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Abstract

For a piecewise linear version of the periodic map with anomalous diffusion, the
evolution of statistical averages of a class of observables with respect to piece-
wise constant initial densities is investigated and generalized eigenfunctions of the
Frobenius-Perron operator are explicitly derived. The evolution of the averages is
controlled by real eigenvalues as well as continuous spectra terminating at the unit
circle. Appropriate scaling limits are shown to give a normal diffusion if the reduced
map is in the stationary regime with normal fluctuations, a Lévy flight if the re-
duced map is in the stationary regime with Lévy-type fluctuations and a transport
of ballistic type if the reduced map is in the non-stationary regime.
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1 INTRODUCTION

The Frobenius-Perron (FP) operator is a powerful tool to investigate statisti-
cal properties of dynamical systems[1-3|. For strongly chaotic maps where all
trajectories are exponentially unstable such as expanding and hyperbolic sys-
tems, correlation decays exponentially and the decay rates, known as Pollicott-
Ruelle resonances[4,5], are given as the logarithms of the zeros of the dynamical
zeta function. Note that the zeta function is essentially the Fredholm determi-
nant of the FP operator and its zeros are eigenvalues of the FP operator in a
generalized sense. Similar characterization was observed for periodic strongly
chaotic maps with deterministic diffusion (see [2,3,6,7] and references therein):
There, because of the periodicity of the system, the FP operator is decomposed
into Fourier components and each component admits wavenumber-dependent
eigenvalues including hydrodynamic modes of diffusion. Moreover, the corre-
sponding eigenfunctions have fractality, which is closely related to the under-
lying phase space structure and the transport coefficients|8].

The method of the dynamical zeta function is extended to certain non-hyperbolic
maps with marginal fixed points[9,10]. For those maps, the power-law decay
of correlation and/or the anormalous growth of the mean square displacement
are obtained from the zeta function. The main difference in the zeta func-
tion between the non-hyperbolic and hyperbolic maps is the existence of a
cut terminating at the unit circle in the former case. In other words, the FP
operator of the non-hyperbolic map has a continuous spectrum terminating at
the unit circle. However, its spectral structures such as the eigenfunctions as-
sociated with the continuous spectrum are not fully understood. Recently, as
a first step towards the full spectral characterization of intermittent chaos in
non-hyperbolic maps, we have obtained generalized eigenfunctions of the FP
operator|[11] for a piecewise linear version of the Pomeau-Manneville map|[12]
introduced by Artuso[10]. We continue the study of Ref.[11] for non-hyperbolic
maps with anomalous diffusion and, in this paper, we investigate generalized
eigenvalues and the associated eigenfunctions of the FP operator for a piece-
wise linear version of the map studied by Geisel, Nierwetberg and Zacherl[13].
The mean square displacement of this map spreads faster than the normal
diffusion, or it exhibits super-diffusion. Maps with sub-diffusion such as that
studied by Geisel and Thomae[14] will be discussed elsewhere.

Note that anomalous transports such as the Lévy diffusion and Lévy flight are
known to appear in a variety of natural systems and have been extensively
studied (see [15] and refereces therein). and still new maps with anomalous
diffusion are proposed[16,17]. Then, it is worthwhile to develop a dynamical
systems approach because it would provide a microscopic understanding of
the anomalous transports. This is one of the objectives of this work.



The paper is organized as follows. In Sec.2, we describe a model and classes
of observables and initial densities. Evolution of statistical averages of ob-
servables is investigated in Sec.3 and generalized eigenfunctions of the FP
operator are derived. The behavior of the wavenumber-dependent eigenvalues
responsible for the anomalous diffusion is investigated in Sec.4. As one of the
applications, ‘macroscopic’ transports are considered in appropriate scaling
limits. The normal diffusion is derived if the reduced map is in the stationary
regime with normal fluctuations and Lévy flights are obtained if the reduced
map is in the stationary regime with Lévy-type fluctuations. And if the re-
duced map is in the non-stationar regime, a new transport equation is shown
to be obtained. Conclusions are drawn in Sec. 5.

