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Hopf algebras

Definition

Given a braided monoidal category (V,®,/,0), a Hopf algebra is a
category enriched in Comon()) with one object: for the object x € G we
have a comonoid (H := Hom(x, x), A, €). There are coalgebra map

m: HRH — H. There is a unit map j : | — H and an anti comonoid map
S : H — H such that:

m(H®j) = m(joH) = H
m(HRS)A = je, m(SQH)A = je

Examples

o All groups are Hopf algebras over V = (Set, x, {*},0)
@ Group algebras kG for a group G and a field k
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Hopf categories

Definition (following [3])

Given a braided monoidal category (V,®,/,0), a Hopf category is a
category H enriched in Comon(V): for the object x,y € H we have a
comonoid (Hy,y, Ax,y,€x,x). There are coalgebra map

myy > Hyxy®H, , — Hy .. Thereis a unit map ji : | — Hy x and an anti
comonoid Sy , : Hy,, — Hy x such that:

Myyy (Hxy@jy) = My (x@Hy) = Hay
Miyx(Hxy ®Sxy ) By = JixExys Myxy (Sxy @Hy ) Dxy = jyexy

Examples

o Collections of Hopf algebras: Given (H;);c; Hopf algebras, set
0bj(G) = 1 H(i, i) = Hi, H(i,j) =0
o All groupoids are Hopf categories over V = (Set, x, {x},0)
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Why do we care about Hopf categories

Group : Hopf algebra = Groupoid : Hopf category

Theorem (Kellendonk-Lawson)

The partial action of a group G are in bijective correspondence with
morphisms of groupoids G — G that are star injective.

Is there a Hopf-version of this theorem?
If yes, it would be a good guess that it will involve Hopf category-esque
structures!
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Left and right adjoint in single object case

Hopf
\

Bialg

/ \
Alg Coalg
\ /

Vect

e Takeuchi [9] in the 70s: Any coalgebra can always be embedded
universally into a Hopf algebra, the so called Hopf envelope.

@ Manin [7] in the late 80s: Extended to bialgebras.

@ Sweedler [8] in 1969: Explicit construction of cofree coalgebra and
mention of cofree bialgbra/ cofree Hopf algebra.

@ Agore [1] in 2011: explicit proof of right adjoint to Hopf — Bialg.
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A multi-object analogue

VGrph —— > VCat

'_
Comon(V)Grph - sHopf VCat ?; Hopf VCat

We wanted to prove he existence of these adjoints or even explicitely
construct them (extending work of Vasilakopoulou [10]).
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The tool box

@ Abstract nonsense:
locally presentable categories, does not provide insight!
o SAFT:

Theorem (The Special Adjoint Functor Theorem, [6])

If C is a complete and a well-powered category with a cogenerating family,
then a functor G : C — D has a left adjoint if and only if it is limit
preserving.

Dually, if C is a cocomplete and co-well-powerd category with a generator,

then a functor G : C — D has a right adjoint if and only if it is colimit
preserving.

v

e Explicit constructions generalizing work of Takeuchi [9] and Manin [7]
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V-Graphs

Definition ( [10])

Let X be a set and V an arbitrary category and A a family of objects A, ,
in V indexed by x,y € X. We call A= (Ax,)x,yex a V-graph.

Let A be a graph over X and B a graph over Y. We define a morphism
of V-graphs f : A — B to be a family of functions:

f:X—=>Y a morphism in Set
(fey : Axy = Bpoy)y yex @ family of morphisms in V

V-graphs and morphisms of V-graphs form the cateogry ¥V — Grph.
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))-categories
Definition ( [10])

Given a monoidal category V we define a V-category to be a V-graph
with a global multiplication and unit. That is a family of morphisms in V

Myyz : Ay @Ay, = Az Jx il = A,

satisfying
id®jy Myyz®id
Axy Axy®l AXy®Ayy Axy®Ayz®Azw = AXZ®AZW
:l id l/ Myyy id®myzw l j Mxzw
/®Axy m AXX®Axy Mxxy AXy AXy®AyW Mxyw AXW’

where | denotes the monoidal unit of V. A V-functor is a V-graph
morphism that preserves multiplication and unit.
V-categories and V-functors form a the category V — Cat

v
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(semi-)Hopf V-categories

Definition ( [3])

A semi-Hopf V-category is a Comon())-category.
A Hopf V-category is a Comon())-category together with an antipode.
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The results

We were able to give sufficient conditions for the existence of all these
adjoints!

