STOCHASTIC HOMOGENIZATION OF NONCONVEX UNBOUNDED
INTEGRAL FUNCTIONALS WITH CONVEX GROWTH

MITIA DUERINCKX AND ANTOINE GLORIA

We consider the well-travelled problem of homogenization of random integral functionals. When
the integrand has standard growth conditions, the qualitative theory is well-understood. When it
comes to unbounded functionals, that is, when the domain of the integrand is not the whole space
and may depend on the space-variable, there is no satisfactory theory. In this contribution we develop
a complete qualitative stochastic homogenization theory for nonconvex unbounded functionals with
convex growth. We first prove that if the integrand is convex and has p-growth from below (with
p > d, the dimension), then it admits homogenization regardless of growth conditions from above.
This result, that crucially relies on the existence and sublinearity at infinity of correctors, is also new
in the periodic case. In the case of nonconvex integrands, we prove that a similar homogenization
result holds provided the nonconvex integrand admits a two-sided estimate by a convex integrand (the
domain of which may depend on the space variable) that itself admits homogenization. This result
is of interest to the rigorous derivation of rubber elasticity from polymer physics, which involves the
stochastic homogenization of such unbounded functionals.
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1. INTRODUCTION

Let O be a bounded Lipschitz domain of R¢, d,m > 1. We consider the well-travelled problem of
homogenization of random integral functionals I. : W1P(O; R™) — [0, 00| given by

I.(u) = /OW (g,Vu(:L‘)) dx,

where W is a random Borel function stationary in its first variable that satisfies for almost every
y € R% and all A € R™*¢ the two-sided estimate

%IAVD _C<V(yA) < W(y,A) < C(1+V(y,A), (1.1)

for some C' > 0, p > 1, and a random convex Borel function V' : R? x R™*4 — [0, cc]. The originality
of the growth condition we consider here is that V (y,-) may take infinite values and that its domain
may depend on ¥, so that the domain of the homogenized integrand W (if it exists) is unknown a
priori. The motivation for considering such a problem comes from the derivation of nonlinear elasticity
from the statistical physics of polymer-chain networks, cf. [4, 26, 20]. Indeed, the free energy of the
polymer-chain network is given by two contributions: a steric effect (for which proving homogenization
is one of the most important open problems of the field), and the sum of free energies of the deformed
chains. The free energy of a single chain is a convex increasing function of the square of the length
of the deformed polymer-chain, which blows up at finite deformation. The corresponding problem in
a continuum setting would be the homogenization of the nonconvex integrand

W(y,A) = V(y,A) + g(det A) < C(1+V(y,A)), (1.2)

where V' is an infinite-valued convex stationary ergodic integrand whose domain depends on the space
variable, and ¢ is a convex function (in this paper we assume that ¢ is controlled by V', which
unfortunately rules out the finite compressibility of matter).

Homogenization of multiple integrals has a long history, and we start with the state of the art when
V and W are periodic in the first variable:

(i) The first contribution (beyond the linear case) is due to Marcellini [34], who addressed the
homogenization of convex periodic integrands satisfying a polynomial standard growth condition,
that is (1.1) for V(y,A) = |AJP.

(ii) Marcellini’s result was then generalized to nonconvez periodic integrands satisfying a polynomial

standard growth condition, by Braides [11]| (which covers in addition almost-periodic coefficients)
and Miiller [36, Theorem 1.3|, independently.

(iii) In [36, Theorem 1.5], Miiller also addressed the case of a convez periodic integrand satisfying
a conver standard growth condition (1.1) for V(y,A) = V(A) with V : R™*¢ — R* a convex
finite-valued map, and p > d.

(iv) In [12, Chapter 21], Braides and Defranceschi treated the case of nonconver periodic integrands
(see also [18] in the convex case) satisfying (1.1) where V is convexr periodic and satisfies the
polynomial non-standard growth condition

1
AP =C = V(yA) < CO+|AF)
for some ¢ < p* (with p* the Sobolev-conjugate of p > 1), and the doubling property
V(y,2A) < C(1+V(y,A)).
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(v) In [13], given a collection of well-separated periodic inclusions, Braides and Garroni treated the
case of nonconvex periodic integrands satisfying a polynomial standard growth condition as well
as the (strong) doubling property

W(y,2A) < CW(y,A).

outside the inclusions, but only satisfying inside the inclusions a convex standard growth condi-
tion (1.1) for some possibly unbounded map V' (y, A) that is convex in the A-variable.

(vi) More recently Anza Hafsa and Mandallena studied in [7| the homogenization of quasiconvex
periodic integrands satisfying a standard (unbounded) convex growth condition, that is, (1.1) for
V(y,A) = V(A) with V : R™*4 — [0, 00] a convex infinite-valued map such that V(A) > |AJP,
and with p > d. Note that in this case the domain is fixed.

When W is random, the results are more sparse:

(vii) The first contribution beyond the linear case is due to Dal Maso and Modica, who addressed
the homogenization of convex random stationary integrands satisfying a polynomial standard
growth condition [19], generalizing Marcellini’s result (ii) to the random setting.

(viii) Messaoudi and Michaille later treated the homogenization of quasiconver stationary ergodic
integrands satisfying a polynomial standard growth condition [35], following Dal Maso and
Modica’s approach.

(ix) In their monograph on homogenization, Jikov, Kozlov and Oleinik treated the case of convex
stationary ergodic integrands satisfying a polynomial non-standard growth condition

1
ZIAP = C < W(y,A) < O(1+ |A)

for some ¢ < p* (with p* the Sobolev-conjugate of p > 1), see [31, Chapter 15].

For scalar functionals, that is, when m = 1, results are much more precise, and we refer the reader
to the monograph [17] by Carbone and De Arcangelis (which is however only concerned with the
periodic setting) and [15, 16]. When the domain of V(y, -) is not the whole of R?, the authors call I.
an unbounded functional. The main technical tool for scalar unbounded functionals is truncation of
test-functions (see also [31, Section 15.2]), which cannot be used for systems in general (see however
the end of this introduction). In particular, such truncation arguments replace the Sobolev embedding
we shall use for systems and allow one to relax the assumption p > d for scalar problems.

In this contribution we give a far-reaching generalization of (i)—(iv) and (vi)—(ix) for systems in the
random setting, by relaxing the assumption that the domain of V' (y,-) in (1.1) is independent of y.
Our contribution also generalizes (v) by relaxing all geometric assumptions. We argue in two steps.
For convex integrands, our result shows that homogenization holds without any growth condition
from above (cf. Theorem 2.2 for Neumann boundary conditions, and Corollary 2.4 for the more
subtle case of Dirichlet boundary conditions), so that we may homogenize the bound V itself. We
proceed by truncation of the energy density (following the approach by Miiller in [36]), and first prove
in Proposition 3.8 that homogenization and truncation commute at the level of the definition of the
homogenized energy density. The proof relies on the existence of correctors with stationary gradients
for convex problems and exploits quantitatively their sublinearity at infinity, see Lemma 3.4 (which
is a substantial difference between the periodic and random cases, and makes the latter more subtle).
The second main technical achievement is the construction of recovery sequences in Proposition 3.10 (a
gluing argument based on affine boundary data trivially fails since the domain of V (y, -) depends on y
— this difficulty is already present in the periodic setting, and prevents us from using the standard
homogenization formula with Dirichlet boundary conditions). In the case of nonconvex integrands
with a two-sided convex estimate (1.1), we show in Theorem 2.6 that homogenization reduces to the
homogenization of the convex bound V. The first obstacle in this program is the definition of the
homogenized energy density itself. Indeed, in the absence of correctors (which is a consequence of
nonconvexity), one usually defines the homogenized energy density through an asymptotic limit with
linear boundary data on increasing cubes. As pointed out above, such an approach fails in general
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when the domain of the integrand is not fixed. Instead, in Lemma 4.1, we use the (well-defined)
corrector of the associated conver problem as boundary data for the nonconver problem on these
increasing cubes. Next we argue by blow-up in Proposition 4.3 for the I'-lim inf inequality (following
the approach by Fonseca and Miiller in [25]), and make a systematic use of the corrector of the
convex problem to control the nonconvex energy from above. Then, for the I'-lim sup we argue in
Proposition 4.6 by relaxation (following the approach introduced by Fonseca in [24] for relaxation
and first used in homogenization by Anza Hafsa and Mandallena in |7]), making a similar use of the
corrector of the convex problem in the estimates.

To conclude this introduction, let us go back to our motivation, that is, the homogenization of (1.2).
On the one hand, we have reduced the homogenization for such integrands to the homogenization for
the convex integrand V. On the other hand, we have proved homogenization for convex integrands
without growth condition from above, and therefore proved homogenization for (1.2). In the specific
setting of (1.2), we can sharpen the general results described above, by simplifying the definition of the
homogenized energy density W, cf. Corollary 2.8. We believe a similar approach can be successfully
implemented in the discrete setting considered in [4] for the derivation of nonlinear elasticity from
polymer physics.

In the scalar case m = 1, combining our approach with truncation arguments, we may further
refine our general results, in particular relaxing the condition p > d. Our approach then improves
(and extends to the stochastic setting) some scalar results of [15, 17].

The main results are given in Section 2. The proofs of the results for convex integrands are displayed
in Section 3, whereas Section 4 is dedicated to the proofs for nonconvex integrands. In Section 5
we turn to various possible improvements of our general results under additional assumptions. In
the appendix we prove several standard and less standard results on approximation of functions,
measurability of integral functionals, and Weyl decompositions in probability, that are abundantly

used in this article.

2. MAIN RESULTS

Let (€2, F,P) be a complete probability space and let 7 := (1), cra be a measurable ergodic action
of (R% +) on (Q, F,P), that are fixed once and for all throughout the paper. We denote by E the
expectation on €2 with respect to P.

Consider a map W : RIxR™*4x Q) — [0, 00| that is 7-stationary in the sense that, for all A € R™*¢,
all w € Q, and all y, z € R?,

W(y7A77—*Zw) = W(y+z,A,w), (21)

and assume that W(y, -, w) is lower semicontinuous on R™*4 for almost all y,w. We also assume in
the rest of this paper that, for almost all w, the map y — W (y, A + u(y),w) is measurable for all
u € Mes(R%;R™*4) | and that, for almost all y € R?, the map w + W(y, A + v(w),w) is measurable
for all v € Mes(Q; R™*4). Continuity in the second variable and joint measurability (in which case
W is called a Carathéodory integrand) would ensure these properties; weaker sufficient conditions for
these properties are given in Appendix A.1. Such integrands W will be called 7-stationary normal
random integrands.
We further make the following additional measurability assumption on W':

Hypothesis 2.1. For any jointly measurable function f : R x Q@ — R and any bounded domain
O c R4,

oot [ W/ S + Val)w)dy
ueWy ' (O;R™) JO

1s F-measurable on €. O
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As discussed in Appendix A.4.2, this last hypothesis is always satisfied if W is convex in the second
variable, and more generally if it is sup-quasiconvex (in the sense of Definition A.11), which includes
e.g. the case of a sum of a convex integrand and of a “nice” nonconvex part.

For any bounded domain O C R%, we define the following family of random integral functionals,
parametrized by € > 0,

L(-,0) : WO R™) x Q = [0,00] 1 (u,w) = L(u,w;0) == /OW(y/a, Vu(y),w)dy. (2.2)

The aim of this paper is to prove homogenization for I. as € | 0 under mild growth conditions on W,
which we formulate in terms of I'-convergence for the weak convergence of W1P(O;R™) (for some
p>1). When A — W (y, A,w) is convex for almost all y,w, we say that W is a 7-stationary convex
normal random integrand, and shall use the notation V' and J. instead of W and I., that is, for every
bounded domain O € R? and € > 0,

J.(5,50) : WH(O,R™) x Q@ = [0,00] :  (u,w) — Jo(u,w;0) := /OV(y/E,Vu(y),w)dy. (2.3)

The notation W and I. will be used for nonconvex integrands. We start our analysis with the
case of convex integrands, then turn to nonconvex integrands, present an application to nonlinear
elasticity, and conclude with a discussion of several possible improvements of these general results
under additional assumptions.

2.1. Convex integrands. In this subsection we state homogenization results for .J. with (essentially)
no growth condition from above. We start with Neumann boundary conditions, and then address the
more subtle case of Dirichlet boundary conditions.

2.1.1. Homogenization with Neumann boundary conditions. Our first result is as follows.

Theorem 2.2 (Convex integrands with Neumann boundary data). Let V : R? x R™*4 x Q —
[0, 0] be a T-stationary convex normal random integrand that satisfies the following uniform coercivity
condition: there exist C > 0 and p > d such that for almost all w and y, we have for all A,

1

Assume that the convex function M := supess, , V(y, ,w) has 0 in the interior of its domain. Then,

for almost all w € Q and all bounded Lipschitz domains O C RY, the integral functionals J.(-,w;O)
['-converge to the integral functional J(-;O) : WIP(O;R™) — [0, 00] defined by

J(u;0) = /O V(Vu(y))dy,

or some lower semicontinuous convexr function V : Rde — [0, 00| characterized by the followin
) Y g
three equivalent formulas:

(i) Formula in probability: for all A € R™*?,

V(A)= inf E[V(0,A+g,)], (2.5)
QGF{)} o ()™

e}

where the space of mean-zero potential random variables Fé’ot(Q) is recalled in Section 5.1.2.

(i4) Dirichlet formula with truncation: for any increasing sequence V¥ 1V of T-stationary convexr
random integrands that satisfy the standard p-growth condition

1
oA -C< VE(y, A w) < Cr(1+|AP) (2.6)

for all y,w, A, and some sequence Cy < oo, we have for almost all w, all A, and all bounded
Lipschitz domains O C R,

V(A) = lim lim inf ][ VE(y, A+ Vé(y),w)dy. (2.7)
koo el0 pew, P (0/esRm) JO/e
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(iii) Convegification formula: for all A and all bounded Lipschitz domains O C R%, we have, for
almost all w,

V(A) = limlim inf ][ V(y, tA+ Vo(y),w)dy. (2.8)
t1l el0 pewl:P(O/eR™M) O/e
fo /e V$=0
As a consequence of convexity, the limit t 1 1 can be omitted when A ¢ ddomV . O

Comments are in order:

— The limit ¢ 1 1 cannot be omitted in (2.8) in general for A € ddomV . Indeed, let V coincide with
a convex map V : R™*¢ — [0, oo] with a closed domain, and which is not lower semicontinuous
at the boundary of its domain. In the interior of domf/, V coincides with V. However, since V
is necessarily lower semicontinuous on its domain, it cannot coincide with V on ddomV .

— In the proof we take (2.7) as the defining formula for V, following the approach by Miiller in [36].
Formula (2.5) is interesting in two respects: first, it is intrinsinc (no approximation is required),
and second it is an exact formula (there is no asymptotic limit involved). The equivalence of
both formulas, which can be interpreted as the commutation of trunction and homogenization,
is the key to the proof of the I'-convergence result.

We may extend Theorem 2.2 in two directions:

— The extension of Theorem 2.2 to the case of domains with holes (or more generally to soft
inclusions, for which the coercivity assumption (2.4) does not hold everywhere) is straighforward
provided we have a suitable extension result. When holes are well-separated, such extension
results are standard (see e.g. [31, Sections 3.1]). For general situations however, this can become
a subtle issue (see in particular [31, Sections 3.1 and 3.5]). In the particular case of the periodic
setting, there is a very general extension result [1], which is used e.g. in [13].

— The assumption p > d is crucial in the generality of Theorem 2.2, which is used in the form of
the Sobolev embedding of W1P(O; R™) in L>°(O;R™). In the case 1 < p < d, the conclusions
of the theorem still hold true provided that V(y,A,w) < M(A) for some convex function
M : R™*4 _; R that satisfies the growth condition limp| 00 M(A)/|A]? < 00 for ¢ = dp/(d —p)
if p < d or for some ¢ < oo if p = d. In the scalar case m = 1, the use of the Sobolev embedding
can be avoided by a truncation argument, as explained in Corollary 2.9 below, see also [17, 15].

2.1.2. Dirichlet boundary conditions. We now discuss the homogenization result in the case of Dirich-
let boundary conditions (the case of mixed boundary data can then be dealt with in a straightforward
way, and we leave the details to the reader). A first remark is that Dirichlet data have to be well-
prepared, as the following elementary example shows.

