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Entropy production in the quantum measurement of continuous observables
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The von Neumann entropy produced during the quantum measurement of an observable with a
continuous spectrum is calculated and shown to depend on the accuracy ε of the measurement as
DI ln(1/ε) where DI is the so-called information dimension of the probability distribution of the
eigenvalues observed if the system is in a given quantum state. Accordingly, the thermodynamic
cost is larger for finer accuracy, unless the spectrum is purely discrete, in which case DI = 0.
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In his monograph on the mathematical foundations of quantum mechanics, von Neumann proved the irreversibility
of the measurement process [1]. With this aim, he introduced the definition of entropy for quantum systems and
he showed that the entropy of a system increases during quantum measurement. His discussion of the measurement
process was mainly developed for observables with a purely discrete spectrum. Although he clearly mentioned the need
to partition the continuum into intervals of length ε for observables without a discrete spectrum [2], he left open the
issue of the dependence of the entropy on the measurement accuracy ε. This issue has been addressed in the particular
case of the measurement of linear momentum in one-dimension [3]. Since the observables without a purely discrete
spectrum include not only the linear momentum components of particles but also their Cartesian coordinates, the issue
is of fundamental importance and its implications deserve to be studied in full generality. Indeed, observables with a
continuous spectrum are routinely measured nowadays [4, 5]. Therefore, concrete knowledge is today available on the
physical processes involved in the detectors used in experiments. On the other hand, our theoretical acquaintance with
the concept of entropy has undergone significant advances with the study of probability distributions on any types of
supports [6]. In particular, we know today that the dependence of the entropy associated with a probability distribution
on the accuracy ε used to partition its support reveals the so-called information dimension of this distribution and its
fractal character [7–11]. More generally, this dependence allows us to distinguish and classify different processes by the
physical mechanisms at their origin [6]. The purpose of this letter is to investigate the implications of these advances
on the quantum measurement of continuous observables and to show that they hint to fundamental limitations on
the physical processes involved in such measurements.

Quantum measurements are carried out during the physical interaction of a system with another one used as a
detector [12]. In the electron-interference experiment of Ref. [4], the system is an electron impinging a detector
composed of a fluorescent film and a photon-counting image acquisition system, both forming a two-dimensional
position-sensitive electron-counting system. Every electron has a kinetic energy of 50 keV and generates approximately
500 photons upon interaction with the fluorescent film. Before entering the detector, the electronic wavefunction may
have a large transverse coherence length, but a rapid dynamical localization takes place during interaction with the
fluorescent film and the photons are emitted in a point-like spot. In this way, the electron becomes localized near some
position thanks to its interaction with the detector [13]. In the experiment of Ref. [5], a reconstructed Si(111) 7× 7
surface is used to trap C60 molecules arriving with a velocity of about 100 m/s and their interference pattern is
thereafter imaged using scanning tunneling microscopy.

The physical process of interaction of the particle with the detector can be described quantum mechanically by
assuming that, before reaching the detector, the total system is in the initial quantum state

|Ψ(0)〉 = |ψ〉 ⊗ |D〉 (1)

where |ψ〉 is the initial state of the system normalized by 〈ψ|ψ〉 = 1, and |D〉 is the initial state of the detector also
such that 〈D|D〉 = 1. The total quantum state evolves in time under the unitary operator

|Ψ(t)〉 = Û(t) |Ψ(0)〉 = exp(−iĤtott/~) |Ψ(0)〉 (2)
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where Ĥtot = ĤS + ĤD + V̂SD is the total Hamiltonian of the system S interacting with the detector D through the
potential V̂SD. During the interaction, the system S becomes entangled with the detector in the sense that the total
wavefunction (2) has no longer a factorized form similar to Eq. (1). If we focus on the observables of the system, this
latter is thus in a statistical mixture described by the density operator

ρ̂ = trD |Ψ(t)〉 〈Ψ(t)| (3)

where trD denotes the trace over the detector degrees of freedom. In this statistical mixture, the von Neumann entropy
of the system is defined as

S ≡ −kB trS ρ̂ ln ρ̂ (4)

where trS denotes the trace over the system degrees of freedom and kB is Boltzmann’s constant [1]. This entropy
characterizes the entanglement of the system with the detector. Indeed, given that the state (2) is pure, the entropy (4)
of the system is equal to the entropy of the detector:

S = SD ≡ −kB trD ρ̂D ln ρ̂D (5)

where ρ̂D = trS|Ψ(t)〉 〈Ψ(t)| is the density operator of the detector [14]. A positive von Neumann entropy is thus
explained by the entanglement of the system with the detector during the unitary time evolution (2).