2 Piecewise Linear Geisel-Nierwetberg-Zacherl Map

One of the simplest maps with super-diffusion is that introduced by Geisel,
Nierwetberg and Zacherl[13]. Here we consider its piecewise linear version ¢.
The map is defined on the whole real line (Fig.1 (a)): ¢ : R — R as

~ ol —[z])+[z] -1, ifx—[z] <1/2
o) = {qb(x— [z]) +[z]+1. ifz—[z] >1/2 (1)

The symbol [z] stands for the smallest integer which does not exceed z, and
¢ :[0,1] — [0, 1] is the reduced map (cf. Fig.1 (b)) defined as follows:

ey = &) + & (& <y < &)
¢(y)_{nk(y_1+fk>+1_€k—17 1-&a1<y<1-&) @)
where k = 1,2, - - - and the variables & and 7, are given by
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fk—l_gk:%(m(k) (k:1727"')7 6025 (3)
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— k=23 ...

m={ G1-& (k—l) e @)

In the above, # > 1 is a parameter and ((s) = >o°, n~® is the Riemann
zeta function. The map ¢ has marginal fixed points y = 0 and y = 1 where
the map is approximated, respectively, as ¢(y) ~ y + coy® B~V and ¢(y) ~
y — co(1 — )%=V with a positive constant co. When 3 > 2, the map ¢ is
in the stationary regime and, when § < 2, it is in the non-stationary regime.
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Fig. 1. (a) The piecewise linear Geisel-Nierwetberg-Zacherl map 5 and (b) its re-
duced map ¢ (8 = 2).

Moreover, fluctuations in the stationary regime are normal when § > 3 and of
Lévy-type when 3 > [ > 2[18]. Those fluctuations lead to anomalous diffusion.
Note that a similar piecewise linear map was studied by Artuso[10].

The FP operator P and its adjoint P* are defined as

Po(w) = [ dys (v = 6(v)) ply) (5)

P A(x)=A(4(x)) . (6)

Thanks to the periodicity of the system, it is convenient to introduce the
Fourier representation with respect to the integer part of the coordinate [x]:

“+o00 —+00

Algy)= Y e™An+y),  play)= > e™pn+y), (7)

n=—oo n=—0oo

where y € [0,1). Then, the average value of an observable A at time ¢ with
respect to an initial density p is given by

—+m

(A Pp)= (P a,p) = [ $1 [ dydifa,)*dle.n) )

—Tr

where (A, p) is the inner product:

()= [ dea@p) = [ 5 [ ayia.) ey )



and At(q, y)* is the Fourier transform of P*A obeying the recursion relation:

X . “4A, (q, T, 0<y<?
Ara(g,y) :{ (¢ #0) =Y

o) . 3<y< 1o

In order to extract information about generalized eigenfunctions of the FP
operator, we consider the time evolution of the averages of observables with
respect to a class of initial densities.

The Fourier transform of observables fl(q,y) are assumed to be smooth at
the origin and at y = 1 in the sense that they behave as A(q,y) = A(q,0) +

ar(q)y + O (y?=V) mear y = 0 and as A(q,y) = A(g,1) + as(q)(y — 1) +
O ((1 — y)ﬂ/(ﬂ_l)) near y = 1, where a; and ay correspond, respectively, to

9,A(q, )] y=0, and 9,A(q,y)|,—1. More precisely, A(q,y) is a bounded function
such that there exist functions a;(q) and as(q) of ¢ and inequalities

a1(q)y| < Kly|?/@=Y (11)

|A(q,y) — A(q,0)
A A as(q)(y — 1)| < K'|1 — y|¥/E=D (12)

|Aq,y) — A(g, 1)

hold for 0 <y <1 and —7 < ¢ < 7, where K and K’ are positive constants.
Let Xo be a set of such functions, then it is a Banach space with respect to
the norm:

|A(q,y) — A(g,0) — ai(q)y|

Allo = aillo + | Al + su
410 = 3= sl + 1Al + sup PP GhD
Ag,y) — A(q,1) — —1
Lo Alay) — Al 1) a?(Q)(y i (13)
,0<y<1 |1 —y|?/=1)
where || - [ = sup,,| - | The space Xo is invariant with respect to the

adjoint of the FP operator P*: namely, if A € Xy, then P*A € X,. Note that
since X contains a space C?[—, 7] x [0, 1] of twice continuously differentiable
functions and C*[—m, 7] x [0, 1] is dense in the Hilbert space L?[—m, 7] x [0, 1]
of square integrable functions, Xo is dense in L*[—m, 7] x [0, 1].