Example 2.3. Consider random unit spherical inclusions centered at the points of a Poisson point
process, choose the integrand V' to be equal to |A[P outside the inclusions and to have a bounded
domain D € R™*4 inside the inclusions. Given a (nonempty) bounded open set O C R%, for almost
all w, the realization of the inclusions corresponding to w intersects 9(O/¢) for infinitely many ¢ > 0,
and hence limsup, J-(u + A - z,w; O) = oo for all u € Wol’p(O;Rm), due to the Dirichlet boundary
condition. In contrast, if the intensity of the underlying Poisson process is not too big, it is easily
seen that the homogenized integral functional J defined in Theorem 2.2 is finite-valued. This proves
that, for all A ¢ D and almost all w, Jo(- + A - z,w; O) cannot I'-converge to J(-; O) on Wol’p(O; R™),
due to the intersection of some rigid inclusions with the boundary of the domain where the Dirichlet
condition is imposed. O

We propose two ways to prepare Dirichlet data:

— by relaxing the boundary data so that the energy remains finite for all ¢ > 0 while ensuring
that the boundary data are recovered at the limit € | 0 — we call “lifting” this procedure;

— by replacing the integrand V by a softer integrand on a neighborhood of the boundary where
the boundary condition is imposed — we call this a “soft buffer zone”.
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Corollary 2.4 (Convex integrands with Dirichlet boundary data). Let V', M, J., and J be as in
Theorem 2.2 for some p > d. Then, for almost all w €  and all bounded Lipschitz domains O C R?,
we have

(1)

(i)

For all boundary data w € W'P(O;R™) such that J(au; O) < oo for some a > 1, there emists a
lifted sequence (ue)e with ue — u in WHP(O;R™), such that we have on Wol’p(O;Rm):

J(-+u;0) = TI-lim F—lim%nf Je (- + tug,w; O)

t1T1 el
= I-lim T'-limsup J.(- + tus,w; O).
tt1 el

In particular,
inf  Jv+wu;0) = limliminf inf  J.(v+ tug;0O)
veW, P (0) 1 el0 vewy?(0)
= limlimsup inf  J.(v+ tue;O).
Tl elo wew,?(0)

If u satisfies the additional condition fo M(Vu(y))dy < oo, then we may take u. = u, and if
this condition is strengthened to [, M(aVu(y))dy < oo for some a > 1 then the limit t 1 1 can
be omitted.

For all boundary data u € W1P(O; R™) such that J(u; O) < oo, we have on Wol’p(O;Rm):

J(+u;0) = F-tTllimiO F-lim&)nf JI(- + tu,w; O)
777 =

= I'- lim [I-limsup J?(- + tu,w;0),

Am sup 2( )

where JZ is the following modification of J. on an n-neighborhood of OO :
T2(0,50) = [ VO, Voly).w)d
O

V(y/e,Aw), if dist(y,00) > n;

2.9
|A|P, if dist(y, 00) < n. (29)

VO (y, A, w) == {

In particular,

inf  Jw+wu;0) = lim liminf inf  JZ(v+tu;0)
veEW P (0) t1nd0 0 yew P (0)
= lim limsup inf  J!(v+tu;0).
L0 cl0  weWwP(0)

If u satisfies the additional condition J(au;0) < oo for some a > 1, then the limit t 11 can be
omitted. 0

Comments are in order:
— The results of Corollary 2.4 are not completely satisfactory. Indeed, if one makes a diagonal

extraction of ¢t and n wrt € to obtain a I'-convergence in ¢ only, then the extraction for the
I'-limsup depends on the target function v + v and not only on the boundary data u as we
would hope for. This dependence is however restricted to a dilation parameter only in the
case of the lifting. In the case of the buffer zone, the result can be (optimally) improved to
ne = Oe for any fixed 8 > 0, under some additional structural assumption in the form of the
existence of stationary quasi-correctors (see Proposition 5.1). For specific examples for which
this assumption holds, see Corollary 2.10 below.

In the specific situation when domV = domM (this is trivially the case when the domain is fixed,
i.e. domV (y,-,w) = domM for almost all y,w), then the strong assumptions [, M(Vu(y))dy <
oo and [, M (aVu(y))dy < oo (for some a > 1) in part (i) of the statement reduce to the simpler
assumptions J(u; 0) < oo and J(au; 0) < oo (for some a > 1), respectively. In particular, in
that situation, the lifting can always be chosen to be trivial, u. := u for all €.
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— In [13] (see also [12, Chapter 20]), Braides and Garroni prepare the boundary data in a different
way in the specific case of stiff inclusions. In particular they introduce an operator R® which
acts on functions u as follows: on each stiff inclusion R(u) has value the average of u on the
considered stiff inclusion, away from all inclusions R¢(u) coincides with u, and in between R®(u)
is an interpolation between u and the average of u on the inclusion. Such a construction can
be used here as well, but seem to admit no natural generalization in other settings than stiff
inclusions.

2.2. Nonconvex integrands with convex growth. In the case when W is nonconvex and admits
a two-sided estimate by a convex function (which may depend on the space variable), we show that
a I'-convergence result similar to the convex case holds. Before we precisely state this result, let us
recall the notion of radial uniform upper semicontinuity (which is trivially satisfied by convex maps).

Definition 2.5. A map Z : R™*% — [0,00] is said to be ru-usc (i.e. radially uniformly upper
semicontinuous) if there is some a > 0 such that the function
Z(tA) — Z(A
A%(t) = sup Z(s) — Z2(h)
A€domz O+ Z(A)

satisfies lim supyyq A%(t) < 0. A 7-stationary normal random integrand W is said to be ru-usc if there
exists a T-stationary integrable random field a : R% x  — [0, 0o] such that the function

W(y7 tAa (,U) — W(y7 Aa w)

Ay (t) :=supess supess sup
yeRd we  AedomW (y,-,w) a(y') w) + W(y7 A, w)
satisfies lim supyyy Afy, () < 0. O

The following result is a far-reaching generalization of [36, Theorem 1.5] to a wide class of random
and nonconvex integrands; it is also a substantial extension of |7, Corollary 2.2].

Theorem 2.6 (Nonconvex integrands with convex growth). Let W : R? x R™*4 x Q0 — [0, 00] be
a (nonconvez) ru-usc T-stationary normal random integrand satisfying Hypothesis 2.1. Assume that,
for almost all w, y, and for all A,

V(y, A,w) < W(y,A,w) < C(1+V(y,A,w)), (2.10)

for some C' > 0 and some T-stationary convex random integrand V : R% x R™*4 x Q — [0, 00] that
satisfies the assumptions of Theorem 2.2 for some p > d. Then, for almost all w € Q and all bounded
Lipschitz domains O C RY, the integral functionals I.(-,w; O) TI'-converge to the integral functional
I(;0) : WHP(O;R™) — [0, 00] defined by

I(u;0) = /O W (Vu(y))dy,

for some ru-usc lower semicontinuous quasiconver function W : R™*% — [0, 00| that satisfies V. <
W < C(1+V), where V is the homogenized integrand associated with V' by Theorem 2.2. In addition,
the results stated in Corollary 2.4 for J. also hold for I..

For all A € R™*4_ et gy be the potential field in probability minimizing B[V (0, A + )] (cf. (2.5)),
and note that x +— ga(T,w) is a gradient field on Re for almost all w € Q, which we denote by
Voa(z,w). The homogenized integrand W is characterized for all A € R™*% by

W(A) = lim inf lim inf lim inf W (y,tA + tVop (y,w) + Vo(y),w)dy. (2.11)
111 A=A €l0 vEWol’p(O/s;Rm) O/e

for any bounded Lipschitz domain O C R% and almost every w € €. ]

In general, we do not expect that the limits ¢ T 1 and A’ — A can be dropped in (2.11), see however
Corollary 2.8 below under Hypothesis 2.7.
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2.3. Application to nonlinear elasticity. In the example from the statistical physics of polymer-
chain networks, the integrand has the specific decomposition (1.2). Moreover, the nonconvex part of
the integrand satisfies the following assumption, which in particular implies that W satisfies Hypoth-
esis 2.1 (see indeed Lemma A.12), as well as the ru-usc property.

Hypothesis 2.7. There exists a T-stationary convex map V : R x R™*4 x Q — [0,00] and some
p > 1 such that

Wy, Aw) =V(y,A,w)+ Wy, A, w),

where W : REXR™*4x Q) — [0, 00] is a (nonconvex) T-stationary normal random integrand satisfying
the p-th order upper bound and the local Lipschitz conditions, for some C > 0,

(i) for almost all y,w, for all A,
Wy, A,w) < C(IAP 4+ 1);
(i1) for almost all y,w, for all A, N,
Wy, Ayw) = Wy, A w)] < C(1+ AP+ [AP7H)]A = A,
0

Under this assumption, the following variant of Theorem 2.6 holds and yields in particular a simpler
formula for the homogenized energy density.

Corollary 2.8. Let W : R4 x R™*4 x O — [0,00] be a (nonconvex) T-stationary normal random
integrand satisfying Hypothesis 2.7. Assume that, for almost all w, y, and for all A,

Viy, A,w) < W(y,A\,w) < C(1+V(y,A\,w)), (2.12)

for some C' > 0, where V : RY x R™*4 x Q — [0, 00| satisfies the assumptions of Theorem 2.2 for
some p > d. Then the conclusions of Theorem 2.6 hold true. In addition we have for all A € R™*4
for almost all w

W(A) = lim inf Wy, A+ Vor(y,w) + Vo(y),w)dy, (2.13)
RToovew, P(QriR™) J Qg

where @p 1s as in Theorem 2.0. U

The behavior of W close to the boundary of its domain is of particular interest. From a mechanical
point of view, in the case of (1.2) with V satisfying V(y,A,,) — oo as dist(A,,ddomV (y,-)) — 0,
we expect that W(A,) — oo as dist(A,, ddomW) — 0. Except in a few explicit examples, we do
not know under which condition and how to prove such a property. In the case of the geometry that
saturates the Hashin-Shtrikman bound (obtained by a stationary and statistically isotropic Vitali
covering of R? by balls, cf. [31, Section 6.2]), where each ball is the homothetic image of a unit
ball with a given spherical inclusion, the corrector gradient field is explicit when A is a dilation, and
t — W (t1d) indeed blows up when ¢ approaches the boundary of the domain.

2.4. Some improved results. The general results above naturally call for various questions con-
cerning possible improvements:
— What about the subcritical case 1 < p < d?
— What is the minimal size 7). of the soft buffer zone needed in the presence of Dirichlet boundary
conditions (see Corollary 2.4(ii))? Under which conditions can we take 7. = ¢ for some constant
0> 07
— What about periodic boundary data? In particular, can one approximate V by periodization
(in law) in the spirit of [22]?
These three questions are partially addressed below under various additional assumptions.
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2.4.1. Subcritical case 1 < p < d. The first improvement concerns the growth condition from below
in Theorem 2.2. It is relaxed here to any p > 1 in the convex scalar case m = 1 under the addi-
tional assumption that V has fixed domain. The idea is to avoid the use of Sobolev embedding by
using suitable truncations (in the spirit of e.g. [17, proof of Lemma 13.1.5]), which are indeed only
available in the scalar case with fixed domain. We recover in particular in this way the results of [17,
Section 13.4] in Sobolev spaces.

Corollary 2.9 (Subcritical case). Let V' and M satisfy the assumptions of Theorem 2.2 in the scalar
case m =1, for some p > 1. Also assume that domV (y,-,w) = domM for almost all y,w. Then the
conclusions of Theorem 2.2 and Corollary 2.4 hold true for this p > 1. g

2.4.2. Minimal soft buffer zone. The second improvement concerns the size of the buffer zone for
Dirichlet boundary data, at least for affine target functions. The minimal size 7. = 6e, for any
constant 6 > 0, is achieved under the technical structural assumption that stationary quasi-correctors
exist, cf. Proposition 5.1. Understanding the validity of this assumption in general seems to be a
difficult question of functional analytic nature. It is trivially satisfied in the periodic case. It is also
valid provided that truncations are available, which holds in the scalar case with fixed domain.

Corollary 2.10 (Minimal soft buffer zone). Let V, J., J, M and W, I, I be as in Theorems 2.2 and 2.6
for some p > 1. Also assume that one of the following holds:

(1) p>d, and, for all A,w, V(-,A,w) and W (-, A\,w) are Q-periodic;

(2) m =1, and domV (y,-,w) = domM is open for almost all y,w.

Then, for all A, for almost all w € €,

V(A) =lim inf ][ VEO’HE(y, A+ Vo(y),w)dy,
el yew,?(0) Jo

where VEO’GE is defined as in (2.9) with n = 0c. The same result also holds for V, J.,J replaced by
W, 1,1 (forp>d). O

2.4.3. Approzimation by periodization. The last improvement concerns the approximation of V by
periodization. As for Dirichlet boundary conditions, periodic boundary conditions require “well-
prepared data”. In this case, the well-preparedness is formalized in terms of periodization of the law
of the energy density (as opposed to the more naive periodization in space, cf. Figure 1):

Definition 2.11. A collection (V )z~ of random maps VI : R? x R™*? x () — [0, 00] is said to be
an admissible periodization in law for V if

(i) Periodicity in law: for all R > 0, V is Qr = [—g, %)d—periodic and is stationary with respect
to translations on the torus Tp = (R/RZ)? (more precisely there exists a measurable action 7
of Tr on Q such that, for all y = y; + yo with 31 € (RZ)? and 32 € Qgr, we have VE(y, -, w) =
VR(Z/Q: '7w) = VR(Ov B Tﬁygw));

(ii) Stabilization property: for all # € (0,1) and for almost all w, there exists Rg(w) > 0 such that

for all R > Ry(w) we have VE(-, - w)|g, xrmxa = V (-, w)| g pxrmxd- O

Remark 2.12. It may seem quite unnatural to make in this definition the action 7% depend on
R. Another definition would consist in keeping the same integrand V and action 7 but letting the
probability measure vary according to Pp := (Tg)«P, which amounts to defining VF(y,A,w) =
V(y, A, Tr(w)), for some projection Tg : Q — Q with suitable properties such as the 7-invariance of
the set Tr(€2). As shown in the examples below, Tr will typically be the (natural) @ g-periodization
of an underlying Poisson process, and Tr(€2) will be the set of Qg-periodic realizations (that is of
P-measure 0). Note that this is a particular case of the formalism of Definition 2.11 above, for the

conjugated action Tf =1y 0TR.
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FIGURE 1. For Poisson random inclusions: periodization in space (left) versus peri-
odization in law (right), four periods.

The main goal here is to prove an approximation formula for V and W by periodization in law,
that is an asymptotic formula of the following form: for all A € R™*¢  for almost all w,

V(A) ~ lim inf VE(y, A+ Vu(y),w)dy, (2.14)
R0 uewp(Qr) J Qr

and similarly for W. Such a formula would be of particular interest for numerical approximations
of V and W. The notion of periodization in law was introduced in [22]. It crucially differs from
“periodization in space”, which would consist in replacing the argument of the limit in (2.14) by

inf ][ V(y, A+ Vu(y),w)dy.
ueWpel (Qr) / Qr

The difference between both types of periodization is illustrated on Figure 1 for Poisson random
inclusions. Empirical results in [22] tend to show that periodization in law is more precise than pe-
riodization in space for the approximation of homogenized coefficients in the case of discrete linear
elliptic equations, whereas [27, 29| provide with a complete numerical analysis (convergence rate,
quantitative central limit theorem) of this method when the coefficients are independent and identi-
cally distributed. In the case of the unbounded integral functionals considered here, it is not clear
whether the approximation by periodization in space converges in general. Note that for problems
with discrete stationarity (like the random chessboard or periodic structures) such periodizations are
not needed but the sequences €, R have to be discrete: e = 1/k, R = k with k € N.

Before we state our results, let us shortly discuss periodization in law on the example of random
inclusions. Let

V(ya Aa w) = a’(A)]le\E'(w) (y) + b(A)]lE(w) (y)’ (215)

where a,b : R™*4 — [0, 00| are convex functions and E(w) is a stationary random set (to be thought
of as a collection of inclusions). A typical choice for E is E = (J;2; B(gn), where p = (gn)n is
a stationary point process in RY. For R > 0, set pf = (g, g)n, BT = U>2; B(gn,r), and define
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VE@y, A w) = a(A)Lga\ gr(w) (Y) + 0(A)Lgr(,, (y). For V' to be an admissible periodization in law
of V, it is sufficient that (p™)g is an admissible periodization of p in the following sense:

(") Periodicity in law: for all R > 0, pf is Qg-periodic and 7-stationary with respect to transla-
tions on the torus Ty = (R/RZ)%;

(ii") Stabilization: for all # € (0,1) and for almost all w there is Ry(w) > 0 so that for all R > Rp(w),
PP (w) N Qor = p(w) N Qor-
Let us now describe three typical examples, for which the periodization in law can be explicitly
constructed:

(a) Poisson point process. If p is a Poisson point process on R?, a suitable periodization in law is
given by pft = sezd(Rz + p N QR). Property (i) is satisfied by complete independence of the
Poisson process, while property (ii’) holds for § = 1.

