ = d~r1 · · · d~rN d~p1 · · · d~pN (76)
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and the invariant distribution is given in terms of the Maxwellian velocity distribution at the temperature T fixed by
the zeroth law of thermodynamics:

f(Γ) =
N !
V N

exp
(
−

∑N
j=1

~p 2
j

2mkBT

)
(2πmkBT )Nd/2

(77)

which is normalized according to ∫
M
f(Γ) dΓ = 1 (78)

The entropy can be calculated as Gibbs’ coarse-grained entropy

S = −kB

∑
i

pi ln pi (79)

by coarse graining the phase space into cells of size ∆Γ = ∆Ndr ∆Ndp = (2πh̄)Nd. The probability for the system to
belong to the ith cell is

pi =
∫
ith cell

f dΓ ' fi ∆Γ (80)

so that

S ' kB

〈
ln

1
f(Γ) ∆Γ

〉
(81)

and we obtain the Sackur-Tetrode formula

S ' kB N ln
V e

d+2
2 (2πmkBT )

d
2

N (2πh̄)d
(82)

in the limit N,V →∞ keeping the particle density n = N/V constant [84, 85]. This result shows that the consistency
of our previous assumptions. The energy of the ideal gas is known to be

E = N
dkBT

2
= N ε̄ (83)

with the mean kinetic energy of each particle ε̄ = dkBT/2. As a consequence of both the Sackur-Tetrode formula (82)
for entropy and the energy equation of state (83) we obtain Gibbs’ relation [29]

dE = T dS − P dV + µ dN (84)

with the pressure equation of state

P V = N kB T (85)

and the chemical potential

µ = kB T ln
N(2πh̄)d

V (2πmkBT )
d
2

(86)

If we define the local densities of energy and entropy respectively as

e =
E

V
and s =

S

V
(87)

we obtain the local Gibbs’ relation

de = T ds+ µ dn (88)
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FIG. 13: Irreversible process of diffusion across a Lorentz slab leading to the equilibration of densities between both reservoirs:
(a) configuration of the system; (b) initial density profile across the system; (c) time evolution of the densities which decay to
their equilibrium value in each reservoir.

of local thermodynamic equilibrium at the basis of irreversible thermodynamics [29]. It is then a consequence of the
diffusion equation (73) that the local density of entropy obeys the equation

∂t s = −~∇ · ~Js + σs (89)

with an entropy current ~Js and the local entropy production

σs = D̄ (~∇n)2

n
≥ 0 (90)

which is always nonnegative by the second law of thermodynamics. The calculation can be carried out ab initio at the
microscopic level of description starting from the hydrodynamic modes of diffusion which has been discussed in the
previous sections, as shown elsewhere [74, 85–88]. The detailed calculation shows that the positivity of the entropy
production comes from the singular character of the hydrodynamic modes of diffusion and of the nonequilibrium
steady state. This result is very natural because the singular character of the nonequilibrium states has its origin in
the mixing property of the dynamics at the microscopic level as aforementioned. Our result therefore appears as the
development of the intuitive idea that the positivity of the entropy production has its origin in the mixing induced in
phase space, in particular, by the stretching and folding mechanism of a chaotic dynamics.

The entropy production (90) is physical as the following reasoning shows. Let us consider a slab of the Lorentz
gas of width l between two large cubic reservoirs of the same volume V = Ld containing respectively N1 and N2