It was shown [4,5] that the spectrum of the FP operator of expanding maps
is controlled by the smoothness of densities. In this proof, the positivity of
the Lyapunov exponents plays an essential role. However, the map ¢ does
not enjoy such a property and the general situation is not known. So, we
restrict ourselves to a narrow class of piecewise constant initial densities in
order to derive explicit expressions of the generalized eigenfunctions of the FP



operator. More precisely, we consider a set Xp of initial densities p given by

A @y (G <y <)
Pla.y) = {ﬁz(Q) , (=& <y<1-&) (14)

where k =1,2,--- and

—+o00 kf B +oo
i)=Y |+ with >~ o] [|of < +o0 (15)
1=0 k+1 1=0

for some constant 6 > 1. The space Xp is a Banach space with respect to the
norm

—+o00
oo = > AllAi oo + o7 Nl 36" (16)

=0

and is invariant under the action of the FP operator P: namely, if p € Xp,
then pp € Xp. Note that, in contrast to the space X of observables, the
space Xp of densities is not dense in the Hilbert space L?[—m, x| x [0,1] of
square integrable functions.

3 Evolution of statistical averages of observables
3.1 Matriz elements of the resolvent

In this section, we investigate the evolution of the average (A, Ptp) of an
observable A with respect to a piecewise constant initial density p. We begin
with the Neumann series of the matrix element of the resolvent:

1 RE | -
_ )= — (4, P 17
TP =L g APY) (17)

(A7

where 1 is the identity operator. In terms of

gkfl l—fk
Bita)= [ dydday) . and Bita)= [ dyddey), ()
&k 181

each term of the series can be rewritten as



AP =[50 ﬁ (@B (t.9) + 7 (@) Bi (£} (19)

and, hence,

(=0 = [ S @B @) + @B @)} . @)

where BE(z,q) = X2, Bif(t,q)/2"*!. The right-hand side of (20) is calcu-
lated as follows: For example, when k > 2, eq.(2) gives recursion relations of
Bi:(t, q):

-1
B (t+1,q)= / dye A, (¢, m(y — &) + &1)”
&k
it Ek—2 emia
/ dyAi(q,y)" = —B,_,(t,q), (21)
Bi(t+1,9)= %Bl_:—l(u q) (22)

and, hence, we obtain

N 1 eztiq .
Bi:(¢,2) = ~Bi(¢.0) + —Bi71 (g, ) (23)
z 21k
Similarly, one has
- 1 :t :I:zq +oo
Bl (q7 ) 7B Qa m ZB:F q,z (24>
k=1

The recursion relations (23) and (24) give

By (q,0)U*(q, 2)

Zpk )Bi(q,2) = =(q,2) +

UE(q,2) [ Z(ze*) ) i .
00 2) {<zc<ﬁ>>2® @2+ 7o @ )} (25)

where =

*(q, 2), ®*(q, 2), V*(q, 2), Q(q, z) and Z(z) are defined by:
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Infinite series in (26), (27), (28) and (30) are absolutely convergent for |z| > 1
and, thus, are analytic there. In addition, because of (17) and the analyticity
of the resolvent in |z| > 1, one finds

e 21 -1 omi

+m
A dz 1 dq dz
(A, Ptp) = (A ———=p)= [ 2 R(g,2)  (31)
-7 |z|=r

where R(q,2) = Y324k (0)B{ (¢,2) + 7 (9) By (¢,2)} and the integration
path is a counter-clockwise circle centered at z = 0 with radius (> 1).