(b) Random parking point process. We now let p be the random parking measure on R? defined in [38].
Penrose’s graphical construction is as follows: p is obtained as a transformation p := T'(pg) of a
Poisson point process pg on R? x R*. Following [30, Remark 5|, we may periodize the underlying
Poisson process on Qg as above by setting pf' := |J,cza((R2,0) + po N (Qr x RT)), and define
a periodization of p as pf* := T(p&). Property (i’) holds by construction. Property (ii’) is more
subtle and relies on the stabilization properties of the random parking measure. By a union
bound argument we may rephrase the exponential stabilization of [39, Lemma 3.5] as follows:
There exist K,k > 0 and for all R > 0 there exists a random variable tr such that
— pN Qg does not depend on py N (R \ Qty) X RT), and in particular, for any locally finite

subset F' C (R?\ Qy,,) x RY, we have

QrNT(FU (poN(Qtp x RY))) = QrNT(po N (Qrp x RT));

— forall L >0, Pty > L] < RIKe +(—F),
Hence, for all 6 € (0,1),

o0

Z P[p N Qor does depend on pg N ((R?\ Qr) x RY)]
R=1

< ) Pltor > R < Y _(OR)IKe 170 < oo,
R=1 R=1

By the Borel-Cantelli lemma, pNQgr does eventually not depend on pgN((RI\Qr)xR¥) as R 1 0o
almost surely. In particular, for all § € (0,1) and for almost all w, there exists some R, > 0 with
the following property: for all R > R, p(w) N Qpr does not depend on pg(w) N ((R4\ Qr) x RT),
so that p®(w) N Qer = p(w) N Qyr, that is, (ii’).

(¢) Hardcore Poisson point process. As noticed in |21, Step 1 of Section 4.2| (in a more general
context), a hardcore Poisson point process p on R? can be obtained by applying the transformation
T of (b) to a Poisson point process pp on R? x (0,1), that is, p = T(po). The same argument as
in (b) (with however easier bounds) then yields the desired periodization in law of p.

In terms of applications, example (b) is of particular interest since it is used in [30, 26, 20| as a
suitable random point set for the derivation of nonlinear elasticity from polymer physics started in [4].

We now turn to our I'-convergence results with periodic boundary data under periodization in law
(yielding in particular an approximation of the homogenized energy density of the form (2.14)). The
main difficulty is the following: in order to carry out the analysis as before, we would somehow need
the uniform sublinearity of the correctors associated to the family of periodized integrands (V) go.
It is not clear to us whether this uniformity holds in general. In what follows, we give an alternative
argument in the scalar case with fix domain, as well as in the very particular example of well-separated
random stiff inclusions in a soft matrix. Note that because of the separation assumption this does
not include the example (a) of Poisson inclusions; however we believe that up to some technicalities
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the proof could be adapted to that case. For simplicity, we consider spherical inclusions, but random
shapes could of course be considered too.

Corollary 2.13 (Approximation by periodization). Let V, J., J, M and W, 1., I be as in Theorems 2.2
and 2.6 for some p > 1. Also assume that one of the following holds:
(1) m =1, and domV (y,-,w) = domM for almost all y,w;

(2) p>d, and V(y,A,w) < C(1 + |AP) for all w and all y ¢ E¥, for some random stationary set
E“ =U,21 Bre(q¥) C R? satisfying almost surely, for all n, and some constant C' > 0,

1 ) 1
Re pinf dist(Bry, (4m), Brg (42)) 2 7, Rn <C.
Let (VE)pso be an admissible periodization in law for V in the sense of Definition 2.11, and for all
e >0 and all A € R™*? denote by JE'(-, A, -) the following random integral functional on the unit
cube Q = [—3, 3)4:

JP (u, A, w) = / Vl/s(y/a,A + Vu(y),w)dy, u € Wl’p(Q;]Rm),
Q

per

where Wgé’;(Q;]Rm) denotes the closure in WHP(Q;R™) of the set of smooth periodic functions on Q.
Then, for almost all w and for all A, the integral functionals JE (-, A, w) T-converge to J(- + A -z, w)

on the space WS&?(Q;R’”). In particular, we have the following approximation of V by periodization.:
for all A € R™*¢, for almost all w,

V(A) =lim lim  inf VE(y, tA + Vu(y),w)dy
1 RToo uew,(Qr) / Qr

= lim lim E inf ][ VE(y, tA 4+ Vu(y), - )dy| .
1L Rfoo |ueWp? (Qr) J Qr ( )
By convezity, if A € intdomV, then the limits t 1 1 can be dropped. Note that domV = R™*¢ holds
in case (2). The same results also hold for V, Jz, J replaced by W, I, I, provided that p > d. O

3. PROOF OF THE RESULTS FOR CONVEX INTEGRANDS

This section is dedicated to the proofs of Theorem 2.2, Corollary 2.4, and Corollaries 2.10 and 2.13.
Let V be a convex 7-stationary normal random integrand. Up to the addition of a constant, we may
restrict to the following stronger version of (2.4): for almost all w, y, we have, for all A,

éwp < V(y, A,w), (3.1)

for some C > 0 and 1 < p < co. We assume that 0 belongs to the interior of the domain of the convex
function M :=supess, , V(y,,w).

Following the strategy of [36, Theorem 1.5], we proceed by truncation of V. We let (V*); be an
increasing sequence of T-stationary convex normal random integrands V* : R? x R™*4 x Q — Rt
such that, for almost all w, y, and for all A, we have

1
lim VE(y, Aw) = V(i Aw),  and  FIAP < V(g Aw) < CF(AP + 1), (3.2)
o0
for some C' > 0 and some sequence C*¥ 1 oo (see [36, Lemma 3.4] for such a construction). Let
Qo C Q be a subset of maximal probability on which all these assumptions (about V and the V*’s)
are simultaneously pointwise satisfied.
We shall prove the existence of a subset ' C g of maximal probability such that, for all w €

and all bounded Lipschitz domains O C R?, the functionals J.(-,w;O) I'-converge to the functional
J(+;0) on WHP(O; R™), where we recall the definitions

T, 5 0) 1= /O V(y/e, Valy).w)dy,  J(u;0) := /O V(Vu(y))dy.
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As usual, the proof of I'-convergence splits into two parts: the proof of a lower bound (I-liminf
inequality) and the explicit construction of a recovery sequence which achieves the lower bound (T'-
lim sup inequality).

3.1. Preliminaries. We first need to briefly recall the standard stationary differential calculus in
probability (first introduced by [37, Section 2]), as well as some results on ergodic Weyl decomposi-
tions.

3.1.1. Stationary differential calculus in probability. Let 1 < p < oo. For all 1 < i < d, consider
the partial action (7} )per of (R,+) on LP(Q2), defined by (T} f)(w) = f(7—pe,w), for h € R. The
actions (T} )per (for 1 <4 < d) commute with each other and are unitary and strongly continuous by
Lemma A.5. For all ¢, we may then consider the infinitesimal generator D; of (T,?L) heRr, defined by

(2
WL pewna),
whenever the limit exists in the strong sense of L?(2). By classical semigroup theory, the generators D,
are closed linear operators with dense domains D; C L?(f2), and the intersection W1P(Q) := ﬂgzl D;
is also dense in L?(£2). Moreover, W1P(Q) is endowed with a natural Banach space structure.

For f € WYP(Q), its stationary gradient is then defined by Df := (D1f,...,Dgf) € LP(Q;R?).
Through the usual correspondence between random variables and 7-stationary random fields as re-
called in Appendix A.2.1 (for all g € LP(Q2), write g(z,w) := g(7_w), defining g € L} (R4 LP(Q))),
we may define Df(z,w) := Df(7_,w) for all z. By unitarity of the action T, the operator D is
skew-symmetric, so that the following “integration by parts formula” holds, for all f € W1(Q) and

g e WHr'(Q), p' =p/(p—1),
E[Df]=0 and  E[fDg] = -E[gDf].

As explained in Section A.2.2 (see in particular Lemma A.7), for almost all w, the function D f(-,w)
is nothing but the distributional derivative of f(-,w) € Lfo C(Rd), and the following identity holds:

WhP(Q) = {f € WEPRELP(Q)) : f(z +y,w) = f(z, Toyw), Vo, y,w}. (3.3)

C

Dif = li
f=

This justifies that in the sequel we simply use the notation Df = V f.

3.1.2. Ergodic Weyl decomposition. Ergodicity of the measurable action 7 of (R?, 4-) on the probability
space (€, F,P) is crucial in the sequel. Let 1 < p < co. In analogy with the classical Weyl subspaces
of Lfo C(Rd; R9), we define the subspaces of potential and solenoidal random fields with respect to the
differential calculus associated with the group action in the following way: for p’ = p/(p — 1),

L2 (Q) = {f € LP(GRY) : E[f - (V x g)] =0, Vg € W' (;RY)}, (3.4)
(Q) = {f e LP(4RY) : E[f - Vg] =0, Vg € W' (Q)}.

p
Lsol

Reinterpreting these definitions in physical space, we easily obtain the following reformulations in

terms of stationary extensions:

LP (Q) = {f € LP(;RY) : for almost all w, z — f(r,w) € L2 (R%RY) is potential}, (3.5)

pot loc

LP (Q) = {f € LP(:R?) : for almost all w, z — f(r,w) € LP (R4 R?) is solenoidal},

sol loc

where a function h € LI, (R9) is said to be potential (resp. solenoidal) if V x h =0 (resp. V- f = 0)
in the distributional sense. Constant functions belong to both subspaces, and we further define

FP(Q)={f €Ll (Q) : E[f] =0} and FP(Q)={fell(Q):E[f]=0}.  (3.6)

pot pot
The spaces L (Q), L2 (Q), F2,(Q) and FZ () are all closed in L?(Q; R?), and the following Banach

X pot “sol pot
direct sum decomposition holds

LP(Q;RY) = b

Q)@ F?

sol

() ®RY, (3.7)
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as well as the following density results:

FP () = adh  pqra){Vyg : g € WHP(Q)}, (3.8)
FP(Q) = adh pqpa{V x g : g€ WHP(Q)}.

Since we did not find a suitable reference for these results (besides the Hilbert setting), we provide a
proof of (3.7) and (3.8) in Appendix A.3.

3.2. T-convergence of truncated energies. Since the approximations V¥ of V all satisfy standard
polynomial growth conditions, we can appeal to the classical stochastic homogenization result of [19]
(which could be reproved via a direct adaptation of the (periodic) arguments of [36, Theorem 1.3]).
More precisely, there exists a subset 23 C € of maximal probability such that, for all w € 1, all
k, and all A € R™*? the following limit exists (as a consequence of the Ackoglu-Krengel subadditive

ergodic theorem) and defines the homogenized integrand v
VHA) = lim  inf 7[ VE(y, A + V(y),w)dy, (3.9)
Rtoo gewy " (QrR™) JQr

where Qgr := [—%, %)d. By dominated convergence, this convergence also holds when taking the

expectation of the infimum. In addition, for any bounded Lipschitz domain O C R?, and for all
w € Oy and all k, the functionals J¥(-,w; O) T-converge, as ¢ | 0, to the functional J*(-; O), defined
by

Jf(u,w;O) ::/ Vk(y/s,Vu(y),w)dy, and J’“(u;O) ::/Vk(Vu(y))dy.
o] 0]

Egnmxd

Since k + V¥ is increasing, k 7 s increasing as well, and for all A € we may define

V(A) == limg_00 Vk(A). In particular,

V(A) = supvk(/\) = sup lim inf ][ VF(y, A+ Vé(y),w)dy. (3.10)
k ko Boo gewy P (QrR™) JQr

It remains to pass to the limit k 1 co in the I'-convergence result. The key is to prove the commutation
of homogenization and truncation, which we do in Subsection 3.4 below.

Alternative formulas for V" are obtained in Lemma 3.7. Since V" is convex and everywhere finite,
it is continuous on R™*? and we may directly deduce from the definition V(A) := supy Vk(A):

Lemma 3.1. The map V : R™*4 — [0, 00] is convex and lower semicontinuous. 4

3.3. I-liminf inequality. In view of the definition of V, the I'-liminf inequality is an elementary
consequence of the monotone convergence theorem:

Proposition 3.2 (I-liminf inequality). For all w € Qi, all bounded domains O C R?, and all
sequences (ug)e C WIP(O;R™) with ue — u in WHP(O; R™), we have

liminf J. (ue, w; O) > J(u; O).
el0
g

Proof. Let O, (u:), and u be as in the statement. Then, for all w € ; and all £ € N, using the
[-liminf result for J¥(-,w; O) towards J*(-; O) (see Section 3.2), and that V > V¥,

lim inf J. (ue,w; O) > liminf J* (u., w; 0) > J*(u; 0),
el0 el0

so that, by monotone convergence,

lim inf J. (ue, w; O) > lim J*(u; O) = J(u; O). O
€10 Jetoo

From this I'-lim inf result, we deduce the locality of recovery sequences, if they exist.
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Corollary 3.3 (Locality of recovery sequences). If for some w € Q1, some bounded domain O C R?,
and some function u € WIP(O;R™), there exists a sequence (u:). C WHP(O;R™) with u. — u
in WHP(O;R™) and J.(uz,w; 0) — J(u;0), then we also have J.(ue,w;0") — J(u;0") for any
subdomain O' C O. Hence, by an extension result, the T'-limsup inequality on a bounded Lipschitz
domain O implies the T'-limsup inequality on any Lipschitz subdomain O’ C O. O

Proof. Choose a subdomain O' C O, and define O” := O \ O’. We then have by assumption
; =i 23] =li e(Ue, W; ! eUg, W; "
J(u;0) Elf[f)lJ(u,O) ET&(J(u,w 0') + Je(ue,w; 0"))
> liminf J. (ue,w; O") + lim inf J. (ue, w; O”).
el0 el0

Now by Proposition 3.2 we have liminf, o J:(us,w;0") > J(u;O’) and liminf, o Jz(us, w; O”) >
J(u; O"). The conclusion then follows from the identity J(u; O") + J(u; O") = J(u; O). O

3.4. Commutation of truncation and homogenization. The crucial ingredient to prove the
commutation of truncation and homogenization is the reformulation of the asymptotic homogenization
formula in the probability space. For that purpose, we first introduce the following proxy for V:

P(A) = inf  E[V(0,A+ f,-)]. 3.11
(A4) rer Loy [V ( )] (3.11)
Likewise, for all k£ € N, we set
—k . k
P (A) = inf  E[V®(0,A+ f,-)]. 3.12
W=t B ) (312)

In this case, due to the growth condition (3.2), we may prove (see Lemma 3.7 below) that

imE = P"(A).

inf VE(y, A+ V(y),-)dy
el0

pEW,P(0/eR™) JO /e

However, for V itself, this equality has no chance to be true if A € domP \ domM since the left-hand
side could be infinite (because of the Dirichlet boundary condition) while the right-hand side is not
— see Example 2.3. We thus rather use a “relaxed version” of the Dirichlet boundary conditions and
set for all e > 0

Pe(A,w;0) = inf V(y,A+ Vo(y),w)dy. (3.13)
beWLP(O/eR™M) J O /e
fo e V=0
As opposed to the case of Dirichlet boundary conditions, there is no natural subadditive property in
this definition (two test-functions on disjoint domains cannot be glued together). This difficulty will
be overcome by using a more sophisticated gluing argument that relies quantitatively on the following
sublinearity property of the correctors.

Lemma 3.4 (Sublinearity of correctors). For all A € R™%? there exists a corrector field o €
Mes(Q; Wi P (R4 R™)) such that Vipa(0,-) € FL (Q)™, and

P(A) =E[V(0,A+ Vpa(0,),")].

In addition, pp is sublinear at infinity in the sense that, for almost all w € €,

epp(-/e,w) =0 (3.14)
weakly in WHP(O;R™) for all bounded domains O C R?. O
Remark 3.5. Although the space {Vg : g € W'P(Q)} is dense in Fj..(Q) (see (3.8)), the infi-

mum (3.11) defining P(A) cannot be replaced in general by an infimum over this smaller dense sub-
space because of a possible lack of strong continuity of the functional, see however Proposition 5.1. [
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Proof. Let A € R™*% be fixed. By convexity and by the lower bound (3.1) on V, x + E[V (0, A+, -)]
is lower semicontinuous and coercive on Fgot(Q)m, and therefore attains its infimum. Let g € Fgot(ﬂ)m
be a minimizer. The 7-stationary extension (z,w) + g(7,w) of g is a potential field on R? for almost
every w. Hence, there exists a map ¢ € Mes(£2; VVl(l)’f(Rd;Rm)) such that g(m,w) = Vpa(z,w) for
almost all z,w (see indeed Proposition A.10). The claim now follows from the combination of the

following two applications of the Birkhoff-Khinchin ergodic theorem: for almost all w,

Voa(-/e,w) — 0, (weakly)in LP(O;R™), (3.15)
5/ oa(y/e,w)dy — 0. (3.16)
@]

Indeed, by Poincaré’s inequality and (3.15), the sequence y — epp(y/e,w) — € [, pa(z/e,w)dz con-
verges weakly to zero in W1P(O; R™) for almost every w. Combined with (3.16), this implies (3.14).