light particles so that the particle densities in the reservoirs are respectively n1 = N1/V and n2 = N2/V (see Fig.
13). The velocity distribution can be taken to be a Maxwell-Boltzmann distribution at the same temperature T
across the whole system. Since the diffusion process is isothermal the temperature T remains constant through the
whole process and there is no heat produced. However, there is a current of particles equal to j = D̄(n1 − n2)/l
from the high-density reservoir to the low-density one because of the difference of concentrations across the Lorentz
slab. This is an example of a process of exchange of matter as they are encountered in chemical thermodynamics.
In such processes, a current is possible without simultaneous heat production. The current of particles decreases
the difference of densities between both reservoirs. As long as there is a difference of densities the system is out of
equilibrium until the thermodynamic equilibrium is reached when n1(t = ∞) = n2(t = ∞) = neq = (N1 +N2)/(2V )
so that the current vanishes. The irreversible process of equilibration by the diffusion of particles across the Lorentz
slab leads to a production of entropy. Indeed, in the initial situation, the entropy of the whole system is equal to
the entropies of both reservoirs if the Lorentz slab is supposed to be smaller than the reservoirs (l � L) so that its
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FIG. 14: Replacement of the Lorentz slab by a movable piston so that work can be extracted from the difference of densities
if the whole system is in contact with a heat reservoir: (a) initial configuration of the system; (b) final configuration after the
work W has been extracted.

entropy is negligible:

Sinitial = S1 + S2 with S1 = kBN1 ln
cV

N1
and S2 = kBN2 ln

cV

N2
(91)

with a constant c depending on temperature. The entropy after equilibration is given by

Sfinal = kB(N1 +N2) ln
c 2V

N1 +N2
(92)

so that the total entropy production is

∆S = Sfinal − Sinitial = kBN1 ln
2N1

N1 +N2
+ kBN2 ln

2N2

N1 +N2
(93)

≥ kBN1

(
1− N1 +N2

2N1

)
+ kBN2

(
1− N1 +N2

2N2

)
= 0 (94)

because of the inequality ln(1/x) ≥ 1 − x. Accordingly, the entropy production (94) which can be rewritten in the
form

∆S = kBN1 ln
n1

neq
+ kBN2 ln

n2

neq
(95)

is positive in the above isothermal process. The process is thus irreversible in the sense of the second law of thermo-
dynamics.

Moreover, the entropy production (95) corresponds to some work which could otherwise be used if we replaced the
Lorentz slab by a movable piston of equal volume and if the system was put in contact with a heat reservoir (see Fig.
14). In the initial situation where there is a difference of particle densities between both sides, the piston is submitted
to a force due to the difference of pressures

P1,initial =
N1kBT

V
and P2,initial =

N2kBT

V
(96)

This force can produce a work if the piston is slowly moved until both pressures equilibrate. We suppose that the
piston is moved so slowly that the process be isothermal. The equilibrium of pressures is reached when the high-
density, high-pressure fluid has expanded and compressed the fluid on the other side so that both have the same
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equilibrium density neq, the temperature T being kept constant. The volumes of both fluids have changed so that

neq =
N1

V1
=
N2

V2
=
N1 +N2

2V
and P1,final =

N1kBT

V1
= P2,final =

N2kBT

V2
(97)

with V1 + V2 = 2V , the numbers of particles being here constant in each fluids. The work extracted in this process is

W =
∫ final

initial

P1 dV1 + P2 dV2 = kBT

(
N1 ln

V1

V
+N2 ln

V2

V

)
(98)

Since the ratios of volumes are equal to the ratios of densities

V1

V
=

n1

neq
and

V2

V
=

n2

neq
(99)

we find that the extracted work is equal to the temperature multiplied by the entropy production of the previous
process:

W = kBT

(
N1 ln

n1

neq
+N2 ln

n2

neq

)
= T ∆S (100)

Since the initial and final energies of the particles in both fluids are equal by the equation of state (83), the work
W has been pumped from the heat reservoir. Accordingly, we conclude that the entropy (95) produced by diffusion
corresponds to some work which is lost in the process of diffusion. In this sense, the diffusion process dissipates
an energy which could otherwise be used, which confirms that diffusion in the Lorentz gas is an irreversible process
obeying the second law of thermodynamics.

V. DECAY AND RELAXATION IN QUANTUM SYSTEMS

Recent work has shown that different regimes exist in the relaxation of a quantum system [21–28]. One regime is
the famous golden rule regime in the case of weak coupling. This relaxation proceeds slowly between the energy levels
of a noninteracting system because of the weak coupling between these levels due to a perturbing interaction.