3.2 Analytical properties of individual functions

Here we derive analytical continuations of ®*(q, z), ¥*(q,2) and Z(z) into
the unit disk |2| < 1. With the aid of the formula T'(3)/k’ = [5° dss®~te~ks,
the series expression of ®* can be rewritten as

00 lb’B:i:(q7 0) o0 L 0o s k
+ _ l B ls
d=(q, 2) —Z 7zf(ﬁ) O/dss L, Z <26¢i‘1>

=1 k=0

< lﬁBli(C],O) /ds gf—lels (32)
B et (f3) ) zeFid — e=s

=1

The above calculations are justified because the summation converges uni-
formly in s provided |z| > 1.

We observe that, as a result of an inequality for bounded observables A:
1P|Bi(q,0)] < 1P(&-1 = &)[|Alloo = [|Alloo/(2¢(8)), the estimate



Ao
~ d(zeT,[0,1])

il lﬁBl (¢,0) T sBle=ls
Z et (5 /

=1

(33)

zeFia — g—s

holds where d(&, [0, 1]) is the distance between £ and the real interval [0, 1]. It
is obvious that each term of ®* in the right-hand side of (32) is analytic except
a cut on an interval {z = te* : 0 <t < 1}. Therefore, (32) defines a function
which is analytic except the cut and, then, is an analytical continuation of ®*
from the outside of the unit disk to the whole complex plane.

Similarly, the following analytical continuations are obtained:

v Zpl R (34)
z T hles

Z(2) = / d , 35

A=y 4o (39

both of which are analytic in the unit disk |z| < 1 except the cuts. The function
U*£(q, 2) has a cut on an interval {z = te* : 0 <t < 1} and Z(2) has it on a
real interval [0, 1]. In addition, the first two terms of (25) have the following
analytical continuation:

Bi (q,0)¥%(q,2)  V*(q,z)

z z

> VB (g, 0) (7)™

=1

) i li 1°Bi(¢,0)p; () k-1 (36)

Bptiq(l—k
—im ke )

The series of the right-hand side are absolutely convergent for |z| < 1 and,
thus, analytic there. Note that (36) is not a simple rewrite since the series in
(26) does not converge for |z| < 1.

As a result, the integrand of (31) is meromorphic in the unit circle except
the cuts. Its poles, if they exist, are given as zeros of (g, z). When ¢ = 0,
(0, z) = 0 is equivalent to Z(2)/2£{(5) = 0. As easily seen, Z(z)/z—((5) =
0 has a unique zero at z = 1 and an argument similar to that given in Ref.[11]
shows that Z(z)/z+((5) = 0 has a unique real zero on (—1,0). Or (0, z) has
two real zeros; one is in the interval [—1,0] and the other at 1. When ¢ # 0,
the behavior of Q(q, z) is investigated numerically with the aid of Newton’s
method and we found that (g, z) may have, at most, two simple real zeros;
one in the interval [—1, 0] and the other in [0, 1], which we denote, respectively,
as A (q) and A} (q). Their properties will be discussed in Sec.4 again.



3.8 Decomposition of averages of observables

Now we go back to the contour integral in (31). Note that, because of the
g-integration, it is sufficient to consider ¢ # 0 terms. Then, the arguments
of the previous subsection show that, for each ¢, the integrand is analytic
in |z| < 1 except the simple poles at z = A3 (q) and cuts on the segments
{z = tetia . 0 < t < 1}. Therefore, the contour integral is evaluated by
deforming the contour from the circle |z| = r to the counter-clockwise curve
C(q) shown in Fig.2 and one gets

d d
= Z'R(q,z) = Y Resyz2'R(q,z) + 7{ 2—;@ Z'R(q, 2) (37)
o=%

271
|z|=r C(q)

where \; (¢) are abbreviated as AT and Res A stands for the residue at z = \F.

Firstly, we consider the contribution from the curve C(q) in case of ¢ > 0,
which consists of two counter-clockwise arcs yop = {2 : |2| = € & |argz| < |q|}
and yor, = {2 : |z] = € & |r — argz| < m — |q|}, two counter-clockwise circles
vy = {z: |z —e*) = €}, the segment C, = {z = (t—i0)e"?: e < t < 1—¢}
(C, = {2 = (t+1i0)e" : ¢ < t < 1—¢€}) just below (above) the up-
per cut and the segment C¢;, = {z = (t —i0)e™™ : e < ¢t < 1—¢}

(Cc,={2=(t+i0)e:e < t < 1—¢€}) just below (above) the lower cut:

C(Q) = ’YORUCEH Uy UCiuU’YoL UCil Uy UCiu .