To conclude, we turn to the proofs of (3.15) and (3.16). The weak convergence (3.15) to zero is a di-
rect consequence of the Birkhoff-Khinchin ergodic theorem in the form Vipa (-/e,w) = E[Vpa(0,-)] =
0 in L?(O; R™). It remains to prove (3.16). We may assume wlog pA(0,-) = 0 almost surely, so that

1
s][ oA+, w) 5][ / x - Vo (tz, w)dtds
Ofe O/e JO

1/5
< f
0

For almost all w, the function t,(t) = f, = - Voa(tz,w)dz is continuous on (0,00). By (3.15),
Y, (t) = 0 as t 1 oo for almost all w. By joint measurability and (local) integrability of Vyu, and by
stationarity, 0 is a Lebesgue point of Vu (-, w) for almost all w, and hence lim sup, | [, (t)| < oo for
almost all w. The result (3.16) then follows from (3.17). O

-4 m(y/é‘,u))dy‘ -

dt. (3.17)

][ x - Vo (te,w)dz
O

For all A € domP, let pa be defined as in Lemma 3.4, and let Q5 C Q1 be a subset of maximal
probability such that (3.14) holds on Q for all bounded Lipschitz domains. Restricting Q5 further,
the Birkhoff-Khinchin ergodic ensures that, for all w € Q4, we have for all bounded subsets O C R¢
and all t € Q,

Ve (w) 250 (3.18)
O/e
and
][ V(y, tA + Vo (y,w),w)dy =% E[V(0,tA + Viia (0,-))] = P(¢A). (3.19)
Ofe

We now turn to the proof that lim. P*(A,w;O) = P(A) for all A for almost all w € Q. The following
inequality is the most subtle part.

Lemma 3.6. For all A € intdomP and all bounded domains O C R%, there exists a sequence
Va0 € Mes(Q; WHP(O/e; R™)) such that, for all w € Q4, fO/E Viproe(-,w) =0,

eYp0e(-/e,w) =0
weakly in WHP(O;R™) as e | 0, and

P(A) > lim sup][ V(y, A+ Vip 0. (y,w),w)dy > limsup P (A, w; O). (3.20)
el0 Ofe el0

Proof. Let A € int domP be fixed, and let w € Q4. For all t € [0,1) N Q and € > 0, set

O =1 o) Vonu(w), and  ¢nocr(z,w) =ty p(z,w) + A5, - 2.
€
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By definition, fo/s Vir0et = 0, and by Lemma 3.4, ethp 0. c+(-/,w) — 0 in WHP(O;R™) as ¢ | 0.
Hence,
PA(A,wi0) < V(g A+ Vi oy w),w) = P{(A,w0).
O/e
By convexity

Pf(A,w;0) = ]{D/ V(y, A+ tVop(y,w) + Ad o1, w)dy
€

1
< t][ V(y, A/t + Ve (y,w),w)dy + (1 — t)][ 4 <y A"é,s,tw> dy.
O/e O/e 11

Since 0 € int domM , there exists § > 0 such that adh Bs C int domM. As t is rational and w € €y,
we have Ag _, — 0 as € | 0 by the Birkhoff-Khinchin ergodic theorem in the form of (3.18). Hence
there exists ¥ 0t>0 such that, for all 0 <e <€ 0.t We have

and therefore,
1
][ Vv <y, HA‘b”E’t,w> dy < sup M(A') < oo.
O/e |A7]<8
This implies that
lim sup lim sup ]3f(A,w; 0O) < limsup lim supf V(y, A/t + Vo u(y,w), w)dy.
1,teQ €10 11,teQ  elo  Joye
By the Birkhoff-Khinchin ergodic theorem in the form of (3.19) and the continuity of P in the interior
of its domain (as a consequence of convexity), this yields
lim sup lim sup ﬁf(A,w; 0) <limsupE[V (0, A/t + Vi, (0, ), )] = limsup P(A/t) = P(A).
t11,teQ  €J0 t11,teQ t11,teQ
We have thus proved:
~ — +
lim sup lim sup ((Pf(A,w; 0) = P(A)) "+ lletinoeil /g,w)||Lp(O;Rm)> —0.
H1,teQ  €l0
By Attouch’s diagonalization lemma (see [8, Corollary 1.16]), this implies the existence of a sequence
(Yr.0.)e With ¥ 0. € WHP(O/e; R™) such that fO/E V0. =0, limsup, Pf(A,w; O) < P(A), and
ep 0.6(-/e,w) — 0 in LP(O;R™), for all w € Q. By the choice of A, P(A) < oo, so that the lower

bound (3.1) on V implies that the sequence (Vip 0.(-/€,w))s is bounded in LP(O;R™). We thus
conclude that eyp 0 .(+/e,w) = 0 weakly in W1P(O;R™), as claimed. O

In the case of standard growth conditions (thus e.g. for the V¥’s), the corresponding inequality
(3.20) in Lemma 3.6 is indeed an equality. The following lemma gives equivalent definitions for the
—k, . . .

V"’s, which will be crucial in the sequel.

Lemma 3.7. Let O be a bounded Lipschitz domain of R%. For all w € Q1, all k, and all A € R™*9,
the following quantities are well-defined:

V¥(A) = lim  inf VE(y, A + Vé(y),w)dy, (3.21)
el0 pew, ?(0/eRm) JO/e
Vi(A,w) = lim  inf 7[ VE(y, A+ V(y),w)dy, (3.22)
el0 ¢pewl.P(O/e;R™) O/e
fo /e V9=0
Vi(A) = _ inf E[VFO,A+F, )] (3.23)

flEFgot(Q)m
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and we have
—k —k —k
VE(A) =Vi(A) =Vy(A) =V3(A).
O

This result is standard (see for instance [31, Chapter 15]) and we display its proof for completeness.
Note that the formulas (3.22) and (3.23) for V' will be shown to be equivalent to V', whereas formula
(3.21) is in general larger than V.

Proof. Let O C R% be a bounded Lipschitz domain, and k € N. By the definition of I'-convergence
for J* on I/VO1 P(O;R™) and the convergence of infima with Dirichlet boundary conditions, for all A
and w € 7 we have

—k 1

TA0N inf /O V(A + Vo)

O] gewir(0:mm)
1

=~ Lim ][ VE(y/e, A+ Vo(y), )dy = VE(A). (3.24)
0] €0 gewr(0:rm) Jo

Likewise, the I-convergence result holds on {u € WP(0) : [, Vu = 0} so that the identity

V(M) = V5(A)

also follows from the convergence of infima. Since Lemma 3.6 (applied to V* instead of V) yields
VS(A) < V];(A), it remains to prove that V;(A) < V?(A) for all A.

Let O’ C R be a bounded domain. By the coercivity and the lower semicontinuity of the integral
functional J* (which follow from the growth condition (3.2) and the convexity of V*), there exists a
minimizer ¢ € L>(Q; WO1 P(O'; R™)) (where measurability follows from Proposition A.15) such that,
for almost all w,

][ VE(y, A+ V{(y,w),w)dy = inf ][ VF(y, A+ V(y),w)dy.
’ (bGW()l’p(O/;Rm) ’

Set
1
{(z,w) = — / ((z+ 2z, mw)dz = ][ ((z+ 2z, mw)dz.
|O | R4 oY

Clearly, ¢ is well-defined and stationary, belongs to W1P(Q; R™), and

Vé(z,w) = ][ o V((x + z, T,w)dz.

Hence

Vi(A) <E[VF0.A +VE©, ), )] =E [Vk (0’ At T Ve i )] |

O/
and by convexity of V*

Vi(A) <E [][ VR0, A+ V¢(z,70), -)dz} .

By stationarity and the Fubini theorem, we may conclude

V5 < f EIVHA+ 90, =8 [ Jinf VE(y, A + Vo), ~>dy] .
/ pewir(0rrm) Jor
With O" := O/e, the claim VI;(A) < V]f (A) follows by the dominated convergence theorem and the
growth condition from above (3.2). O

The following result proves the equivalence between formulas (i), (ii) and (iii) in Theorem 2.2.
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Proposition 3.8 (Commutation of limits). For all bounded Lipschitz domains O C R%, and all
A € R™%4 we have for almost all w

e _ EnY _ . . & .
V(A)=P(A) = ltlTnlll;%lP (tA, w; O).

By convezity, for all A ¢ ddomV, this takes the form V(A) = P(A) = lim. o P*(A,w; O). O
Remark 3.9. Although not stated explicitly, this result proves the commutation of truncation and

homogenization. By monotone convergence (cf. the proof of V = P below) we have for all ¢ > 0 and
almost every w,

inf V(y,A+Vo(y),w)dy =sup inf VF(y, A+ Vo(y),w)dy
bewbhP(O/ckm) Jo /e kE eewgP0/erm) JO/e
fo)e Vo=0 fo e V=0

so that Proposition 3.8, combined with (3.22) in Lemma 3.7, yields the desired commutation result

lim sup inf % (Z/, A+ Vd)(y), W)dy
0 g eewlro/erm) Jo /e
fo)e Vo=0

=V(A) = supvk(/\) = sup lim inf f VEy, A+ Vo(y), w)dy.
k k&0 ¢erV1»P(g¢<s;g@m O/e
O/e =

0

Proof of Proposition 3.8. We split the proof into two steps.

Step 1. Proof oiv = P.
Let A € domV. By (3.23) in Lemma 3.7, for all k,
—k . k
V(A = inf  E[V®(0,A 4+ f)].
()=t BV )

o

By convexity, f — E[V¥(0,A + f)] is lower semicontinuous on F?

pot
infimum is attained. Hence there exists gy € F., (22)™ such that

()™, and by coercivity, the

V*(A) = E[VF(0, A + gx)).

By the uniform growth condition from below (3.2), (gx)x is bounded in LP(€; R™*%):
1 1 1 — —
Lo gl - LIAP < LENA + 00 < EVEO.A +00)] = VH(8) < V(4).

Let g € F (€)™ be a cluster point of (gx) for the weak convergence of LP(€; R™*4). We have along
the subsequence
V(A) = supvk(A) = Igm E[V*(0,A + gi)]-
k o0
Since k ~ V¥ is increasing and f + E[V*(0, A+ f)] is lower semicontinuous for the weak convergence
of LP(£; R™*%)  this yields for all ¢

V(A) > lim inf E[V4(0, A + gi)] > E[V*(0, A + g)].

We then conclude by monotone convergence that

V) ZEVOA+g] > i EVOA+ ) = P)

For A ¢ domV, the above inequality is trivial so that V(A) > P(A) for all A € R™*4. For the
converse inequality, note that for all A,

P(A) >sup  inf  E[VF0,A+ f)] =sup V" (A) = V(A).
ko fERL (@ p
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Hence, V = P, as claimed.
Step 2. Proof of limyq lim. o P*(tA,w; O) = V(A).
Since for A € domV and t € [0,1), tA € int domV, Lemma 3.6 and Step 1 yield for almost all w

V(tA) = P(tA) > limsup P°(tA,w; O). (3.25)
el0

By (3.22) in Lemma 3.7, for all A € R™*? and almost all w,

el0 pecwlP(O/eR™M)
fO/e $=0

hn%an (A, w; 0) > sup lim inf ][ VF(y, A+ Vé(y),w)dy = supvk(A) =V(A). (3.26)
O/e k

Combined with (3.25), this yields lim. P¢(tA,w;O) = V(tA) for almost all w, for all A € domV and
t € [0,1). By convexity and lower semicontinuity of V, this implies for all A € domV
lim lim P°(tA,w; O) = im V(tA) = V(A 3.27
imlim PX(tA, w; O0) = lm V(tA) = V(A), (3.27)
and (3.26) ensures that this equality also holds for A ¢ domV. By convexity and by (3.27), the

function A +— lim, P#(A,w;0) is continuous outside ddomV, so that the limit ¢ T 1 can be omitted
for A ¢ OdomV'. O

3.5. Proof of Theorem 2.2: I'-convergence with Neumann boundary data. It only remains
to prove the I'-lim sup inequality.

Proposition 3.10 (I'-limsup inequality with Neumann boundary data). Assume p > d. There
exists a subset ' C Qq of maximal probability with the following property: for all w € ', all bounded
Lipschitz domains O C R?, and all u € WYP(O;R™), there exists a sequence (uz). C WHP(O;R™)
such that ue — u in WP(O;R™) and J:(uz,w; O) — J(u;O). O

Proof. We split the proof into three steps. We first treat the case of affine functions, then the case
of continuous piecewise affine functions, and finally the general case. The novelty of our approach is
the careful gluing argument needed to pass from affine to piecewise affine functions.

Step 1. Recovery sequence for affine functions.

In this step, we consider the case when u = A - x is an affine function. More precisely, we prove the
existence of a subset 0 C ; of maximal probability with the following property: given a bounded
Lipschitz domain O C RY, for all w € €' and all A € intdomV, there exists a sequence (u¥ 2e)e C
WhP(O; R™) with u¥ 2 — Az weakly in WP(0O;R™) such that, for all Lipschitz subdomains o C O,
we have J.(uf _,w; O') — J(A-z;0"). By Corollary 3.3, it suffices to prove this for O’ = O.

By Lemma 3.4 and Proposition 3.8, there exists a sequence ¢ € Mes(£2; VVli’f(Rd; R™)) such that,
for all w € Qp, we have ey (-/e,w) — 0 weakly in WP(O; R™) and, by the Birkhoff-Khinchin ergodic
theorem in the form of (3.19),

V(A)=P(A)=lim 1  V(y,A+ Voa(y,w),w)dy.
el0 O/e

In particular, by a change of variables, this yields

J(A-2;0) = |OIV(A) = lim Je(A -z + epp(-/e,w), w3 O).

The function w2 (z) := A -z + epa(z/e,w) thus satisfies v — A -2 in WYP(O;R™) and
Ja(uéx’w,w; O)—= J(A-z;0) as €] 0, for all w € Qy.

We then define €' C € as the (countable) intersection of all Qx’s with A € Q™% N int domV,
which is still of maximal probability. Let A € intdomV and w € Q' be fixed. Choose a sequence
(Ap)n € Q™% NintdomV such that A, — A. For all n, we have already constructed a sequence
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(ug,)e C Wl’p(O;Rj) such that ug, — A, - in Whr(O;R™) and J.(u¢,,,w;0) — J(Ay - x;0).
Since by convexity, V' is continuous on int domV', we have

lim sup lim sup (|Je (ug,,, w; O) — J(A - z;0)| + [[uf,, — A - 2| p(0:rm))

ntoo el o

= limsup (|J(An - 2;0) = J(A- 25 0)| + || A - . — A - @[ 1o 0.rm))
ntoo

< limsup (|O[|V(An) — V(M) + ColA, — A|) = 0.
ntoo

By the Attouch diagonalization lemma (see |8, Corollary 1.16]), this implies the existence of a sequence
(v¥)e such that J.(v¥,w;0) — J(A - x;0) and v* — A -z in LP(O;R™) for all w € . By the p-th

3
order lower bound for V', we conclude that v converges weakly to A - z in W1P(O; R™).

Step 2. Recovery sequence for continuous piecewise affine functions.

Let w € €, O C R? be a bounded Lipschitz domain, and u be a continuous piecewise affine
function on O such that Vu € intdomV pointwise. We shall prove that there exists a sequence
(u®). € WHP(O;R™) with u¥ — u weakly in W1P(O;R™), such that J.(u¥,w;0) — J(u;0). For
that purpose, the major issue consists in gluing the recovery sequences for the different affine parts
together, which requires a particularly careful treatment.

Consider the open partition O = L-ijle O, associated with u (note that the O;’s have piecewise
flat boundary outside 0), and define ¢; + A; - = := u|o,, with A; € intdomV, for all 1 <[ < k.
Let M := (Uf:1 00;) \ 90 be the interior boundary of the partition of O, and for all r > 0 set
M, =M+ B,)NO = {z € O :dist(z, M) < r}, the r-neighborhood of this interior boundary. By
Proposition A.17, for all 0 < k <1 and r > 0, there exists a continuous piecewise affine function w,
on O with the following properties:

(i) Vuy, = Vu pointwise on O \ M., and

limsup sup |[ug, — ullg~0) = 0; (3.28)
rl0 0<k<1

(ii) Vuy, € conv({A;: 1 <1 <k}) € intdomV pointwise (where conv(-) denotes the convex hull);

(iii) denoting by O := g, OL ,. the open partition associated with uy,,, and denoting kAL =
Ugrlor for all I, then, for any i,j with Oy, . N IO, # @, we have |A, . — AL, | < k.

We shall approximate u with these refined continuous piecewise affine functions u, , having smoother
variations; in the sequel, we shall successively take the limits x | 0 and r | 0.