Another regime is the semiclassical regime in classically chaotic systems. In the semiclassical limit, the time
correlation functions of the quantum dynamics have an early decay which follows the classical dynamics and its
Pollicott-Ruelle resonances. Therefore, the decay rate of the quantum time correlation function becomes equal to the
decay rate of the leading Pollicott-Ruelle resonance. In simple systems such as the dyadic baker map or the standard
map at large values of the parameter K the leading nontrivial Pollicott-Ruelle resonance is essentially given by the
positive Lyapunov exponent. For this reason, this regime is sometimes referred to as the “Lyapunov regime” [27, 28].

In the following, we shall focus on the semiclassical regime and explain how the Pollicott-Ruelle resonances emerge
from the quantum dynamics.

Let us consider a quantum time correlation function of an observable Â defined with respect to an equilibrium
density matrix ρ̂ = p(Ĥ) where Ĥ is the Hamiltonian operator of the system:

〈Â(t)B̂(0)〉 ≡ tr p(Ĥ) Â(t) B̂(0) (101)

The time evolution is determined by the Hamiltonian according to the Schrödinger equation as

X̂(t) = exp(+iĤt/h̄) X̂ exp(−iĤt/h̄) (102)

The correlation function (101) is related to the one defined on the microcanonical ensemble

CE(t) ≡ tr δ(E − Ĥ) Â(t) B̂(0) (103)

by

〈Â(t)B̂(0)〉 =
∫
dE p(E) CE(t) (104)

If the system is closed the energy spectrum is discrete and the time evolution can be decomposed on the energy
eigenstates

Ĥ|n〉 = En|n〉 (105)
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so that the time correlation function becomes

〈Â(t)B̂(0)〉 =
∑
m,n

p(Em) Amn Bnm e+ i
h̄ (Em−En) t (106)

This is an almost-periodic function of time presenting an early decay followed by quantum fluctuations due to the
discreteness of the energy spectrum. The quantum fluctuations manifest themselves on time scales longer than the
Heisenberg time which is the time of resolution of the energy levels by using a time Fourier transform. For shorter
times, the individual energy levels cannot be resolved and the time correlation function decays as if the spectrum was
continuous. Since the level density is huge in many-body systems the Heisenberg time is more than cosmological and
the energy spectrum can be assumed to be quasi-continuous.

At room temperature, the de Broglie wavelength is smaller than the mean free path and the semiclassical approxi-
mation is most appropriate in order to evaluate the time correlation function [89–92]. This is performed by first using
the Weyl-Wigner expansion in which the operators X̂ are transformed into functions Xcl({~ri, ~pi}Ni=1) defined on the
phase space of positions and momenta. Quantum oscillations are then taken into account by Gutzwiller’s periodic-
orbit corrections [93]. The semiclassical expansion can be carried out on the correlation function (103) defined for the
microcanonical ensemble to get [91, 92]

CE(t) =
∫
dfrdfp

(2πh̄)f
δ(E −Hcl) Acl(t) Bcl(0) +O(h̄−f+1)

+
1
πh̄

∑
p

∞∑
r=1

cos
[
r
h̄Sp(E)− r π2µp

]
|det(I−mr

p)|
1
2

∮
p

Acl(τ + t)Bcl(τ)dτ +O(h̄0) (107)

where the classical observables evolve according to

Xcl(t) = exp(−L̂clt) Xcl(0) (108)

with the classical Liouvillian operator L̂cl ≡ {Hcl, ·}. The leading term in Eq. (107) is precisely the classical correlation
function which decays under the effect of the Frobenius-Perron operator and of its Pollicott-Ruelle resonances [22,
23, 91, 92]. Beside the leading term, there is a Weyl-Wigner series of quantum corrections in powers of the Planck
constant which can be computed by a similar method as the leading term. Beyond the Weyl-Wigner series, there are
the periodic-orbit corrections given by a sum over all the unstable periodic orbits and their repetitions r = 1, 2, 3, ...,
the system being assumed to be hyperbolic. The correction of the periodic orbit p depends on its reduced action
Sp(E) =

∑N
i=1

∮
p
~pi · d~ri, its Maslov index µp, its linearized Poincaré map mp, as well as the time correlation function

calculated over the periodic orbit p. When the number of degrees of freedom f = Nd increases the periodic-orbit
corrections become negligible with respect to the leading terms of the Weyl-Wigner series.