Before interacting with the detector, the system itself was in the pure quantum state ρ̂0 = |ψ〉 〈ψ| of zero entropy,
S0 = 0. After the interaction during the lapse of time t, its von Neumann entropy has increased to the positive value
∆S = S − S0 > 0, unless ρ̂ remains pure. Accordingly, the quantity ∆S = S represents the entropy production
undergone by the detector during its physical interaction with the system and its positivity is the signature of the
irreversibility of the measurement process [1]. Therefore, this entropy production is a fundamental contribution to
the thermodynamic cost of quantum measurement.

The detector is conceived and fabricated for the measurement of some specific observable X̂ of the system, which
is the particle position in the case of the experiments reported in Refs. [4, 5]. The observable is given by a linear

Hermitian operator acting on the state space of the system: X̂ = X̂†. One condition for the measurement to be ideal
is that, for any function F (X̂) of the observable, the quantum expectation value before the measurement should be
equal to its statistical average after the measurement:

〈ψ|F (X̂)|ψ〉 = trS ρ̂ F (X̂) , (6)

meaning that the measurement does not disturb these observables. In particular, the normalization of the density
operator is satisfied, trS ρ̂ = 1.

If the observable X̂ has a purely discrete spectrum composed of the real eigenvalues {xn} with unit multiplicity,
the eigenvectors form a complete orthonormal basis and they satisfy

X̂ |n〉 = xn |n〉 , 〈n|n′〉 = δnn′ ,
∑
n

|n〉 〈n| = 1̂ (7)

where n and n′ are integers labelling the eigenvalues, and 1̂ denotes the unit operator. During an ideal measurement
of X̂, the state of the system undergoes the non-unitary time evolution

|ψ〉 −→ ρ̂ =
∑
n

|n〉Pn 〈n| where Pn = |〈n|ψ〉|2 (8)

is the probability that the eigenvalue xn is observed. This probability distribution is normalized by
∑

n Pn = 1.
The condition (6) is indeed satisfied so that this measurement scheme is ideal. The entropy produced during the
measurement is given by

S = −kB

∑
n

Pn ln Pn , (9)

as shown by von Neumann [1]. Typically, the entropy production of the overall measurement process can be signif-
icantly higher than the contribution (9) of the system, because several physical processes take place in the detector
besides the coherence loss of the system itself. Typically, the kinetic energy of the incoming particle is dissipated in
the degrees of freedom of the detector, which is a further contribution besides the entropy production (9) of system
alone.
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The evolution (8) can also be expressed as

|ψ〉 −→ ρ̂ =
∑
n

Π̂n |ψ〉 〈ψ| Π̂n (10)

in terms of projection operators or projectors satisfying the following conditions:

Π̂n Π̂n′ = Π̂n δnn′ , Π̂†
n = Π̂n ,

∑
n

Π̂n = 1̂ . (11)

In the case of a purely discrete spectrum, Eq. (8) is recovered from Eq. (10) by taking Π̂n = |n〉 〈n| and the probability

to observe the eigenvalue xn is given by Pn = 〈ψ|Π̂n|ψ〉.
Now, let us consider an observable X̂ with a continuous spectrum. An example is the position X̂ of a particle in

one dimension, in which case the spectrum is the set of real numbers x ∈ R and the generalized eigenvectors satisfy

X̂ |x〉 = x |x〉 , 〈x|x′〉 = δ(x− x′) ,
∫
R
dx |x〉 〈x| = 1̂ (12)

where δ(x−x′) is Dirac’s delta distribution. A detector measuring the position of a particle is composed of a multitude
of small cells counting the arrival of the particle around a particular position. The cells have a size ε = ∆x, which
fixes the accuracy of the position measurement. It is therefore natural to partition the continuous spectrum into the
cells

Cn =

]
xn −

∆x

2
, xn +

∆x

2

]
with xn = n∆x (n ∈ Z) (13)

of size ∆x. The cells are disjoint and they cover the whole spectrum:

Cn ∩ Cn′ = ∅ if n 6= n′ , and ∪n∈Z Cn = R . (14)

The projectors for the detection in these cells are defined as

Π̂n =

∫
Cn

dx |x〉 〈x| . (15)

An alternative definition can be given as Π̂n = ICn
(X̂) in terms of the indicator function of the cell Cn, such that

ICn
(x) = 1 if x ∈ Cn and zero otherwise. The conditions (11) are satisfied, as well as the condition (6) of ideal

measurement because

trS ρ̂ F (X̂) =
∑
n

〈ψ|Π̂n F (X̂) Π̂n |ψ〉 =
∑
n

∫
Cn

dx

∫
Cn

dx′ 〈ψ|x〉F (x) δ(x− x′) 〈x′|ψ〉 = 〈ψ|F (X̂)|ψ〉 , (16)

which follows from ∑
n

∫
Cn

dx |x〉F (x) 〈x| =
∫
∪n∈ZCn

dx |x〉F (x) 〈x| =
∫
R
dx |x〉F (x) 〈x| = F (X̂) . (17)