Particularly we were able to explicitely construct a free Hopf V-category of
a semi-Hopf V-category.

Let's see how this is done!
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Recall: Free monoids

Given any set X, can we find a universal monoid X C M(X)?
For any monoid N and maps X — N we have a unique homomorphism:

X

l 7
e
C
= v
73

M(X)

N

Yes! We use words in the alphabet X and concatenation of words.

M(X) = {e x1,x2,X3,..X1X1, X1 X2, X2X1, ...Xf’, o}
(o @]
= Jx*
k=0
with X0 = ¢ the empty word, X! = X and XK1 = Xk x X.
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Free V-category over a V-graph

For a cocomplete symmetric monoidal category (V, ®, /, o) such that
colimits commute with ®:

Given any V-graph A can we find a universal V-category A — L(A)?
For any V-category L’ and maps A — L’ we have a unique homo:

A——s1'

7
/
l//ﬂ!

L(A)

We use the same "word” approach, but must now respect target and
source of every arrow!
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Let A be a V-graph. We define

n
(LAY = [TTI R Acyir 0 =xyi=Xis1,¥n=y,x#y

neN i=0

n
(LAY =TT [T [T Acy: %0 =%y = xi41,¥0 = x.

neN i=0

Let €y : | — LA, be the inclusion of / into the coproduct. Since we have
concatenations for every two sequences, we get maps:

®AX,,X,H® ® Asixing — ®Ax,,x,+l (LA)

i=n+1

that we can lift to a multiplication:

Myyz : (LA)xy®(LA)y, = (LA)xz
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Recall: Free groups

Given a set X can we find a universal group X — G(X)?
For any group H and maps X — H we have a unique homomorphism:

X
|
G(X

H

7
e
!
)

Use words in the alphabet Y = X U X! and concatenation of words
modulo

G(X)=M(Y)/~,

1 1

where xx— x ~ ¢ for any x € X and we extend this relation to

words.

~ €, X
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Takeuchi's Hopf envelope

For a (countably) cocomplete symmetric monoidal category (V,®,/,0):
Given any comonoid C € V can we find a universal Hopf algebra

C — H(C)?

For any Hopf algebra H' and maps C — H’ we have a unique homo:

C H'

1
e
L,
7
!

H(C)

We want to reconstruct the construction of a free group, but since
antipodes do not generally satisfy S? = Id . There for we need N-indexed
copies of the comonoid C.

Vo=C V1=V

vz]_[v,-

ieN
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We can build the tensor algebra T(V) over the coalgebra V, which has a
bialgebra structure (A, €) . The anti coalgebra maps S; : Vi — Vi1 given
by the identity can be lifted to an anti coalgebra map

T(S): T(V) — T(V)©PP, by reversing the order via the symmetric
braiding o.

We consider the maps

f=m(T(S)RT(V)A: T(V)— T(V)®T(V)— T(V)
g =m(T(V)®T(S))A: T(V)— T(V)®T(V)— T(V)
e : T(V)—=1—T(V)

and build the consecutive coequalizers (since these maps commute)
ne
T(V) —=T(V) ——H(C)
f

H(C)'% (CY —— H(C)

Paul GroBkopf, Joost Vercruysse (ULB, FRIAFree and co-free constructions for Hopf categ September 9, 2022 17 /27



H(C) is a Hopf algebra and the map C — V — T(V) — H(C) satisfies
the diagram. Given any coalgebra map h: C — H’ where
(H',m',n', A’ €', S") we can consider maps

hi:S"oh:V,— H

and lift them to a coalgebra map V — H’. This induces a bialgebra map
h: TgV) — H’. Since h coequalizes both f,ne and g, ¢ we get a unique
map h: H(C) — H’
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Free Hopf V-category over a Comon())-graph

For a cocomplete symmetric monoidal category (V, ®, I, o) such that
colimits commute with ®:

Given any Comon(V)-graph A can we find a universal Hopf V-category
A = H(A)?