Since w € Q' and O C R? are fixed in the argument, we drop them from our notation. Fix
k,7 > 0. By Step 1, for all 1 < ¢ < n,, there exists a sequence (U§7,€77«)s - VVI})’f(Rd;Rm) with
u;,w — cfw + Afwﬂ -z in Wli’f (R4 R™) and such that, for all Lipschitz subdomains O’ C O, we have
Je(ug o pyw; O') = J(A} - 2;0"). For all n >0 and all 1 <i < n,,, define the sets

Of:;,m ={z € O : dist(x, O,i,r) <n}=0n (O,’;,T + By),

O, ={z € O, : dist(z, 00} ) > n}
Let then Y "
function Xfwm has values in [0, 1], equals 1 on O

= 1 be a partition of unity on O, where, for all 1 <7 < n,,., the smooth cut-off

i : : it :
wry and vanishes outside O, and satisfies the

1
Xk,rn

bound |fowm| < C'/n pointwise for some constant C’ > 0. We now set

Nk,r

Ue,k,rn = Uk,r + § :(ue,n,r - (Cn,r + AI{,T : x)) Xn,r,n'
=1
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By the Sobolev compact embedding for p > d, we have u’ o Gyt Afw, -~z in L®(O;R™) as e | 0,
and hence lim sup, lim sup, ||te s,ry — ter|lLe0) = 0, 50 that (3.28) yields

lim lim sup lim sup lim sup lim sup |[tuc s.r.n — ul[r22(0) = 0. (3.29)
1 r0 K0 110 €l0

Let us now evaluate the integral functional J.(-,w;O) at tue ., for t € [0,1). Since

Nk,r
tvusvﬁzrvn = Z tXi’i,'I‘,ﬂvué,li,?‘
=1
t Nk,r
+ (1 - t)m Z ((ufs,n,r - (C;l{,’l’ + Af{,r ' x))VXZ,r,n + (vuﬁﬂ" - Af{,r)Xff,r,n) ’
=1
and (1 —1t)+ Zn“ 1t f” n = 1, we have by convexity and non-negativity of V'

Nk,r

Ja(tue,n,r,nvw§0> < (1 enrnt +t2/ ann (y/g vusnr(@/) w)dy
K,’I"I]

Nk,r
S (=) Ee ke + Z Je(ug o pyw O;l:_r ?7) (3.30)
i=1
where the error term reads
Nk,r
E =[|V - : —(d+ AL, y)Vx,
€,K,m Mt — 0 y/E’ 1—¢ Z (us,m,r(y) (Cn,r + K,T y)) Xm,r,n(y)
i=1
(T ) = Ao ) )
For all i, set N];m {j:j#1, Of@tm N ijm # @}. We then rewrite the argument of the energy
density in the error term as
Nik,r
Serrn@) = |3 (0 g (0) = €y + by - 9) VX 0) + (Tt (9) = AL )Xy 0)) ‘
i=1
;) Mwe,r
< 72” EK:T_ ,r+A2,r'$)”L°°(O) + sup Sup ’Afﬁ,r _A;Lﬁ:,T‘|’
1<i<nk,r jEN} n

Since by definition limsup, g sup;ey: . AL, — Al | < & for all i, we have

lim sup lim sup lim sup Se x,r.,(y) = 0
k0 nd0 el0
for all r,n > 0. By assumption, there exists § > 0 such that adh Bs C intdomM. Hence, for all
r,t > 0 there exists x,; > 0 such that for all 0 < k < k,; there exists 7., > 0 such that for all
0 < 1 < 1k, there exists ey ., > 0 with the following property: for all 0 < & < &, .5y,¢, We have

t

’HS&"@T’U < (S

L>(0)

This yields the bound

Ee ot < O] sup M(A') < oo,
IA/|<6

and proves

lim lim sup lim sup lim sup lim sup(1 — ¢) E . .t = 0,
L2 S} K40 140 €l0
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so that (3.30) turns into

lim sup lim sup lim sup lim sup lim sup J. (tue 4, w; O)

t11 rl0 k0 nd0 el0
Nk,r
i+
< lim sup lim sup E lim sup lim sup J. (ul . ., w; O, - (3.31)
rl0 k0 i—1 nd.0 el0 ’

For all ¢, we have by construction
hm JE( z—: K 7'7 Of:rr 7]) = ’Of:,rr,n|V(Af£,r)7

so that, by definition of O%

R,r,n?
i J. (i 05 0i) = [0, V(AL

Hence, summing over ¢, 1 <14 < n, ., yields

Nk,r Nk,r

+
1{;\{82\{8{]( E,R,T7 O;Li'r"f] Z’OK/T‘V
On the one hand, Vu,, = Vu holds on O \ M,. On the other hand, for all i,x,r, Af{’r e K =
conv({A; : 1 <1 < k}), which is a compact subset of int domV. Using in addition the non-negativity
of the energy density, one may then turn the above equality into

Nk,r

lim lim Je(us s W5 ijm) = J(upr; O) = J(u; O\ My) + J(ug r; M)
P nd0 el0

< J(w;0) + |[M,|sup V.
K

Combined with (3.31), this yields
lim sup lim sup lim sup lim sup lim sup Jz (tue . r.p, w; O) < J(u; O). (3.32)
t11 0 k10 nd0 el0
We are now in position to conclude. By coercivity of V, the sequence V(tuc ry) is bounded in
LP(O;R™*4). Combined with (3.29) (convergence in L>°(O;R™)), this shows that any weakly con-
verging subsequence of (tue x rn)en.nrt i WHP(O; R™) converges to u. Hence the I-lim inf inequality
of Proposition 3.2 yields

lim inf lim inf lim inf lim inf lim inf J; (tue x 0, w; O) > J(u; O).
t11 10 0 nd0 el0

These last two inequalities combine to
lim sup lim sup lim sup lim sup lim sup (\Je(tua,,@m,w; O) — J(u; O)| + |[tue o pm — 'LLHLP(O;Rm)) =0,
t11 rl0 k0 nd0 el0

and we conclude as before by the Attouch diagonalization lemma.

Step 3. Recovery sequence for general functions.

We claim that, for all w € €', all bounded Lipschitz domains O C R? and all u € W'P(O;R™),
there is a sequence (uc). C WIP(O;R™) with u. — w in WHP(O;R™) and J.(ue,w; O) — J(u; O).
By the locality of recovery sequences (cf. Corollary 3.3), we may consider that O is a ball of R? to
which we may apply the approximation result of Proposition A.16. By the I'-liminf inequality of
Proposition 3.2, we can further assume that v € WHP(O;R™) satisfies

J(u:0) = /O V(Vu(y))dy < oo,

so that Vu € domV almost everywhere. Let u be such a function and let w € Q' be fixed.
Since O is bounded, Lipschitz and strongly star-shaped, V is convex, and 0 € int domV', Proposi-
tion A.16(ii) shows that there exists a sequence (uy)y, of continuous piecewise affine functions with
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Vu, € intdomV pointwise such that u, — u (strongly) in WHP(O; R™) and J(u,; O) — J(u; 0O) as
n 1 oo. By Step 2, for all n, there exists a sequence (u. ). C WYP(O;R™) such that ue, — u, in
WLP(U; R™) and Je (e pn,w; O) = J(up; O), as € | 0. In particular,

lim lim (| Jz (ten, w; O) — J(u; O)| + [ue,n — ullLp0rm))

ntoo £/0
= }leIg; (]J(un; 0) — J(u; 0)| + |Jup, — UHLP(O;RM)) =0.
We then conclude as before by the Attouch diagonalization argument. O

3.6. Proof of Corollary 2.4(i): lifting Dirichlet boundary data. We split the proof into two
steps. We first consider the case when J(au; O) < oo for some o > 1, and then turn to the case when
in addition [, M(Vu) < oo or [, M(aVu) < oo for some a > 1.

Step 1. Case when J(au; O) < oo, for some a > 1.

Asv € u+ Wol’p(O;Rm) and J(au;0) < oo, Proposition A.16(ii)(a) yields the existence of a
sequence (vg)r C u + C(O;R™) with v — v in WHP(O;R™) and J(v; O) — J(v;0). For all
r >0, set O} = {x E O : dist(x,00) > 2r}, O? := {x € O : dist(z,00) > r}, and choose smooth
cut-off functions x., x? with the following properties: the functions take values in [0,1], x} equals
1 on O} and 0 on R?\ O, x? equals 1 on O? and 0 on R?\ O, and |Vx}|, \Vxﬂ < C'/r for some
constant C’. For all w € €', Proposition 3.10 provides sequences (uf). and (v, ;)e in WhP(O;R™)

such that v — w and vZ, , — XLog + (1 — xH)u in WHP(O;R™), and J.(v¥,w;0") — J(u;0’)
and Je(vZ, ., w; 0') — J(xtvg + (1 — x})u; O, for any subdomain O’ C O. We then set We, =
v e 2)u¥. Given t € [0,1), using the decomposition

tvwz—:rk tervsrk+t(l —XT)VU +(1_t)17VXr( erk u?)?
and convexity, we obtain

J(twsrkvw;o) (1_t)E rkt+J(5rk’w O)+J(uevwo\02) (333)

£

where the error term reads

Egj,r,k,t = /OV (y/€7 1

For all y € O\ 02, since xl(y) = 0, we have

)02 ) — (), w) ay.

02,1 () = w2 )] < Mgk — O + (1= x0)w)llie (o) + 14 = ullr=(0)-

By assumption, there is some ¢ > 0 with adh Bs C int domM . Hence, for all fixed r, k, ¢, there exists
erk,t > 0 such that for all 0 < e < &, we have

1-1¢

HVXT srk - u(;)

and therefore

limsup EZ, ;. , < [0] sup M(A') <
el0 |A|<6

Inequality (3.33) then turns into
lim sup lim sup lim sup lim sup J. (twe),. 5., w; O)
t11 kToo 10 el0

< limsup limsup J(xpv + (1 — x3)u; O) + limsup J (u; O \ O2).
kToo rl0 rl0



26 M. DUERINCKX AND A. GLORIA

The second term in the right-hand side vanishes since J(u; O) < oo, and it only remains to study the
first term. By definition, for fixed k, we have vy € u+ CZ°(O;R™), so that for all > 0 small enough,
XL + (1 — x})u = vy, pointwise on O. This implies

lim sup limsup J(xtvr + (1 — x})u; O) = limsup J (vy; O) = J(v; 0),
kToo rl0 kToo

and thus

lim sup lim sup lim sup lim sup J¢ (tw?
11 kToo 10 el0

w;0) < J(v;0).

e,r,k

Combined with the I'-lim inf inequality of Proposition 3.2 and a diagonalization argument, this proves
the first part of the statement.

Step 2. Cases when [, M(Vu) < oo or fo (aVu) < oo for some o > 1.
If u is chosen in such a way that [, M o M(Vu(y))dy < oo, then we can repeat the argument of Step 1
with v¥ := u, and bound the last term in the right-hand side of (3.33) by

lim sup lim sup J. (u, w; O \ O?) < lim sup M (Vu(y))dy = 0.
710 el0 rl0 0\O?

We conclude with the case when u satisfies [, M (aVu(y))dy < oo for some o > 1. Let v, x7, X2 be
chosen as in Step 1, and let w € ' be fixed. For any t € [0, 1), Proposition 3.10 shows the existence
of a sequence (v, ;) in WLP(O;R™) such that R XLop + (1 — xHu/t in WHP(O; R™)
and Je (v, 1 w;0) — J(xtv, + (1 — xHu/t; 0'), for any subdomain O’ C O. Set Wy =
X%”Zr,k,t + (1 = x2)u/t. As before, we obtain by convexity

‘]E(tw;r,kzt’ ) < J( Ve, r k,t> W5 O)+J (u/t W 0\02)
=0 [ M (TR0 k)~ ) 1))

and the conclusion then follows, using the convexity once more in the following form: for ¢t > 1/«

lim sup limsup J. (u/t, w; O \ O?) < limsup M (Vu(y)/t)dy
710 €10 rl0 O\O?
1
< — limsup M (aVu(y))dy + limsup |O \ O?|M(0) = 0.
at 0 Jo\oz rl0

This completes the proof. ]

Remark 3.11. As can be seen in the proof, the assumption that J(au;O) < oo can be relaxed to
J(au; O") < oo for some open neighborhood O’ C O of 9O in O. O

3.7. Proof of Corollary 2.4(ii): soft buffer zone for Dirichlet boundary data. We split the
proof into two steps. For all s > 0 and O C R¢, we use the notation O, := {z € O : dist(zx,00) > s}.

Step 1. I'-liminf inequality.

Let w € @, let O C R? be a bounded Lipschitz domain, let v € W?(O;R™) with J(u;0) < oo,
and let (ucz)e C WHP(O;R™) be a sequence with u. — u in W1P(O;R™). By the T-lim inf inequality
for J. in Proposition 3.2,

lim inf J? (ue,w; O) > liminf J. (ue,w; Oy) > J(u; Oy) = / V(Vu(y))dy,
el0 el0 Oy,

that is, using that fo\o (Vu(y))dy — 0 as n ] 0,

lim inf lim inf J? (u., w; O) > J(u; O
0 inflim § (ue, w; 0) > J(u; 0).

Step 2. I'-limsup inequality.
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Let w € €/, let O C R? be a bounded Lipschitz domain, and let v € W1?(O; R™) with J(u; O) < oo.
By Proposition 3.10, there exists a sequence (w:). C WHP(O; R™) such that w. — 0 in WP(O;R™)
and Je(u + we,w; O) = J(u; 0). Given n > 0, choose a cut-off function x,, with values in [0, 1], such
that x, equals 1 on O, and 0 outside O, and that satisfies |Vx,| < C’/n for some constant C’ > 0.
Set Ve 1= XpWe € Wol’p(O;Rm). For all ¢t € [0,1), we have

t
tVu 4 tVue ;) = tx, V(u 4+ we) + t(1 — xy)Vu + (1 — t)meVXn,
so that by convexity and the definition of V.2,
JI(tu 4 tve g, w; O) < (1 = t)Ee i + JI(u + we,w; O) + / (1-— Xn(y))VEO’”(y, Vu(y),w)dy
O

< (I =t)Eept + Je(u+ we,w; O) + / |Vu(y)[Pdy, (3.34)
0\0,

where the error is defined by

t
Bons = [ VO (1w Vo). ) dy

p
dy. (3.35)

<jo)+ [ | ) V)

O\Oy

By the Rellich-Kondrachov theorem, w. — 0 (strongly) in LP(O), so that limsup, E. ,: < |O|M(0)
for all ¢,7n. Passing to the limit in inequality (3.34) thus yields
lim sup lim sup lim sup JZ (tu + tv., w; O, n) < limsup Je(u + we,w; O) = J(u; O).
t11 nd0 el0 el0
We then conclude by the same diagonalization argument as before and Step 1. This proves the first
part of the statement.

Now consider the case when u satisfies J(au;O) < oo for some o > 1. Then, for all ¢ € [0, 1),
Proposition 3.10 provides a sequence (wet): € W1P(O;R™) such that w.; — 0 in WHP(O;R™) and
Je(u/t+we s, w; O) = J(u/t; O) as € | 0. Define ve s, := xyWe,t, where x,, is the same cut-off function
as above. We then have now

t
Vu+tVue .y = txyV(u/t +we ) + (1 — xp)Vu/t + (1 — t)l—_twe,tvxm

so that by convexity and definition of Vgo’n,

T2+t 0:0) £ (1= OB+ Jowft 4 wegiO) + 87 [ [Vu)Pdy,  (330)
O\Oy
where the error is defined by

ﬂmrﬂMM®+/
O\Oy,

t p
T Wet (W)Vxn(y)| dy.

By the Rellich-Kondrachov theorem, w.; — 0 (strongly) in LP(O) for all ¢, so that limsup, E. , , =
|Oy| M (0) for all ¢,n. Passing to the limit in inequality (3.36) then yields

lim sup lim sup lim sup J (v + tve ¢ 5, w; O) < limsup limsup Je(u/t + wet,w; O) = limsup J(u/t; O).
11 nl0 £l0 1 £l0 1

Since u satisfies J(au; O) < oo, we deduce by convexity that the map ¢ — J(u/t; O) is continuous on
(1/e,1]. This implies lim supyy J(u/t; O) = J(u; O), and the conclusion follows. O

Remark 3.12. As can be seen in the proof, the assumption that J(au;O) < oo can be relaxed to
J(au; 0") < oo for some open neighborhood O" C O of 90 in O. O
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4. PROOF OF THE RESULTS FOR NONCONVEX INTEGRANDS

In this section, we study the case when W is nonconvex but admits a two-sided estimate by
a convex function (which may depend on the space variable) and prove Theorem 2.6. Let W be
a (nonconvex) 7-stationary normal random integrand, which is further assumed to be ru-usc (in
the sense of Definition 2.5, with respect to some 7-stationary integrable random field a). Up to
a translation, for simplicity of notation, we can restrict to the following stronger version of (2.10)
and (2.4): for almost all w, y, we have, for all A,

SIAP < V(A w) < Wiy, A w) < C(V(y, A w) + 1), (1.1

for some C' > 0 and d < p < 0o, and for some convex 7-stationary normal random integrand V. Also
assume that 0 belongs to the interior of the domain of the convex function M :=supess, ,, Viy,-,w).
We can then apply Theorem 2.2 to V, yielding an homogenized energy density V with the following
property: defining

Je(u,w; O) —/

o

V(y/e, Vuly).w)dy,  J(u;0) = /O V(Vuly))dy,

for almost all w, the integral functionals J.(-,w;O) T-converge to J(;O) on WP(O;R™), for any
bounded Lipschitz domain O C R?. Let Q9 C Q be a subset of maximal probability on which all
these assumptions and properties (of V, W) are simultaneously pointwise satisfied.