Here, € stands for a small positive number, C'¢,, and C¢, point to the origin,
and C¢; and C¢; point to the infinity.

(a) (b)

Fig. 2. Integration contours (solid curves) for individual ¢. Two dots and dotted
lines indicate, respectively, the simple poles )\ff(q) and the cuts of the integrand.
(a) The original circle |z| = r(> 1) and (b) the deformed contour consisting of two
circles and the curve C(q) surrounding two poles and the cuts, respectively. The
directions are counter-clockwise and the unit circle is shown as a reference.
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Since the conditions A € Xp and p € Xp lead to
lil% |z|%|R(q,2)|] =0 (0<3a<1),

the contributions from vy and vy, vanish in the limit of € — 0. Similarly, the
contributions from v, vanish in the same limit since

z—e*Y|R(g,2)] =0 (min(2—5,0) <a’' <1).

lim
z—etia

On the other hand, we have

d d
lim / 272 ZtR(q, Z) = / 9 Z, Zt{R((L ZlJr) - R(q7 ZI)}? (38>
iy
cf

where Cf = {z = te' : 0 <t < 1} is the upper cut and z;(l) = 2 + (—)ie"0.
Eqgs.(25), (32) (34) and (35) lead to

R(g, zf)Q;iR@, 2D _ No(a.) [ ATHg2) + %]
X ze ™" [A(I)*(q, 2) + m] (39)
where
M) = gy 0 ﬂf > 10
s POt re]
NSTRRIRAC) e 2D (@1 = a2 P o 2] )

2mize—ia [— In(ze—ia)]?
The contributions from the cut C with ¢ < 0 as well as from the other cut

C, = {z=te ™ :0 <t <1} are evaluated in a similar way and finally one
obtains

. dz s
lim / 5 # Rlg.2) = /dz (A, F(q,2)) 2" (Filg,2),p) (43)
CLuCy, C;t

The functional (A, Fi(q, z)) is defined by

11



(4, Fela.2)) = [ dyAla,9)" a5 (0) | (44)

oo otiq)ByF o0 8—1,—Is O o '

+ € X7 (y) / s e gz 8.+ Tig\l
= S—— > 1 zet

ng (y) = C(ﬁ)r(ﬁ) J ZeiZq — e e et X1 (y)< )

) At T et
+l:21l Xi () zeF( (3)20(B) O/ds Pzeqﬁiq —= (45)
- 1 <y<§&
i) = X;r(l —y) = {0 Ef)lthefwi_seg)l 1) ’ (46)
:|:7,q Sﬁ 1 es
= _ —

where P stands for Cauchy’s principal value. Note that zeT¥ is real if 2z € C;t.

Similarly, (ﬁ’i (q,2), p) is given by

+ +i o) 1
2 (& (@) Z(zeF) B (i+D)s
(F:I:(qaz)wo) - nqz{z% Zeji’qC(ﬂ)ZF(ﬁ) O/dS Pm

00 pJ-_r(q) o0 P le—(+D)s
0 Fia)] ) / s } 48
+ ij (ze +j < C(BT(B) / 5 otid _ g5 | (48)
n [— log zeTi]B-1

= . . ) 49
"e: T T (3)0(q, 2 + iet0)Q(q, 2 — ietia0) (49)

The pole contributions are calculated as above and one has

> Resyz2'R(q, 2 Z ()" lim (2= X5(q)) R(q, 2)

o=+ ZH)\&(Q)

=;M&wwmﬂﬁm@, (50)

where the functionals are given by

A i (q dyA(q,y) 9 (q,y) (51)

O\H

| 20 w)z%<>°°s §Flels
% (0:9) NpenC(BT(B) Adew =

=1

l

e2iq]B B—
l Xz /d )\s _c (52)
de

OO

l
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e —iq —(j+1)s
( ) Z:: q,Aip] / )\de 4 —es

[e.9]

)‘d /)] —(j+1)s
| 53
2 oz Aiezq / Ai (53)

el — e~

In the above, \J(q) is abbreviated as AT and €'(q, z) stands for the derivative
of Q(q, z) with respect to z.