A similar expansion holds for the quantum survival probability in open quantum systems such as the disk scatterers
[20] and the open quantum graphs [24]. The survival probability of a particle in a domain S of indicator function
χ(~r) is defined by

P (t) ≡
∫
S
|ψt(~r)|2 d~r = tr χ(~̂r) e−

i
h̄ Ĥt ρ̂0 e+ i

h̄ Ĥt (109)

with the initial density matrix ρ̂0 = |ψ0〉〈ψ0|. The survival probability can be written in the form of a time correlation
function as

P (t) =
∫
dE tr δ(E − Ĥ) ρ̂0 e+ i

h̄ Ĥt χ(~̂r) e−
i
h̄ Ĥt (110)

In the semiclassical limit, the survival probability becomes

P (t) =
∫
dfr dfp

(2πh̄)f
ρ0cl e−L̂cltχcl +O(h̄−f+1)

+
1
πh̄

∫
dE

∑
p

∞∑
r=1

cos
[
r
h̄Sp(E)− r π2µp

]
|det(I−mr

p)|1/2

∮
p

ρ0cl e−L̂cltχcl dτ +O(h̄0) (111)

Here also, the time evolution of the leading term is ruled by the classical Frobenius-Perron operator so that the early
decay of the survival probability is determined by the Pollicott-Ruelle resonances [20–24].
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This result applies in particular to the scattering of waves on disk scatterers [14, 20]. These systems have been
studied in remarkable microwave experiments by Sridhar and coworkers, who have been able to obtain not only the
escape rate but also the next Pollicott-Ruelle resonances of the two-, three- and four-disk scatterers [21].

We can thus say that the classical decay and its Pollicott-Ruelle resonances emerge out of the wave-mechanical
dynamics. The Pollicott-Ruelle resonances are therefore important to understand the relaxation of a system not only
in the classical context but also in the quantum one.

In simple systems such the K-adic baker maps defined as

(xn+1, yn+1) =
(
Kxn − l,

yn + l

K

)
for

l

K
< xn <

l + 1
K

(l = 0, 1, 2, ...,K − 1) (112)

the Pollicott-Ruelle resonances are integer multiples of the positive Lyapunov exponent λ = lnK: sj = −jλ with
j = 0, 1, 2, 3, .... The reason is that the dynamics acts by a uniform stretching in the K-adic baker maps. The leading
nontrivial Pollicott-Ruelle resonance of the standard map is also well approximated by the Lyapunov exponent at large
values of the parameter K: s1 ≈ −λ. However, for general baker maps without a uniform stretching, the Pollicott-
Ruelle resonances differ from multiples of the Lyapunov exponent [25]. Therefore, the connection between the decay
rates and the Lyapunov exponent is not general. Instead, the decay rates are directly given by the Pollicott-Ruelle
resonances which may become very small in spatially extended systems where they can connect to the hydrodynamics,
although the Lyapunov exponents keep a value corresponding to the time scale of kinetics.

VI. CONCLUSIONS

Thanks to the recent advances in dynamical systems theory, we have a better understanding of the dynamical basis
of the macroscopic behavior of matter and, especially, of the mechanisms of relaxation toward the thermodynamic
equilibrium. This understanding also concerns the nonequilibrium steady states.

An important role is played by Gibbs’ property of mixing in the phase space of the underlying microscopic system.
Dynamical chaos characterized by positive Lyapunov exponents and KS entropy induces the stretching and folding of
phase-space volumes and provides an effective mechanism of mixing. This chaotic mixing generates fractal structures
at the phase-space level of description when an explicit construction is carried out of the nonequilibrium objects or
states such as the fractal repeller selected by absorbing boundary conditions, the hydrodynamic modes selected by
quasiperiodic boundary conditions, or the nonequilibrium steady states selected by flux boundary conditions.