4.1. Definition of the homogenized energy density. We need to define in this section a candidate
for the homogenized energy density W. As before, the standard homogenization formula with Dirichlet
boundary conditions does not hold because of the generality of the growth conditions considered here.
Instead, we use the corrector for the convex problem as a boundary condition for the nonconvex
problem, which is indeed admissible because of the two-sided growth condition (4.1).

More precisely, for all A € R™*?, Lemma 3.4 yields a function ¢ € Mes(Q; WEP(R% R™)) such

loc
that Va(0,-) € Fpo, (2)™ and

Now, for any ¢ € [0,1), consider the function yf, defined by

Wh(0.w) = inf / W (y, tA + tVr (4, w) + Voly), w)dy.
UGWOLP(O;]R’”) o

As this quantity is stationary and subadditive, the Ackoglu-Krengel ergodic theorem implies:

Lemma 4.1 (Definition of the homogenized energy density). Let t € [0,1) be fized. Then, there
exists a function Wy : domV — [0, 00) such that, for all A € domV, the following holds for almost all
w € Qq: for all bounded Lipschitz domains O C RY,

W(A) = hmw

SOV (42)

where convergence also holds for expectations. Now define W (A) := liminfy liminfyr, o We(A') for
any A € domV, and further set W(A) = oo for all A ¢ domV. Then, W satisfies V< W < C(1+V)
on the whole of R™*% and for all A € R™*4 the following holds for almost all w and all bounded
Lipschitz domain O C R%:

w L0
TV (A) = limn inf lim inf lim “27(9/£:)

4.3
1 A=A o |O/e] (43)

where the liminf as t 1 1 can further be restricted to t € Q. Finally, in the particular case when W

is convex, then W coincides with the various definitions for the homogenized integrand as given by
Theorem 2.2. U
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Proof. We split the proof into three steps.

Step 1. Definition of Wy(A) and proof of (4.2).

First consider the case when A € domV. Let t € [0,1) be fixed. The upper bound in (4.1)
then implies E[u} (O,-)] < C|O|(1 + tV(A) + (1 — t)M(0)) < oo. As the function pf is obviously
stationary and subadditive, and as p}(O,-) is measurable by Hypothesis 2.1, the Ackoglu-Krengel
subadditive ergodic theorem (see e.g. [33, Section 6.2]) can be applied and asserts the existence of
some W(A) € [0,00) such that, for almost all w, we have

7 . Nf\(Imw)
for any regular sequence (I,), C Z := {[a,b) : a,b € Z%} such that lim,1o [, = R? (in the usual
sense of [33, Section 6.2]), and moreover this convergence also holds for expectations. In particular,
we easily see that the same result must hold for the choice I,, = nQq, where () is any cube aligned
with the axes. Further note that, for all bounded Lipschitz subsets O’ € O C R%, we can estimate,
as Wy (0 /e;R™) C Wy (O /e; R™),

el (0/e,w) < el (O’ Je,w) + Ed/ W (y,tA + tVpa (y,w), w)dy
(0\0")/e

< elph (0'/e,w) + ClO\ O] (1 + ][ V(y, A+ VwA(y,w),w)dy> ,
©

\O')/e

where the last expression in brackets converges to 1 + V(A) < oo as € | 0. Now based on this
estimate, an easy approximation argument (see e.g. [30, Step 4 of the proof of Theorem 3.1]) allows
us to conclude as follows: for almost all w (for all w € Qy, for some subset Q4 C Q of maximal
probability, say), we have for all bounded Lipschitz domains O ¢ R¢ and all ¢ € (0,1)

lim W = W, (A). (4.4)

Step 2. Definition of W and proof of the bounds V(A) < W(A) < C(1+ V(A)) for A € domV.

Let A € domV be fixed, and let O C R? be some bounded Lipschitz domain. We define W(A) =
lim inf; lim infyr ;o Wi (A’). The bounds V(A) < W(A) < C(1 + V(A)) directly follow from the
two-sided estimate (4.1) together with the following equality, for almost all w,

V(A) =Vo(A,w), (4.5)

where we have defined

Vo(A,w) := lim inf lim inf lim inf ][ V(y/e, tA + tVop (y/e,w) + Vo(y),w)dy.
tT1 AN—A €]0 UEWOl’p(O;Rm) O

Let us give the argument for (4.5). On the one hand, we can estimate

Vo(A,w) > liminf lim inf lim inf ][ V(y/e, tA + tAL(w) + Vo(y),w)dy,
tT1 N—=A el0 vewlP(OR™) [0
fo Vv=0
where we have set AL(w) := f, Vou(-/e,w). For almost all w, since AL(w) — 0, we can write, for
any k > 0,

> . . . . . . /

Vo(A,w) > A';\z\lfIiii\|§nhI?T}nf1H?¢%)nf vewll’?(fO;JRm) ][OV(y/s,tA + Vou(y),w)dy,
fo Vv=0

so that formula (2.8) yields Vo(A,w) > infrar—aj<n V(A'). Passing to the limit x | 0, the lower

semicontinuity of V directly gives V(A,w) > V(A). On the other hand, the convexity of V, the
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Birkhoff-Khinchin ergodic theorem and the definition of ¢, give for all ¢ € [0,1] and all A’ € R™*4

lim inf ][ V(y/e,tN + tVpp (y/e,w) + Vo(y),w)dy
el0 UEWOI’p(O;Rm) o

< lif(r)l V(y/e, N +Von(y/e,w),w)dy + (1 —t)M(0) = V(A) + (1 — )M (0).
€ (@]
Passing to the limit A’ — A and ¢ 1 1, and using the lower semicontinuity of V in the form of
V(A) = liminfp 5 V(A), this gives VO(A w) < V(A). The desired identity (4.5) is proven.

Step 3. Case when A ¢ domV.
For A ¢ domV, arguing as in Step 2 above, we can estimate, using the pointwise bound V" < W,

lim inf lim inf lim inf inf ][ W(y/e,tA+tVpp(y/e,w) + Vo(y),w)dy > V(A) = oo,
tT1 A —A €0 ’UEWOl P (O;R™)

so that (4.3) trivially holds with W(A) := co. Moreover, the bounds V < W < C(1 + V) holds as
well. .

Although the definition of the homogenized energy density W (A) may a priori depend on the choice
of a corrector ¢y, it would follow a posteriori from the I'-convergence result that the value of W (A) is
independent of that choice. As this independence will actually be useful in the proof of the I'-lim sup
inequality (see the proof of Lemma 4.4(c)), we display a direct proof.

Lemma 4.2 (Independence upon the choice of a corrector). Assume p > d, and let t € [0,1) and
A € domV be fized. For almost all w, given a bounded domain O C R%, if (uz). C WHP(O;R™)
satisfies ||uc |0y = 0 and limsup, [, V(y/e, A+ Vu(y),w)dy < Cp|D| for all subdomains D C O
and some constant Cpn > 0, then, for all Lipschitz subdomains D C O,

Wi(A) = lim inf ][ W(y/e, tA + tVu:(y) + Vu(y),w)dy, (4.6)
el0 vew, P (D;R™)
where the limit is well-defined. O

Proof. Let t € [0,1) and A € domV be fixed. Let w € Q be fixed such that (4.2) holds on all bounded

Lipschitz domains and such that moreover, for all bounded domains D C R%,

lewa(-/e;w)llLe(py — 0, /D V(y/e, A+ Vop(y/e,w),w)dy — V(A),

which follows almost surely from Lemma 3.4, the Sobolev embedding and the Birkhoff-Khinchin
ergodic theorem. Let (uc). be as in the statement of the lemma. Also denote v¥ := epp(-/e,w) €
I/Vlo’cp(Rd R™). By the choice of w, the sequence (v¥). satisfies the same properties as u. on any

bounded domain, with C replaced by C'y = V(A), and moreover, for all bounded Lipschitz domains
D c RY,

Wi(A) = lim inf ][ W(y/e, tA +tVuZ(y) + Vo(y),w)dy. (4.7)
&0 veW, P (D;R™)
Let D C O be some fixed Lipschitz subdomain. On the one hand, define
W;(A, w; D) = limsup inf ][ W(y/e, tA + tVue(y) + Vu(y),w)dy. (4.8)
el0  veW P (D;R™)J D
Given n > 0, set D, := {x € D : dist(x,0D) > n} and consider the difference
A;m = inf / W(y/e, tA + tVue(y) + Vou(y),w)dy (4.9)
veW P(D;R™) J D

— inf W(y/e, tA 4+ tVvZ (y) + Vw(y),w)dy.
weW, * (Dy;R™) J D,
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Choose a smooth cut-off function , such that x;, equals 1 on D, and vanishes outside D, with
[Vxy| < C'/n for some constant C’ > 0, and define w¢, := xyve + (1 — xy)ue. Restricting the first
infimum in (4.9) to those v’s that are equal to t(v. — uc) on dD,, we obtain

Aw

S inf W(y/e, tA + tif_:‘J,n(y) + Vou(y),w)dy.

veWy P (D\Dy;R™) J D\D,,

Hence, choosing v = 0, using the upper bound W < C(1 + V') and decomposing

w w t
tVwe, = tx, Vv + t(1 — xy)Vue + (1 — t)TVXn( — Ug),

we obtain by convexity

Acey < CID\ Dy ( ]é\D V(y/e, A+ Vue(y),w)dy
n

+][ V(y/e, A+ Vuvi(y),w)dy + E,t,n> ,
D\D,
where the error reads
= f, v (0l Va0 ~ o))
D\D,

Since v¥ and u. go to 0 in L°°(D;R™), we can prove that, for any ¢ € (0, 1),

lim sup limsup A, , < limsup C|D \ D,|(1 + Cx + C}y) = 0.
nd0 el0 nd0
In view of equalities (4.7) and (4.10), this implies W (A, w; D) < W(A).
On the other hand, define
W, (A,w; D) =liminf  inf ][ W (y/e, tA + tVu:(y) + Vo(y),w)dy, (4.10)
el0  yew P (D;R™)

and repeat the same argument as above with D" := {z : dist(z, D) < n} and

inf W(y/e, tA +tVvZ(y) + Vo(y),w)dy

w .
etn
veW, P(Dm;R™) J Dn

— inf / W(y/e, tA + tVu(y) + Vw(y),w)dy,
weWy P (D;R™) J D

which then yields W;/(A, w; D) > W¢(A). This shows that W;/(A, w; D) = W;(A, w; D) = W(A), and

the result is proven. O

Let 1 C Qg be a subset of maximal probability such that (4.2) holds for all w € Q,t € QN 0,1)

and A € Q™*?NdomV, such that (4.3) holds for all w € Q; and A € Q™*%, and such that we further
have, for all w € Q1, A € Q%% and all bounded domains O C R?,

V(A)=lim+ V(y,A+ Vear(y,w),w)dy.
el0 O/e

4.2. T-liminf inequality by blow-up. In this section, we prove the I'-liminf inequality for Theo-
rem 2.6 by adapting the blow-up method introduced by [25] (see also [7, Section 4.1] and [14]). In
the present context, a subtle use of the corrector for the convex problem is needed.

Proposition 4.3 (I-liminf inequality). For any w € Q1, any bounded Lipschitz domain O C R%,
and any sequence (ue)e C WEP(O; R™) with ue — u in WP(O;R™), we have

liminf I, (u.,w; O) > I(u; O).
el0
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Proof. For all r > 0 and z € R?, define Q,(z) = z + rQ and S, .(x) = Q,(7) \ Qrx(x) for all kK > 0.
For all £ > 0 and all A, w, define x¢' = cpp(-/e,w). For all w € Q; and A € Q¢ the sequence
(X2 ) satisfies x2) — 0 in WHP(O;R™) and J.(x¥p + A -z, w; O') = J(A-2; O') = [O'|V(A) as
e ] 0, for any subdomain O’ C O.

From now on, let w € Q; be fired, let O C R? be some bounded Lipschitz subset, and let (u.). C
WLP(O;R™) be some fixed sequence with ue — u in WHP(O; R™). We need to prove

limi%nf I (ue,w;0) > I(u;0). (4.11)
€.
It does not restrict generality to assume liminf, I.(ue,w;O) = lim, I (ue,w;0) < oo and also

sup, Ic(ue,w; 0) < oco. Hence, Vuc(z) € domW (z/¢e,-,w) = domV (z/e,-,w) for almost all z. Fur-
thermore, the I'-convergence result for V' yields J(u; O) < liminfe J:(ue,w; O) < lime I (ue, w; O) <
00, so that Vu(z) € domV for almost all .

Step 1. Localization by blow up: we prove that it suffices to show for almost all zy that

lim inf lim inf lim W (y/e, tVue(y),w)dy > W (Vu(zo)). (4.12)
t11 rl0 €l0 Qr (o)

For all € > 0, consider the positive Radon measure on O defined by dp.(x) = W(z /e, Vu.(x),w)dz.
As sup, p.(adh O) < oo by hypothesis, the Prokhorov theorem asserts the convergence p. — p up
to extraction of a subsequence, for some positive Radon measure p on adhO. (The extraction will
remain implicit in our notation in the sequel.) By Lebesgue’s decomposition theorem, we can consider
the absolutely continuous part of the positive measure p, and the Radon-Nikodym theorem allows to

define the density f € LY(U) of the latter. As O is open, we then have by the portmanteau theorem
(see e.g. [10, Theorem 2.1|)

liminf I (u., w; O) = liminf p.(0) > p(O) > / f(z)dz.
3 3 o)

Hence, in order to prove (4.11), it suffices to show that f(x) > W(Vu(z)) for almost all z. Since
p(adh O) < oo, we have p(9Q,(x)) =0 for all r € (0,1) \ D, where D, is at most countable, so that,
for almost all x, Lebesgue’s differentiation theorem and the portmanteau theorem successively give

f(z) = lim 7p(QTd(:E)) = lim lim 7p€(Qz(l‘))
10 r 710 £]0 r
r¢ Dy r¢ Dy
Hence, it suffices to show that, for almost all g,
lim inf lim W(y/e, Vue(y),w)dy > W (Vu(xg)).

740 €40 Qr(xO)
Using the ru-usc assumption on W, we easily deduce the following inequality:
lim sup lim inf lim W(y/e, tVue(y),w)dy < liminflim Wi(y/e, Vue(y),w)dy. (4.13)
i1 0 S0 JQ(ao) w00 JQr (o)
Indeed, as Vu.(y) € domW (y/e,-,w) for almost all y, we can write

f W(y/s,twg(y),mczys<1+A%V<t>>f W (y/e, Ve (y), w)dy
Qr(x0) Qr(zo0)

FAWO F  aly/ew)d,
Qr(wo)
and thus, by 7-stationarity of a, the Birkhoff-Khinchin ergodic theorem yields

lim inf lim W(y/e, tVu:(y),w)dy
00 JQ, (z0)

< (14 AL @) liminflim £ W(y/e, Vue(y),w)dy + Aty (DE[a(0, )],
rl0 €l0 Qr(z0)
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so that inequality (4.13) now directly follows from the ru-usc assumption with respect to a (meaning
indeed that lim sup;y Afy, () < 0). Using (4.13), we finally conclude that it is sufficient to show (4.12)
for almost all xg.

Step 2. Proof of (4.12) by truncation.

The idea is to truncate u. at the boundary, in order to make appear in the left-hand side of (4.12)
precisely W (tVu(x)), which will then allow us to conclude.