In summary, we have derived

™ dq

(4. Pp)= o > (4. (@) X' (Fia).r)

+ / S [z (A Faa2) # (Fula.2).p) (54)

a:l:oa

3.4 Generalized eigenfunctions of the Frobenius-Perron operator

We remark that, for any bounded linear functional F over Xo, (P*A, F) (A €
XO) is well deﬁned due to the invariance of X, under P* and that the operator
P can be extended via (A, PF) = (P*A, F) to the space of all bounded linear
functionals over Xo (the dual space of Xo). The linear functionals F; and
F.(q, z) are bounded and satisfy the following relations for any A € Xo:

(A, PFj(q) = (P A, Fi(9) = A ()(A, Fir () (55)
Namely, they are eigenfunctions of P in the generalized sense[19].

Similarly, the operator P’i can be extended to the dual space of X and the
functionals F'F, Fi(q, ), Fu(q, 2) are its generalized eigenfunctions:

(PFilg.2),p) = (Filg,2), Pp) = 2(Fi(q.2),0) . (2 € CY) (58)

Sometimes, eigenfunctions of P and P* are referred to, respectively, as right
and left eigenfunctions of P.

It is then interesting to reinterpret (54) from this point of view. One has

13



A= ;lj > (4.7 (0) (F(a).0)

+/ S [ dz (A Fula.2)(Fula. 2).0) (59)

oz:i:ca

2r 2 (4 Fi@) Na(w) (Fi(@).0)
/ S [ (A Fula2) 2 (a2 (60)

The first relation (59) corresponds to the completeness of the set of left eigen-
functions { F=(q), F1(q, )} and that of right ones {F7F(q), Fiv(q, 2)}. The sec-
ond relation (60) can be considered as a spectral decomposition of P in terms
of those eigenfunctions, which correspond, for each ¢, to two isolated eigenval-
ues A\ (¢) and continuous spectra on C’qi. These relations are regarded as an
extension to the FP operator of the generalized spectral decomposition in the
sense of Ref.[19], which was originally formulated for self-adjoint and unitary
operators. Such extended spectral decompositions are widely used to study
statistical properties of dynamical systems (see [2,7] and references therein).

4 Transports

For systems exhibiting deterministic diffusion with diffusion coefficient D|[2,3,6,7],
the FP operator has an eigenvalue z = z, such that z, ~ 1 — Dg? for small
wavenumber |¢| and it fully characterizes the diffusion in a scaling limit. A
similar behavior is expected for the map ¢. We then investigate an eigenvalue
Al (q) for |¢| < 1 and appropriate scaling limits.

4.1 Case of 6 >3

When |q] < 1, |1 — \je*| < 1 and it is sufficient to retain the largest terms
of Q(q, z) with respect to |1 — ze*¥|. For 3 > 3, they are found to be

20(8— 1) ¢6-1\"
¢(6)

R ) (14 2% —2zcosq)
CB=1)+¢(6-2)

_ _ 2
09 (1 —2zcosq+ z°cos2q) . (61)

(g, 2) ~ (zcosq —1) _<

14



1 Ma) e @ Aa

q q q
2 0o 2 -2 o 2 -2 0 2
— | T
/\
a1 -1 -1

Fig. 3. The g-dependence of the eigenvalues of the FP operator. The upper branch
is A} (q) and the lower branch is A} (¢q). (a) 8 =4, (b) B =25 and (c) 8 = 1.7.

Then, the equation (g, \;) = 0 has a solution

)\:lr:l_} C(ﬁ_2)_€(6_1) q2, (62)

2[¢(B=1) <)

which implies that the map exhibits ordinary diffusion. In Fig.3 (a), the ¢-
dependence of numerically calculated A5 (g) for 3 = 4 is shown. The ¢*
behavior of A} (q) near ¢ = 0 is clearly seen.