Different nonequilibrium states are thus selected by different boundary conditions which mathematically express
the way nonequilibrium constraints are imposed on the system. As explained in Subsection III B, the nonequilibrium
constraint can be imposed within the Liouvillian formulation of statistical mechanics in agreement with a Hamiltonian
volume-preserving microscopic dynamics obeying Liouville’s theorem of classical mechanics. In this way, Liouvillian
thermostats are defined which can describe at the microscopic statistical level a broad variety of nonequilibrium
systems from linearly conducting regimes close to the thermodynamic equilibrium to far-from-equilibrium regimes
sustaining the Rayleigh-Bénard convection or other macroscopic fluid instabilities, as well as nonlinear chemical
instabilities [94].

The Liouvillian statistical formulation leads, in particular, to the construction of the hydrodynamic and reactive
modes which rule the long-time relaxation toward the thermodynamic equilibrium. The dispersion relations of the
hydrodynamic modes can be given in terms of the Pollicott-Ruelle resoances. The modes themselves are the eigenstates
associated with the Pollicott-Ruelle resonances and they can be constructed by a kind of renormalization semigroup
generated by the time evolution of statistical ensembles of trajectories from the initial time to infinity [42]. The
point-like nature of classical mechanics and the mixing property only allow a weak convergence to a statistical state
of thermodynamic equilibrium. Thanks to the renormalization semigroup, modes of pure exponential decay can be
constructed in hyperbolic systems with positive Lyapunov exponents.[109] These modes are represented by a singular
density which is not a regular function as is the case in stochastic processes but a mathematical distribution or
generalized function in the sense of Schwartz and Gel’fand [95, 96]. If the underlying dynamics is chaotic (i.e.,
has a positive KS entropy), the cumulative function of these modes are fractal. In this context, relationships can be
established between the irreversible properties and the characteristic quantities of chaos. These relationships have been
obtained, in particular, for diffusion and reaction-diffusion in the Lorentz gases as well as in the multibaker models.
These processes of exchange of matter obey the second law of thermodynamics consistently at the macroscopic level
as explained in Subsection IVF and at the microscopic level because of the singular character of the nonequilibrium
states [74, 85–88].

At the quantum-mechanical level of description, the emergence of classical relaxation can be understood thanks to
the semiclassical method and Gutwiller’s trace formula. The quantum time correlation functions can be expressed by
a Weyl-Wigner series corrected by periodic-orbit contributions. The leading term of the Weyl-Wigner series is the
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classical time correlation function which decays according to the Pollicott-Ruelle resonances as explained in Section
V. In simple models, the Pollicott-Ruelle resonances correspond to the “Lyapunov decay regime” which have been
recently investigated beside the “golden rule decay regime” [26–28]. All these results show that various processes of
decay and relaxation can effectively be understood thanks to the recent advances in dynamical systems theory.

Acknowledgments. The author thanks Professor G. Nicolis for support and encouragement in this research. The
author and this research are financially supported by the National Fund for Scientific Research (F. N. R. S. Belgium).

APPENDIX A: EXPONENTIAL DECAY IN THE INVERTED HARMONIC POTENTIAL

The inverted harmonic potential appears for instance in the vicinity of the maximum of the potential in the
Hamiltonian system (39) [3]. If this Hamiltonian is restricted to quadratic terms and if a canonical transformation
is carried out to the new canonical coordinates which are the x-coordinate along the unstable manifold and the
y-coordinate along the stable manifold, we obtain the Hamiltonian

H = λ x y (A1)

The solution of Hamilton’s equations  ẋ = +∂H
∂y = +λ x

ẏ = −∂H
∂x = −λ y

(A2)

is the flow

Φt(x, y) =
(
e+λtx, e−λty

)
(A3)

In the long-time limit t→ +∞, exp(−λt) is a small parameter in terms of which we can carried out a Taylor expansion
of the statistical averages according to [3]

〈A〉t =
∫
dx dy f0(x, y) A

(
e+λtx︸ ︷︷ ︸

=x′

, e−λty
)

(A4)

= e−λt
∫

dx′ dy f0
(
e−λtx′, y

)
A

(
x′, e−λty

)
(A5)

= e−λt
∫

dx′ dy
∞∑
l=0

1
l!

e−λlt x′l ∂lxf0(0, y)
∞∑
m=0

1
m!

e−λmt ym ∂my A(x′, 0) (A6)

=
∞∑

l,m=0

e−λ(l+m+1)t 1
m!