Let t,x € (0,1) be fixed. Since p > d, the Sobolev embedding yields u. — w in L*°(O;R™).
Moreover, combining the Lebesgue differentiation theorem for Vu and the Sobolev embedding for
p > d, we deduce that, for all o ¢ N (for some null set N' C R, |N| = 0),

1
liro ~llu = u(@o) = Vu(@o) - (z = 20)l[L> (@ (20)) = 0. (4.14)

Enlarging the null set A, we can also assume that Vu(zg) € domV for any xo ¢ N. From now
on, let zp € O \ NV be fixed and write for simplicity A := Vu(xg). Since V is convex and lower
semicontinuous, we have V(A) = liminfy, ,y pregmxa V(A'), and a diagonalization argument then

allows us to choose a sequence (A,), C Q™*? such that A, — A and V(A,) — V(A) as r | 0, and
simultaneously

1
lim =l — u(@o) = Ar- (@ = 20)l|L> (@ (w)) = 0- (4.15)

Let ¢, be a smooth cut-off function with values in [0, 1], such that ¢, . equals 1 on Q,«(xo), vanishes
outside Qr(zo), and satisfies ||V, x|/ < (1 - We then set

Verk = ¢r,mu5 + (1 - ¢r,n)(u(x0) + A, (x - 1’0) + X;),Ar (l‘))

Since v, coincides with u. on Q. (z9) and 0 < W < C(1+ V), we have

][ W(y/s,thsyT,H(y),w)dy
QT(Z'O)

C
< ][ Wi(y/e, tVue(y),w)dy + — / V(y/e, tVoe,x(y),w)dy + C(1 — k7). (4.16)
QT(IU) T Sr H(IO)

Defining W, ; (7)) 1= V¢r . () @ (ue(z) — u(zo) — Ar - (x — 20) — X 5,) and decomposing
t

tVUEmH = t¢r7,{Vu5 + t(l — qbr,n)(Ar =+ VX:J,A,«) + (1 — t)li—t

‘Ils,r,m

we obtain by convexity of V

V(y/e, tV Ve k(y), w) < tdr iV (y/e, Vue(y),w) + (1 — ¢rn)V(y/e, Ar + VXE A, (¥), w)
=0V (16 Wl
W(y/e, Vue(y),w) + V(y/e, Ar + VX 5, (¥),w)
=0V (02 Ve (417)
Combined with
IWermllLoe (s, @o)) < 7“(12—5) (||Us —ullpee(0) + [[u = u(x0) — Ar - (x = 20) [lLo0 (@1 (w0))
+ HX;J,ATHL"O(O)>7

the convergences u. — v and x¢' — 0 in L(O;R™) as € | 0, and (4.15) yield

lim sup lim sup H\IJET,{HLoo (Spn(z0)) = O-
710 £10
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By assumption, we can find 6 > 0 with adh By C int domM. Hence, for all ¢, € (0,1), there exists
Tkt > 0 such that, for all 0 < r < 7., there exists some €, ¢ > 0 such that for all 0 < e < e, ¢

t

]_—t g, "k

< 4.
L% (Sy,k(20))

This implies
t
/ V (y/57 \I]e,r,n(y)7w> dy S ‘Sr,n(xO)’ sup M(A/) = Td(l - ’%d)‘ sup M(A/),
Sy (20) 1—1 A/ <5 A/ <5

where the supremum is finite, by virtue of the convexity of M and our choice of § > 0. Combined

with inequality (4.17) and the definition of the correctors x, = (with lim, V' (A,) = V(A) < c0), this
yields

lim inf lim inf lim inf lim inf/ V(y/e, tVve . x(y), w)dy
Sr,n (-TO)

e 1 710 l0

< liminf lim inf lim inf W(y/e, Vu Lw)dy.
T Rl rloElo /Sr,ﬁ(a:o) (y/ e(y),w)dy

This turns inequality (4.16) into

lim inf lim inf lim inf lim inf Wiy/e, tVu ,w)d
/M1t rl0 elo ]ﬁ)r(zo) W/ erly), @)y

< liminf lim inf lim inf Wiy/e, tVu ,w)d 418
= UMD R0 elo ]ér(xo) (y/ c(y),w)dy (4.18)

C
lim inf lim inf lim inf — w dy.
+ HBTIIH 11;1&{1 1r£1¢%)n - /Sr,ﬁ(xo) (Z//Eavua(y)7w) Y

Since we have chosen w € Q, t € QN (0,1) and A, € Q™% (4.2) holds and reads

W,(A,) = liminf  inf ][ W y/e, thr + tVon (-/2,w) + Voly), w)dy.
0 wewP(O;R™) J @, (x0)

Hence, since v, — u(xo) — Ay - (x — z9) € Xea, Wol’p(QT(aso);Rm) with x&, = epp,.(+/e,w),
(4.18) yields

W(Vu(xg)) = W(A) < hr%ilnf limi%ant(Ar)

< lim inf lim inf lim inf W (y/e, tVer(y),w)d
IS R T T ]ér(mo) (y/ (), w)dy

< liminf lim inf lim inf W(y/e, tVus(y),w)d 4.19
<ttt lmint f W ly/e, 19 (0).)dy (419

+ lim sup lim sup lim sup C(;/ W(y/e, Vue(y),w)dy.
K11 rl0 elo T JS, .(xo)

It remains to get rid of the second term of the right-hand side of (4.19). By the portmanteau theorem,

1 S’I‘fi
lim sup rd/s - W(y/e,Vue(y),w)dy = lim sup W
r,k (L0

el0 el0
pe(adh S, ..(zo)) < p(adh S, .. (zo))

rd — rd

< limsup
el0

Since the singular part of p must be supported in a closed subset of adh O of measure 0, we deduce,
for almost all o € O\ N, the existence of some ry > 0 sufficiently small such that adh Q,(z¢) has no
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intersection with that support for all 0 < r < ry. Hence, for all 0 < r < rg,

1
fimsup [ Wg/e Vue(y),w)dy
elo T Sr.x(z0)

adh S, . (z 1
< LRI L = o s fw
r T J Sy (20) Qr(z0) Qrr(z0)

where, for almost all xg, the right-hand side converges to (1 — x%)f(z¢) as r | 0 by Lebesgue’s
differentiation theorem. Hence, for almost all xq, (4.19) turns into

W (Vu(zg)) < limsup lim inf liminf][ W(y/e, tVu:(y),w)dy,
i1 0 S0 JQ (o)

and the desired result (4.12) is proven. U

4.3. T'-lim sup inequality with Neumann boundary data. In this section, we prove the I'-lim sup
inequality, first considering the affine case, and then deducing the general case by approximation. For
this approximation argument to hold, we would however need to know a priori that the homogenized
energy W satisfies good regularity properties (i.e. lower semicontinuity on R™*? and continuity on
int domV). Since this is not clear at all a priori, our strategy (inspired by [7]) consists in introducing
some relaxations of W that enjoy the required properties, and then in deducing a posteriori from
[-convergence (or a weaker form of it) the equality of W with its relaxations (so that W itself has
all the desired properties). Motivated by the work of Fonseca [24] (see also [7]), we thus consider the
following relaxation of W:

ZW(A) := inf {][ W(A+ Vo(y))dy : ¢ continuous piecewise affine on O and ¢|go = O} ,
@]

where the definition does clearly not depend on the chosen underlying (nonempty) bounded Lipschitz
domain O C RY. Also write ZW for the lower semicontinuous envelope of ZW (defined by z W(A) :=
liminfa/ o ZW(A’) for all A). Now define the integral functionals corresponding to all these relaxed
integrands: for any bounded domain O C R? and v € WP(O; R™),

Zﬂw@xaLZWGM@Wm éﬂw@;aééwam@mw
The following result gives some properties of these relaxations, which will be crucial in the sequel:
Lemma 4.4 (Properties of relaxations). Assume p > d. Then the following holds:
(a) ZW (and thus also ZW ) is continuous on int dom ZW .
(b)) V<ZW <W <C(1+V).
(c) W and ZW are ru-usc.

(d) For any t € (0,1), we have tadh domZW C int domZW, and the following representation result
holds:

ZW(A), if A € intdomZW ;
ZW(A) = liltn ilnf ZW(tA) = ¢ limy ZW(tA), if A € 9domZW;
—
00, otherwise;

where, in particular, the limit in the second line does exist.

(e) Let A € R™*% and let O C R? be a bounded Lipschitz domain. Then, there evists a sequence
(¢r)k C W&’p(O;Rm) of piecewise affine functions such that ¢ — 0 in L=(O;R™) and

yloWM+V%@W@:ZWM)

kToo
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Proof. Continuity of ZW on int dom ZW is a result due to [24], which yields part (a) (even without
any ru-usc assumption on W). The inequalities stated in part (b) directly follow from the definitions
of V, W and ZW. Part (e) is standard (see [7, Proposition 3.17] for details). It remains to prove
properties (c¢) and (d).

Step 1. Proof of (c).

We first prove that Wy is ru-usc, for any fixed ¢t € [0,1). Let s > 0, A € domW = domV, and
let O € R? be some bounded Lipschitz domain. For almost all w, note that by convexity, for all
subdomains D C O,

limsup/ V(y/e,sA+ sVop(y/e,w),w)dy
el0 D

< lsifg i Vy/e, A4 Vop(y/e,w),w)dy + (1 — s)M(0) = V(A) + (1 — s)M(0) < oo.

Hence for almost all w we can apply equality (4.6) at sA with ue = seppa(-/e,w), which yields
Wi(sA) = lim inf ][ W(y/e, stA + stVop(y/e,w) + Vou(y),w)dy.
40 yewy P(O;R™) JO

Given w € ) such that this convergence and (4.2) both hold, and choosing a sequence (v¢). C
Wol’p(O; R9) such that
Wi(A) = hﬁ)l Wi(y/e,tA+tVon(y/e,w) + Vol (y),w)dy,
3
we deduce

W) = W) <lim - (Wl/2, s0A + 1V pa(u/e,) + V2(0)). )

— W(y/etA + tVipa(y/z,w) + Vo2 (y), @) ) dy
< Ay (5)lim f (aly/z.0) + W /e, th + 1 pay/2,) + V2 1), )y
€ o

= Ay (s)(E[a(0, )] + Wi(A)), (4.20)
using the Birkhoff-Khinchin ergodic theorem for the stationary field a. As W; and the field a are
nonnegative, as a := E[a(0, -)] is finite and as limsupsyy Afy,(s) < 0 by assumption, we deduce that
W, is also ru-usc. Now rewriting inequality (4.20) in the form

Wi(sA) < aljy(s) + (1+ (=1) V A%y () Wi(A),

and taking the suitable liminf, we directly deduce W(sA) — W(A) < (1) V Af, (s)(a + W(A)) for
all A € domV and s € [0,1), proving that W is itself ru-usc with Ag = (=1) V A (s).

We now show that ZW is also ru-usc. Take s > 0 and A € domV By definition, there exists a
sequence of piecewise affine functions (¢y)r C T/VO1 P(0) such that

ZW(A) = %1%10 W(A+ Vor(y))dy

As A € domV, the left-hand side is finite, and we can thus assume A + Vo € domW almost
everywhere. Hence the ru-usc property satisfied by W gives

ZW(sA) — ZW(A) < Jim ][ S(A+ V() — WA + Véry)))dy

< Agp(s) lim O(a + W(A+Ver(y))dy = Af(s)(a + ZW(A)).

Step 2. Proof of (d).
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Since domZW = domV is a convex set containing 0, it is clear that, for all ¢ € [0,1), tadh domZW
is contained in int domZW. We first show that the limit lim;; ZW (tA) exists for all A € adhdomV'.
Given some fixed A € adhdomV, choose two sequences s, T 1 and ¢, T 1 with ¢, /s, 1 1 such that

lim ZW (spA) = liI?Tilnf ZW(tA) and liTm ZW (tpA) = limsup ZW (tA).
ntoo 1

ntToo
As s, A, t,A € domV for all n, and as ZW is ru-usc, we have
lim ZW (t,A) < limsup(a + ZW (s, A))AYy (tn/sn) + liTm ZW (spA)

nfoo ntoo
< liTm ZW (spA) < liTm ZW (t,A),

which thus proves the existence of the limit limi; ZW (tA) for all A € adhdomV.

We now prove the claimed representation result. First, if A € int domV, then liminf; ,; ZW (tA) =
ZW(A) = ZW(A) follows from part (a). Second, if A ¢ adhdomV, then ZW (tA) = oo for any t
sufficiently close to 1, and thus liminf,_,; ZW(tA) = co = ZW(A). Now it only remains to consider
A € 9domZW. Then ZW (tA) = oo whenever t > 1, so that we simply have liminf, ,; ZW(tA) =
liminfy ZW(tA) = limgyq ZW (tA), since we have already proven the existence of this limit. Hence,
it suffices to prove that ZAW(A) = liminfyy; ZW(tA). By definition of the lower semicontinuous

envelope ZW of ZW , this equality would follow if we could show that, for any sequence A,, — A, we
have

lin%inf ZW(Ay) > lir?Tilnf ZW (tA). (4.21)
It is of course sufficient to assume liminf,, ZW(A,) = lim, ZW(A,) < oo and sup,, ZW(A,,) < oc.
Hence, A,, € domV for all n, and thus, for all t € [0,1), tA € intdomV, so that, using part (a) as
well as the ru-usc property satisfied by ZW, we have

ZW(tA) = lim ZW(tAy) < lim ZW(A,) + Afy (1) lim (o + 2V (A,)).

This yields

limsup ZW (tA) < lin% inf ZW(A,,),
1 ntoo

and proves (4.21). O

Combining the I-liminf inequality for I. towards I with a I'-limsup argument, we prove the
following a priori surprising equality of W with its relaxations.

Lemma 4.5 (Regularity of the homogenized energy density). Assume p > d. Then W(A) =
ZW(A) = ZW(A) for all A € R™*9. In particular, W is lower semicontinuous on R™*? and is
continuous on int domV . g

Proof. We split the proof into four steps.

Step 1. Recovery sequence for I(A - x;O).

Let A € intdomV and let ¢ € [0,1). In this step, for almost all w, for all bounded Lipschitz domain
O C R? we prove the existence of sequences t. 1 1, A — A and (w.). C I/VO1 P(O;R™) such that
epp. (-/e,w) = 0, we = 0 in WEP(O;R™) and I.(t-Ac - @ + etepp, (-/e,w) + we,w; O) — [O|W(A) =
I(A-z;0).

By definition of W and a diagonalization argument, for almost all w and all bounded Lipschitz
domains O C RY, it suffices to prove the existence of a sequence (v.). C WO1 P(O;R™) such that
ve — 0 in WHP(O;R™) and I.(tA - = + etop(-/e,w) + vz, w; O) — [O|W(A) as € | 0.

Let O be some fixed bounded Lipschitz domain. Given € > 0, consider the cubes of the form
k(2 4+ Q), z € Z% that are contained in O/e, and denote by zj € 7, 5 =1,.. ., Nc i, the centers
of these cubes (the enumeration of which can be chosen independent of ¢, k). Since O is Lipschitz,
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we have N.j(ek)? — |O] as e | 0, for all k. For all j,w, we can choose a sequence (vi’w)k with
vl € Wy P (k(zj + Q); R™) such that

f W (g tA + 1Vpn (3, w0) + VoI (), w)dy
k(Zj+Q)

< inf ][ W (y, tA + tVpa(y,w) + Vo(y),w)dy.
k(z;+Q)

1
_
ko vewy? k(e +@iRm)
For all ¢, k,w, we then consider the function v, = Z;V:Ef Ui’w]lk(zﬁQ) € Wol’p(O/a;Rm), and we
define w?; := evZ;(-/¢) € W, ?(0;R™). Up to a diagonalization argument, it suffices to show that,
for almost all w (independent of the choice of O, as it is clear in the proof below),

lim sup lim sup (‘IE(tA -z + etpp(-/e,w) + Wy, w; 0) — [O|]W(A)] + Hw:kHLP(O)) =0. (4.22)

k1Too el0

First we argue that, for almost all w,

lim sup limsup I (tA - © + etop (- /e, w) + wly, w; O) < [O]W(A). (4.23)
ktoo  el0

Indeed, by definition of w?,,
I(tA -z + etpp (- /e, w) + wey, w; O)
Ne k
1 :

< PERINL Yt Wt V() + Vo) w)dy
oWy P (k(z QR Jh(z4Q)

+ Ed/ N Wy, tA + tVou(y,w), w)dy.

(O/N\U; 51 k(24Q)
Since W < C(1 + V), the last term of the right-hand side goes to 0 as € | 0 for almost all w by
construction of the cubes k(z; + Q) and definition of 5. The Birkhoff-Khinchin ergodic theorem
(which we apply to a measurable map by Hypothesis 2.1) then gives, for almost all w,

limsup I (tA - z + et (-/e, w) + wly, w; O)
el0

9,
= |l<:| +IOE inf Wy, tA +tVenr(y, ) + Voly),-)dy| - (4.24)

veW, P (kQ;R™) J kQ

Lemma 4.1 then yields the desired result (4.23) as k T oo. On the other hand, by definition (4.2) of
Wy, for all k and almost all w, we have

limiionf I(tA -z + etop(-/e,w) + we i (-, w), w; O)
[

> |O|lim inf inf W (y,tA + tVa(y,w) + Vo(y),w; 0) = |O[W(A). (4.25)
el0 vGWOI‘p(O;Rm) O/e
We now show that wy, — 0 in LP(O;R™) as € | 0, for almost all w. Combining inequality (4.24)
with the bound W < C(1+ V), the p-th order lower bound for W and the convexity of V', we indeed
have

[0) _
lim sup [[£A + tVA (-/2,w) + Vw7 o) < |k| +ClO|(1 + TV (A) + (1 — )M (0)) < oo.
el0

For almost all w, the weak L” convergence of the sequence (Vipa(-/e,w))e to 0 implies the boundedness
of this sequence in LP(O; R™*%), so that (Vwey)e is also bounded in LP(O;R™*%), for any fixed k.
By Poincaré’s inequality on cubes of side length ke, this implies

[wehllr0) < Cr(w)e,
for some (random) constant Cj(w). Combined with (4.23) and (4.25), this proves (4.22).
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Step 2. Recovery sequence for ZI(A - x;0).

Let A € intdomV and let O C R? be a bounded Lipschitz domain. In this step, for almost all
w, we prove the existence of a sequence (uc)e C W1P(O;R™) such that u. — 0 in WHP(O; R™) and
I.(A -z +u.,w;0) = ZI(A - 2;0).

Lemma 4.4(e) gives a sequence (¢ ) C VVO1 P(O;R™) of piecewise affine functions such that ¢ — 0
in L?(O;R™) (and even in L*°(O;R™)), and

(6 + A -a;0) = /O WA+ Vér(y)dy 2 (0|2 (A).