The appearance of ordinary diffusion can be seen more explicitly by consid-
ering a scaling limit, where one sets n = L:X, t = L.T and the limit of
L¢ — 400 is taken while assuming a functional relation between L¢ and L.
Accordingly, the observable A(L¢X) is assumed to be a well-behaved function
of X. Then, one has

~

LA@Q/L) = £ 3 e A(n) = A9(Q) (63)

where A€®(Q) = [*°_ dX @YX A(L¢X) is the Fourier transform of the coarse-
grained observable. Similarly, the Fourier transform of the probability distri-
bution is assumed to be constant on each unit interval and is a slowly varying
function of the site coordinate [z]. Then, in terms of the Fourier transform of
the coarse-grained density p(°®, one has pi(Q/L¢) = 8,08 (Q). Hence,

(A, PETp) =~ [ fﬁ“g%@)*ﬁ@g)(@{ > (e Fi () X" (Fi(a).)

o=+

— 00

1
Ly ia(LeT+1) /ds (e, F.(q, se®)) st (E,(q, se®), e)} (64)
0 _Q

a=%
Lg

where e is a function of n and y with the Fourier transform é(q,y) = 1. In
order to have a non-trivial scaling limit, one must have L, Lg and here we
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take L, = L. Then, one has

i (e 87 (£)) % (2)7 (B (2).0) = o

Le

Lr=L2
T

where Dév = % [ggg:ﬂ — C(Cﬁ(;)l)} is the diffusion coefficient. In this scaling limit,

the contribution from \; vanishes as sup, |A; (¢)| < 1. This is also the case for
the continuous spectrum as k(s, Q) = Llim (e, Fn(q, se®))(Fo(q, se®7), e)l,—e
£—00 LE

is a bounded function of s:

1

i | (5 (0009) 7 (5, (1,509,
LT:LE 0
< sup [k(s, Q) 1g3k“/"dssL T (66)

In short, the scaling limit of the average value (A)g = lim r—e (A, P27 p) of

Lr=L2
¢
A at time T is given by
dCQ e « —DNO2T (¢
(A)r = | SZAD Q) e PN §#(Q) (67)

which is nothing but the solution of the diffusion equation.

4.2 Case of 3> (3> 2

When 3 = 3, the largest terms of (g, z) with respect to |1 — ze*¥| are

2¢(2 ze”')?log(1 — ze”")

) (1 -
Qq,2) = = (zcosq — 1) + L ()
@ & xo)
from which one obtains the following solution of Q(g, A\J) = 0:
*[log ¢*|
Mo~ = Clloed] 69

Similarly, when 2 < 8 < 3, the leading term of €)(q, 2) is
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2¢(B—-1) e (1 — zeoi1)P-1
Q ~ = - -1 70
@I G L @m0
and the approximate solution of Q(g, A\]) =0 is
Al mla””! (71)

2¢(8 =11 (B) [cos |

In both cases, the system exhibits anomalous diffusion. The ¢-dependence of
numerically calculated A3 for 8 = 2.5 is shown in Fig.3 (b) and a g-dependence
different from that for the normal diffusion is seen in the figure.

Now we consider a scaling limit for 2 < 8 < 3, where we set n = L¢X,
t = L,;T and take the limit of L — 400 while keeping L, = L?il. Then,
the contributions from the eigenvalue )\; and continuous spectrum vanish
because of the same reason as in the previous subsection, and in terms of the
coarse-grained observable A(Cg)(Q) and probability density 5(®)(Q) introduced
previously, one has

A n d A -1
<A>T = Lhm <A, PLTTp> — 2QA(cg)<Q)* e—Dé‘QW T ﬁ(Cg) (Q) , (72)
— 00 i
LTiLf_l >

L __ T
where D5 = 5 G r @)oo 2|

4.3 Caseof2>p>1
When 3 = 2, the leading term of Q(q, z) with respect to |1 — ze*| is

(q.2) 1—26”1 1—zeiq+1—ze_iql 1 — ze ™
PIETR) a8

(73)

_Ze*iq+1 ’

By setting —ze ™ = ¢ + re? and —ze' = €™ + re'®0 (0 < § < 27), one
finds the approximate solution of Q(g, \}) = 0:

|q|

PPV p— |
¢ 2|log |q||

(lgl < 1) (74)