For any Hopf V-category H' and maps A — H’ we have a unique homo:

A H’

We follow the Takeuchi approach:

i i,op __ acop
Al, = Ay ARP =AY

Xy
Ay = TT(A, TTAP)
ieN

September 9, 2022 19 /27



We can build the free V-category L(A’), which is a semi-Hopf V-category
via (Myyz, jx, Dxy, €xy). Further have anti comonoid maps s, : A;y — A;X
that we lifted from the identities Al — AL and AP — — ALl These we

can lift to a homomorphism of semi-Hopf V categories
S L(A") — L(A")oP-<°P by defining

S (A; , X1 ®A§(1 X2®"’®A§(n,y) = SXnaY( Xn y)® ®SX1 XQ(qu,Xz)@sXaXl (AI )

X, X1
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We consider the maps
fi= My (L(A )y ®@Sxy ) Dy 1 L(A)xy = L(A)xy@L(A)yx = L(A")xx
g 1= Myyx(Sy®L(A )y )Asy 1 L(A)xy = LA ) @L(A )5y — L(A)yy
Jx€xy - L(A’)Xy — | = L(A)xx
Jyexy L(A)xy = 1 = L(A)y

and build the coequalizer for every pair x,y € X, to get a semi-Hopf
V-category H(A).
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H(A) is a Hopf V-category and the map A — A" — L(A") — H(A) satisfies
the diagram. Given any moprhism of Comon(V)-graphs h: A — H' where
(H',m',n',A’,¢,S") is a Hopf V-category, we can consider maps:

h:S?oh: A, —H
hi,op : 5/2i+1 oh: A;’(,;p N H/

and lift them to L(A") — H’. This induces is a homo of semi-Hopf

V-categories and since it equalizes both f, jie,, and g, j €5, we get a
unique map h: H(A) — H’
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Recall: Free group over a monoid

Given a monoid (M, +) can we find a universal group M — G?
For any group H and monoid maps M — H we have a unique group homo:

M——-H

l k4
s
s

P

G

We can solve this by forgetting about the monoid structure on M and

consider the group G(M). We now factor out the relations coming from
the monoid M:

gh~isg+h=ieM

gl~—g

and reduce words by this relations.
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Free Hopf V-category over a semi-Hopf ())-category

For a (countably) cocomplete symmetric monoidal category (V,®,/,0)
such that colimits commute with ®:

Given any semi Hopf V-category A can we find a universal Hopf
V-category A — H(A)?

For any Hopf V-category H' and homo of semi-Hopf V-categories A — H’
we have a unique homo of Hopf V-categories.

A

7
Ve
L//ai

H(A)

HI
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@ We forget forget the category structure on A and build a
Comon(V)-graph with bigger comonoids A’ .
@ We build a free category of this bigger graph resulting in a semi-Hopf
V-category, such that there is an anticomonoid map.
@ We factor out a set of relations:
a) Compatibility of S with the multiplication m in A.
b) Compatibility of multiplication, unit in A and multiplication, unit in

HA.
c) The antipode conditions.
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The caotic dual picture

VGrph — =+ Mon(V)Grph

T T

VopCat S sHopf VopCat —= s Hopf VopCat

m]

&
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The caotic dual picture

VGrph —3 Mon(V)Grph

TR T

VopCat sHopf VopCat —= —— Hopf VopCat

Even (co)completness fails for VopCat. What are the right categories and
duals to generalize the one-object result?
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Thank you for your attention!

| am looking forward to your questions!

m]
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