∫
dx′ x′l ∂my A(x′, 0)

1
l!

∫
dy ym ∂lxf0(0, y) (A7)

=
∞∑

l,m=0

e−λ(l+m+1)t 〈A|Ψlm〉 〈Ψ̃lm|f0〉 (A8)

where the eigenstates can be identified as

Ψlm(x, y) =
1
m!

xl (−∂y)m δ(y) (A9)

Ψ̃lm(x, y) =
1
l!
ym (−∂x)l δ(x) (A10)

The eigenstates are given by the derivatives of the Dirac distribution. The right-eigenstates Ψlm have the unstable
manifold y = 0 for support, while the left-eigenstates Ψ̃lm have the stable manifold x = 0 for support. We can check
that these distributions are respectively the eigensolutions of the Liouvillian operator and of its adjoint:

L̂ Ψlm = −λ (l +m+ 1) Ψlm (A11)

L̂ Ψ̃lm = −λ (l +m+ 1) Ψ̃lm (A12)

Accordingly, the Pollicott-Ruelle resonances of the inverted harmonic potential are simply given by the integer mul-
tiples of the Lyapunov exponent λ:

slm = −λ (l +m+ 1) (A13)

with l,m = 0, 1, 2, 3, ...
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APPENDIX B: EXPONENTIAL RELAXATION IN THE BAKER MAP

The baker map is defined as the following area-preserving map of the unit square onto itself [52]

φ(x, y) =


(
2x, y2

)
, 0 ≤ x ≤ 1

2(
2x− 1, y+1

2

)
, 1

2 < x ≤ 1
(B1)

The unstable manifold are parallel to the x-axis, and the stable manifolds to the y-axis. The baker map is dynamically
unstable with the positive Lyapunov exponent λ = ln 2. Since the system is closed its KS entropy is equal to the
positive Lyapunov exponent hKS = ln 2 so that the baker map is chaotic. This map is known to be mixing with
respect to the Lebesgue invariant measure on the unit square. Periodic-orbit theory shows that the Pollicott-Ruelle
resonances of the baker map are

sj = − j ln 2 with j = 0, 1, 2, 3, ... (B2)

of multiplicity mj = j + 1. The spectral decomposition involves Jordan blocks for the multiple resonances.
The Jordan blocks do not arise in the case where the initial probability density f0, as well as the observable A, do

not depend on the x-coordinate. We therefore assume for simplicity that

f0(x, y) =
{

1 , 0 ≤ y < 1
2

0 , 1
2 ≤ y ≤ 1

(B3)

and A(x, y) = A(y). In this case, as a consequence of the Euler–Maclaurin expansion [97], we find that [3]

〈A〉t = 〈A|P̂ t|f0〉 =
1
2

∫ 1

0

A(y) dy +
∞∑
j=1

A(j−1)(1)−A(j−1)(0)
2jt j!

∫ 1/2

0

Bj(y) dy (B4)

=
1
2

∫ 1

0

A(y) dy − A(1)−A(0)
2t+3

+ O(2−3t) (B5)

where A(j)(y) = djA/dyj and Bj(y) is the jth Bernoulli polynomial [97]. The first term of the asymptotic expansion
of the statistical average is nothing but the long-time limit expected by the mixing property. The next term gives
the slowest exponential decay. We notice that the coefficients of the exponential decays involve the values and the
derivatives of the observable A(y) at the ends of the unit interval where the baker map is defined, which is an
unconventional feature of these expansions related to the fact that the eigenstates are mathematical distributions
instead of regular functions.