On the other hand, when 1 < 8 < 2, the leading term of €(q, 2) is
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— e~
C(B)L(B)]sinmp|

and, by the same way as above, one finds that Q(q, \;) = 0 admits a solution

0(q, z) ~

{(1 — e (1 - ze_iq)ﬁ_l} : (75)

)\—i— — sin (ﬁ) ~1
sin (575 — lal)

oty i < o

when 3/2 < < 2 and has no solution when 3 < 3/2. The ¢-dependence of
numerically calculated A\ for 3 = 1.7 is shown in Fig.3 (c), where |g|-linear
behavior of A\ is seen near ¢ = 0. Moreover, for 3 = 1.1, Newton’s method
fails to find a solution of 2(q,z) = 0 and this is consistent with the absence
of the solution.

Finally, we consider a scaling limit for 1 < 8 < 2, where we set n = L¢X,
t = L;T and take the limit of L — +oo while keeping L, = L¢. As be-
fore, the contribution from the eigenvalue A; vanishes. In this case, however,
the continuous spectra do contribute and, after a tedious but straightforward
calculation, one obtains

()= Jim (4, P4 /QW AD(Q) p9(Q) {cos QT
Ly=Lg

o fLeBUECVT BRI )
J 2m 2241 (z—4)0~ 4 (2 +10)P!

where I' = {z = t +i(1 4+ €)[t : +o0 — 0} U{z = (1 +e€)e?|f: T — U
{z=t—i(1+¢)|t:0 — 400} is the integration contour with e an arbitrary
positive constant, and the branch cut of (z Fi)°~1is {z =t 4|t : 0 — +oo}.

5 CONCLUSIONS

We have studied, for a piecewise linear approximation of Geisel-Nierwetberg-
Zacherl map, the evolution of statistical averages of bounded observables which
are differentiable at the origin with respect to piecewise constant initial densi-
ties which have certain smoothness at the origin. Because of the periodicity of
the system, the average value is expressed by a superposition of Fourier com-
ponents and the time evolution of each component is governed by two simple
eigenvalues A\;(¢) and continuous spectra CF = {z = te* : 0 < t < 1} of
the FP operator. The corresponding generalized eigenfunctions are explicitly
constructed.
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The main difference from the hyperbolic systems with deterministic diffusion
is the existence of the continuous spectra starting from the unit circle for
each wavenumber ¢. In spite of this fact, when 3 > 2, the transport in an
appropriate scaling limit is entirely controlled by a simple eigenvalue A} (q)
located near 1 and the average value of the coarse-grained description (A)r
obeys

o0

(Ayr = [ % 4ea Q) epslarT jeo(q) (78)

27

—0Q0

where y = 2 and Dg = Dj for 3 > 3, and p = § — 1 and Dy = Dj
for 3 > § > 2. In other words, when the reduced map is in the stationary
regime, transports in the scaling limits are governed by the eigenvalues. And
the normal diffusion appears if the fluctuations are normal and the Lévy flight
appears if the fluctuations are of Lévy-type.

Here a remark is in order. As is well known, in periodic maps with marginal
fixed points of Geisel-Nierwetberg-Zacherl type, the mean square displacement
is well-defined and grows faster than the normal diffusion. Indeed, with the
aid of (54), one recovers a known result on the mean square displacement:

t 8>3
(R EIEIEE i LA S (79)

t? 2>0>1

where (---); is the average at time ¢ with respect to an initial distribution
p(2) = 8j3),n, for some ng. On the other hand, the mean square displacement is
ill-defined for Lévy flights[20]. However, there is no contradiction between the
two conclusions because the ill-definedness of the mean square displacement
comes from the scaling limit.

The situation changed for 2 > > 1 or when the reduced map is in the
non-stationary regime. Then the ‘macroscopic’ transport is described by (77),
the first term of which represents ballistic transport, while the second term
corresponds to a more complicated process.

Note that the space Xp of initial densities is not dense in L?[0, 1] and we will
discuss elsewhere a complementary description in terms of initial densities
which form a dense subset of L?[0, 1].
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