The probability that the particle is detected in the cell Cn is given by

Pn = 〈ψ|Π̂n |ψ〉 =

∫
Cn

dx p(x) ' ∆x p(xn) (18)

where p(x) = 〈ψ|δ(x − X̂)|ψ〉 = |〈x|ψ〉|2 is the probability density to find the particle at the position x. The
von Neumann entropy (9) produced during this position measurement is therefore

S ' −kB

∑
n

∆x p(xn) ln [∆x p(xn)] . (19)

In the limit of high accuracy where ∆x→ 0, the entropy production becomes

S ' kB ln
1

∆x
− kB

∫
R
dx p(x) ln p(x) +O(∆x) . (20)
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We see that a finer accuracy causes a larger entropy production. Therefore, the measurement of a continuous observable
has a thermodynamic cost that increases as S ∼ ln(1/∆x) if the cell size ∆x decreases. In principle, the measurement
of a continuous observable with an infinitely fine accuracy would require an arbitrarily large entropy production. The
divergence of the entropy production for an ultimate accuracy in position ∆x→ 0 is directly related to the fact that
the eigenstates |x〉 of the position operator X̂ lie outside the Hilbert space of square integrable wave functions. This
fact is well known since the work of Gel’fand, Schwartz and others [15, 16] justifying Dirac’s introduction of eigenkets
for continuous observables [17]. The divergence of the entropy production (20) is a physical consequence of this fact
on the quantum measurement of such a continuous observable.

The result turns out to be very general. For observables X̂ with a singular continuous spectrum [18–22], the
von Neumann entropy behaves as

S ' kB dI ln(1/∆x) (21)

where 0 ≤ dI ≤ 1 is the information dimension defined as

dI ≡ lim
∆x→0

∑
n Pn(∆x) ln Pn(∆x)

ln ∆x
(22)

in terms of the probabilities Pn(∆x) = 〈ψ|ICn(X̂)|ψ〉 to occupy the cells (13) of size ∆x [7–11].

If M mutually commuting observables [X̂i, X̂j ] = 0 (i, j = 1, 2, ...,M) with continuous spectra

X̂i |x〉 = xi |x〉 (23)

are simultaneously measured, the probability density p(x) = 〈ψ|δ(x − X̂)|ψ〉 to observe the eigenvalues x =
(x1, x2, ..., xM ) is multivariate and defined on an M -dimensional continuous support so that the von Neumann entropy
behaves as

S ' kBM ln(1/ε) with ε = ∆xi (i = 1, 2, ...,M) . (24)

This is the case in the two-dimensional detectors of the experiments of Refs. [4, 5] where the detector area A is covered
by about N ' A/ε2 cells and the von Neumann entropy is of the order of S ' kB lnN if the probability density is
uniform.

In general, the von Neumann entropy production depends on the accuracy ε as

S ' kBDI ln(1/ε) (25)

where 0 ≤ DI ≤ M is the information dimension [7–11] of the multivariate probability distribution. There is no
dependence on the accuracy if the observables have a purely discrete spectrum because DI = 0 in this case. This
behavior is reminiscent of the dependence on accuracy known for the ε-entropy characterizing randomness in stochastic
processes [6].

The divergence of the entropy production in the limit of the ultimate accuracy ε → 0 brings a fundamental limit
on the quantum measurement of continuous observables with a finite detector. Indeed, the entropy production (25) is
also the one of the detector by Eq. (5). Therefore, the detector should undergo an increase of entropy by the amount
SD ' kBDI ln(1/ε) during the measurement process, but this quantity diverges in the limit ε → 0. If the detector
was for instance composed of N two-level subsystems, its entropy would be bounded according to SD ≤ kBN ln 2,
the maximum value being reached at infinite temperature. For such a detector, the accuracy would be limited to
ε ≥ 1/2N/DI . Similarly, if the detector is composed of N particles, the ultimate accuracy is limited by the maximum
energy that these particles would have at the end of the measurement. We notice that such a limitation does not
affect the quantum measurement of discrete observables, which does not require an arbitrarily large entropy increase
because DI = 0.

In conclusion, the measurement of a continuous observable has a thermodynamic cost that surprisingly depends on
the accuracy of the measurement. This dependence imposes a fundamental limit on the accuracy that is possible to
realize. With progress in the technology of detectors, we could envisage measurement processes generating entropy as
close as possible to this limit. Ultracold atoms are promising for the development of new types of detectors composed of
a minimal number of atoms to be able to track the overall quantum coherence of the unitary time evolution (2) during
the measurement process. Such systems could address the fundamental question of the origins of the randomness that
manifests itself in quantum measurements. We hope to report on these issues in forthcoming publications.
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