APPENDIX C: HYDRODYNAMIC MODES OF DIFFUSION IN THE MULTIBAKER MAP

The multibaker map is a model of diffusion constructed by simplifying the Birkhoff map of the Lorentz gas. Different
multibaker models have been constructed corresponding to different Lorentz models (see Fig. 15) [3, 71, 77, 86, 87, 98–
101]. A dyadic area-preserving version of the multibaker map is defined by the following mapping which acts on a
chain of unit squares [77]

φ(`, x, y) =


(
`− 1, 2x, y2

)
, 0 ≤ x ≤ 1

2(
`+ 1, 2x− 1, y+1

2

)
, 1

2 < x ≤ 1
(C1)

where ` ∈ Z denotes the label of a square which is stretched, cut in two pieces, and mapped on the next-neighboring
squares ` ± 1. This phase-space dynamics induces jumps of the particle along the chain of squares. These jumps
generate a symmetric random walk with diffusion coefficient D = 1/2. The dynamics of the multibaker is time-
reversal symmetric under the involution I(`, x, y) = (`, 1 − y, 1 − x) so that φ−1 = I ◦ φ ◦ I. The dyadic multibaker
(C1) is hyperbolic with the positive Lyapunov exponent λ = ln 2 and chaotic with the KS entropy hKS = λ = ln 2.
Moreover, the multibaker is mixing as the hard-disk Lorentz gas.

The time evolution of statistical ensembles of noninteracting particles moving in the multibaker chain can be studied
by spatial Fourier transform of the Frobenius-Perron operator. The resulting Pollicott-Ruelle resonances are given by

sj,k = −j ln 2 + ln cos k (C2)
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(I)

E

V(x)
x

(II)

(a)

(b)

(c)

(d)

(e)

(f)

FIG. 15: Schematic representation of different Lorentz gases (I) and their corresponding multibaker model (II) for configurations
of scatterers which are: (a) one-dimensional and periodic; (b) two-dimensional and periodic; (c) one-dimensional and disordered;
(d) two-dimensional and disordered; (e) with a constant electric field E; (f) with a disordered potential V (x).

where k ∈ (−π,+π) is the wavenumber and j = 0, 1, 2, 3, ... The hydrodynamic modes correspond to the leading
Pollicott-Ruelle resonance with j = 0 so that the dispersion relation of these modes is given by

s0,k = ln cos k = −1
2
k2 − 1

12
k4 + · · · (C3)

which allows us to identify the diffusion coefficient D = 1/2 as well as the super-Burnett coefficient B = −1/12. For
small nonvanishing wavenumber k, the associated eigenstates have a singular density but a continuous cumulative
function given by a de Rham iterative equation [3, 102–104]. The cumulative functions form fractal curves in the
complex plane (see Fig. 16) for the same reason as in the hard-disk and the Yukawa-potential Lorentz gases.
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[101] J. Vollmer, T. Tél, and L. Mátyás, J. Stat. Phys. 101, 79 (2000).
[102] H. H. Hasegawa and D. J. Driebe, Phys. Rev. E 50, 1781 (1994).
[103] D. J. Driebe, Fully Chaotic Maps and Broken Time Symmetry (Kluwer, Dordrecht, 1999).
[104] S. Tasaki and P. Gaspard, Bussei Kenkyu Research Report in Condensed-Matter Theory 66, 23 (1996).
[105] The mixing is the temporal analog of the clustering property which assumes the statistical independency of two spatially

separated random events or variables.
[106] Here we ignore the hydrodynamic modes associated with the local conservation of angular momentum. If the particles

are assumed to be spherical their instrinsic angular momentum can be neglected and the modes of angular momentum
derive from those of linear momentum [31].

[107] The internal rotation and vibration of the molecules can also be included in the Hamiltonian.
[108] The Lyapunov exponent associated with the direction of the flow is always vanishing in flows without fixed point according

to a general argument [3].
[109] Exponential decay does not proceed until arbitrarily along time in nonchaotic models where the decay is numerically

observed to deviate from exponential beyond a finite time [56].