Denote by (P,f:)?:’“l the partition of O associated with the piecewise affine function ¢;. For all k£ and
1 < i < nyg, considering Al := A + V¢k|PI§ on P,i, Step 1 above gives, for almost all w, a sequence
t- 71, asequence AL _— Al and a sequence (v! ;). C Wol’p(P,i;]Rm) such that e, k(-/e,w),vi g —0
in Wh?(P{;R™) and Ia(teAék'9U+€ts§0/\iyk('/€7w) —i—v;k,w; Ply = I(AL-2; PY) = I(¢p+A-3; Pf). As
the Ué i S satisfy Dirichlet boundary conditions, they can be directly glued together, while for the ¢, ’s
we need to repeat the more complicated gluing argument of Step 2 of the proof of Proposition 3.10,
with p > d. Although the functional I, is not convex here, as in the proof of Proposition 4.3, the idea
is to use the bound W < C(1 4 V) at all points where the cut-off functions are different from 1 or

0, then use the convexity of V' and estimate the corresponding error terms as before. We leave the
details to the reader.

Step 3. Recovery sequence for ZI(A - z; 0).

Let A € domV and let O C R? be a bounded Lipschitz domain. In this step, for almost all w,
we prove the existence of a sequence (u¥). C WHP(O;R™) such that u¥ — 0 in W'P(O;R™) and
LAz +uf w;0) — ZI(A-z;0).

By Lemma 4.4(d), ZW and ZW coincide on int domV, and hence the result on int domV already
follows from Step 2. Let now A € ddomZW. Lemma 4.4(d) then asserts ZW (A) = limg ZW(tA).
By convexity of domV, for all ¢ € [0,1), we have tA € intdomV, and hence, for almost all w,
Step 2 above gives a sequence (uct): C W1P(O;R™) such that u.; — 0 in WP(O;R™) and I.(tA -
T+ Ugp,w;O) = ZI(tA - 2;0) = |O|ZW (tA). The conclusion then follows from a diagonalization
argument.

Step 4. Conclusion.

Let A € domV, let O C R? be a bounded Lipschitz domain, and let (u¥)e be the sequence given
by Step 3 above. As u¥ — 0 in W1P(O;R™), the T-liminf inequality (see Proposition 4.3) gives, for
almost all w,

|O|1ZW(A) = liﬁ)lfg(A cx+ud w;0) > I(A-x;0) = |O[W(A).
&

This being true for any A € domV, we conclude that ZW =W everywhere. U
With Lemma 4.5 at hands, we may prove the I'-lim sup inequality.

Proposition 4.6 (I-limsup inequality). Assume p > d. There exists a subset Q' C Q1 of mawi-
mal probability with the following property: for all w € ', all strongly star-shaped (in the sense of
Proposition A.16) bounded Lipschitz domains O C R? and all u € WHP(O;R™), there exist a se-
quence (u:)e C WEP(O;R™) and a sequence (ve)e C Wol’p(O;Rm) such that us — u and ve — 0 in
WLP(O;R™), and such that I.(us + ve,w; O) — I(w; O) and J.(ue,w; O) — J(u;0) as € | 0. O

Recall that the I'-liminf inequality implies the locality of recovery sequences (see the proof of
Corollary 3.3). Hence, the I'-convergence result on a Lipschitz domain D for Neumann boundary
conditions follows from the I'-lim sup on a ball B O D and the I'-liminf inequality on B\ D. For the
adaptation of Corollary 2.4, the approach is similar and we leave the details to the reader.

Proof. Step 1. Recovery sequence for affine functions.
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In this step, we consider the case when v = A - x. is an affine function. More precisely, we
prove the existence of a subset Q' C €y of maximal probability with the following property: given
a bounded Lipschitz domain O C RY, for all w € €’ and all A € int domW, there exist sequences
(us)e € WEP(RGR™) and (ve). © Wy P(O;R™) such that ue — A -z in W,2P(RGR™) and v, — 0
in WhP(O;R™), and such that I.(ue + ve,w; O) — I(A - 2;0) and J-(ue,w; O') — J(A - 2;0") for all
bounded domains O’ C R%.

Let A € int domV. For almost all w € Qy, and all bounded domains O’ C R?, we have by convexity,
the Birkhoff-Khinchin ergodic theorem, definition of A/, and continuity of V at A:

limsup lim J.(tA" - x + ety (-/e,w),w; O') < limsup lim J. (A" - @ + epp/ (- /e, w), w; O)
tT1L,A'—A €l0 A=A €l0

= 10| lim V(A) =|0'|[V(A) = J(A - 2;0).
AN —A
Combined with the T-liminf inequality for J.(-,w;O’) towards J(-; O’) (for w € 1), this yields

lim  lim J.(tA’- tonr (- ;O") = J(A - z;0). 4.26
aim e (EAT- 2+ ety (e, w),w; OF) = J(A - 207 (4.26)
By definition of W, we may choose sequences A,, — A and ¢, 1 1 such that Wy, (A,) — W(A). For
this choice, (4.26) yields for almost all w and all bounded domain O’ C R?
lim lim J. (t, Ay, - @ + et (+/e,w),w; O') = J(A - 2;0").

ntoo )0
For all n and almost all w, set u?,, :=t, Ay, - 7 +etppp, (+/€,w). By Step 1 of the proof of Lemma 4.5,
for any bounded Lipschitz domains O C R?, there exists a sequence (Ugn)s C VVO1 P(O;R™) such that
v¥, — 0in W'P(O; R™) and L. (v, + v¥,,w; O) — [O[Wy, (Ay).

By a diagonalization argument, we then conclude that for almost all w and all bounded Lipschitz
domains O C R? there exist sequences (u.). C VVlif (R4 R™) and (ve). C Wg P(O;R™) such that
ue = A -2 and v. — 0 in WP and such that I.(u. + ve,w;O0) — I(A - 2;0) and J.(u.,w; 0") —
J(A - x;0") for all bounded domains O’ C R?.

Now define @ C €1 as a subset of maximal probability such that this result holds for all A €
Q™4 N intdomV and all w € €. Arguing as in the end of Step 1 of the proof of Proposition 3.10,
and using the continuity of both W and V in the interior of the domain (see Lemma 4.5), the
conclusion follows.

Step 2. Recovery sequence for continuous piecewise affine functions.

We now show that, for any w € €, any bounded Lipschitz domain O C R?, and any continuous
piecewise affine function u on O with Vu € intdomV pointwise, there exist a sequence (uc): C
WP(O;R™) and a sequence (ve)e C Wol’p(O; R™) such that u. — u and v: — 0 in WHP(O; R™), and
such that I.(ue + ve,w; O) — I(u;0) and Je(ue,w; O) — J(A - 2;0). This follows from an immediate
adaptation of Step 2 of the proof of Proposition 3.10. Again, the functional I, is not convex, but we
may use the bound W < C(1 4 V) at all points where the cut-off functions are different from 1 or
0, and use the convexity of V' to estimate the corresponding error terms. We leave the details to the
reader.

Step 3. Recovery sequence for general functions.

We show that, for all w € €, all strongly star-shaped bounded Lipschitz domains O C R?, and all
u € WIP(O;R™), there exist a sequence (u:). C WHP(O;R™) and a sequence (v.). C Wol’p(O;]Rm)
such that u. — u and v. — 0 in WY?(O;R™), and such that I.(u. 4+ ve,w;O0) — I(u;0) and
Je(ue,w; 0) = J(u;0). Let O C R? be some fixed strongly star-shaped bounded Lipschitz domain.
By the I-liminf inequality of Proposition 4.3, we can restrict attention to those u € W1P(O;R™)
that satisfy

I(u;0) = /O W (Vu(y))dy < oo,

so that Vu € domV almost everywhere. Let u be such a function and let w € €' be fixed.



STOCHASTIC HOMOGENIZATION OF NONCONVEX UNBOUNDED INTEGRAL FUNCTIONALS 41

Let t € (0,1). Since O is Lipschitz and strongly star-shaped, and since W is lower semicontinuous
on R™*4 continuous on int domV, ru-usc, and satisfies V< W < C(1+ V) (see indeed Lemmas 4.4
and 4.5), the nonconvex approximation result of Proposition A.16(ii)(c) yields a sequence (uy,), of
continuous piecewise affine functions such that u, — u (strongly) in W1P(O;R™), I(up; O) — I(u; O)
and J(u,;0) — J(u;0) as n 1 oo, and such that Vu, € intdomV pointwise. Now Step 2 above
gives, for any n, sequences (uz ). C WP(O;R™) and (ve,)e C Wol’p(O; R™) such that ug, — u, and
Ven, — 0in WLHP(0O;R™), and such that I (e 40, w; O) = I(up; O) and Je(ug p,w; O) = J(uy; O)
as € | 0. The result then follows from a diagonalization argument. O

5. PROOF OF THE IMPROVED RESULTS

5.1. Subcritical case 1 < p < d. In this section, we prove Corollary 2.9. We shall use truncations in
place of the Sobolev compact embedding. For such truncation arguments to work, we need to restrict
to the scalar case and to assume that the domain is fixed, i.e. domV(y,-,w) = domM for almost all

Y, w.

Proof of Corollary 2.9. In the proof of Theorem 2.2 and Corollary 2.4, the Sobolev compact embed-
ding into bounded functions is used both in Step 2 of the proof of Proposition 3.10 and in Step 1
of the proof of Corollary 2.4(i) (see Section 3.6). We only display the argument for Proposition 3.10
(the argument for Corollary 2.4(i) is similar).

We use the notation of Step 2 of the proof of Proposition 3.10. For all s > 0, define the truncation
map Ts : R — R as follows:

s, if v > s;
Ts(x) =sign(z)|z|As=qx, if—s<xz<s; (5.1)
—s, ifz < —s;

and for all s > 0 consider the following s-truncation of w. s -
UE:&T:TLS = TS(UE:'@T:W - uK/»T) + uﬂyr 6 WIVP(O; R)' (5'2)
Since |tue jrn,s — | < 5+ |tug, — ul, we may replace (3.29) by

lim lim sup lim sup lim sup lim sup lim sup ||t s s — ullL(0) = 0.
1 10 K10 740 sl0 €l0

Since Ve s s = To(Ue gy — W) Ve rm + (1 = To(Ue i rn — Unr)) Vg, we deduce by convexity,

noting that 7} takes values in [0, 1],

JE(tUS,H,’I‘,’/]7SJ wy O) < /O Ts/(ua,n,r,n(y) - Un,r(y))v(y/57 tvua,n,r,m W)dy (53)

+ / (1= T (tesran () — tr (9))V (/2 1Vt )y
O

< Je(ttewr wi O) + {Y € O+ |uerin(y) — wnr(y)] > s3] max M(tA)
T 0) 4 57t = s o (1= 0M00) + s M)

Since by definition (and by the Rellich-Kondrachov theorem) we have e sy — ug, (strongly) in
L?(0) as € | 0, since the A;’s all belong to domV, and since by assumption domM = domV, we
deduce, combining this with (3.32), that

lim lim sup lim sup lim sup lim sup lim sup J. (tue x rz,s, w; O) < J(u; O).
1 r0 K10 710 510 €l0

The rest of the proof is unchanged. O
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5.2. Minimal soft buffer zone for Dirichlet boundary data. In this section, we prove Corol-
lary 2.10. In view of the error term (3.35) in the proof of Corollary 2.4, it seems that the speed of
convergence of 77 to 0 with respect to € must depend quantitatively on the speed of convergence of w,
to 0 in L*°(O;R™). In the case when the target function is affine (A - x, say), then w. := epp(-/¢,-)
is the rescaling of the corrector and its convergence to zero is strictly related to the sublinearity of
@A at infinity, cf. Lemma 3.4. Even in the linear scalar case when V(y,A) = A - A(y)A for some
matrix random field A, this sublinear growth can be arbitrary, and we expect that for all v < 1, there
exists a field A such that E[\@A(x)lz]% ~ |z|7 as |x| > 1 (see recent results in [28] and the example
of Gaussian fields with non-integrable covariance). Yet, if instead of using the corrector ¢, itself,
which is in general not stationary and well-behaved, we use a proxy that is stationary, then the size
of the buffer zone can be (optimally) reduced, at least for affine target functions, as the following
proposition shows.

Proposition 5.1. If for all A € R™*% we have

V(A) = inf  E[V(0,A + Do, )], 5.4
(A) =, inf  EV(OA+ Do) (5.4)

then the conclusion of Corollary 2.10 holds (and we can further replace 0 by any sequence ne | 0
satisfying iminf. . /e > 0). d

Identity (5.4) is essentially a regularity statement on quasi-minimizers of f +— E[V(0,A + f,-)] on
(©)™. By Poincaré’s inequality, periodic gradients with mean-value zero are gradients of periodic
functions, and hence in that case the space Fy,, () coincide with {D¢ : ¢ € WHP(€Q)™}, so that (5.4)
is trivially satisfied. This already proves Corollary 2.10 under the additional assumption (1).
On the other hand, the following result shows that (5.4) is also satisfied in the scalar case m = 1
if the domain of V is fixed, in which case truncations are available. This proves Corollary 2.10 under
the additional assumption (2).

p
Lpot

Lemma 5.2. If m = 1 and if domV (y,-,w) = domM is open for almost all y,w, then (5.4) holds
true for all A. O

Proof of Proposition 5.1. For all A € R™*? by assumption (5.4), for all § > 0, there exists a sta-
tionary random field oy 5 € WHP(;R™) such that E[V(0,A + Via 5(0,-),)] < V(A) + 6. Set
ulo = epps(-/e,w). By stationarity, for almost all w, the Birkhoff-Khinchin ergodic theorem

asserts that, for any bounded domain O C R%,

lim / 9 eP = |O[E[lpn.s
el0 Jo

P, lim / Vb = |OJE[Vn 4P, (5.5)
el0 Jo

Let O C R? be some fixed bounded domain. For n > 0, set O, := {z € O : dist(x, d0) > n}. For any
sequence 7). } 0, (5.5) yields

lim [ud2% /e|P = 0 = lim |Vulowp, (5.6)
=0 Jo\o,. =0 Jo\o,.

Fix such a sequence 7. | 0. As in Step 1 of the proof of Proposition 3.10, for all A € R™*¢,
we obtain the following, for some subset Q5 C Q of maximal probability: for all w € 2, and all
§ > 0, there is a sequence (u2*¥), ¢ W1P(O;R™) such that u2* — 0 in W'P(O;R™) as € | 0,
limsup, Jo(A -z + ul o 0O) < J(A - x;0) + 6, and such that (5.6) is satisfied.

Let A and w € Qy be fixed, and let (ué\’é’w)s be as above. For all ¢ > 0, choose a smooth cut-off
function x. with values in [0, 1], equal to 1 on O,, = {z € O : d(x,00) > 0.}, vanishing outside O,
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and with |Vx.| < C'/n. for some constant C’. Defining v := y.ul ¢ Wol’p(O; R™), we obtain
JIE(A -z + U?’(S’w, w;0)=J(N-x+ vé\’(s’“’,w; Oy.) + / A+ Vv?"s’w|p

O\O"Ie
< J(A -z + v w; 0) + 3PTHAPIO N\ Oy |

e /o o (IVul P + |Cul* [ [P),
Ne

and hence, if the sequence 7. | 0 is further chosen such that liminf. n./e > 0,

lim sup J% (A - 2 + v2% w: 0) < limsup Jo (A -  + v2% w; 0) < J(A - 2;0) + 4.
el0 el0

Therefore, limsupglimsup, J&°(A - = + A 0O) < J(A - z;0). Combined with the I'-liminf
inequality of Proposition 3.2 and a diagonalization argument, this proves the result. O

Proof of Lemma 5.2. We split the proof into two steps.
Step 1. Preliminary: we claim that it suffices to prove that, for all A € domV,

limsup inf E[V(0,tA + D¢,-)] < V(A). 5.7
isup il V( )] < V(A (5.7)

Define V'(A) := inf ycpp1p(q) E[V(0, A + D¢, -)]. By definition V'(A) > V(A) for all A, and hence
property (5.7) together with the lower semicontinuity of V directly yields V(A) = limyy V’(tA) for
all A (and in particular the limit exists). Since V' is obviously convex, it is continuous on the interior
of its domain. Since the domain is assumed to be open, this yields V(A) = V’(A) for all A.

Step 2. Proof of (5.7).
Let A € domV be fixed. Lemma 3.4 gives a measurable corrector u := ¢, € Mes(€; VVﬁj’f (RY))
such that Vu € F? () and V(A) = E[V(0,A + Vu(0,-),-)]. For all R > r > 0, choose a smooth

pot
cut-off function x g, taking values in [0, 1], equal to 1 on Qg—,, vanishing outside Qr and satisfying

IVXRr| <2/r. Also recall the definition (5.1) of the truncation T,. We then set

uR(:L‘,w) = u(-r:w) - ]2 u("w)v vf%,r(:n,w) = XR,T(x) TSuR(iL',CU),

and

1
w}s% T($7("‘)) = 1A / U% r(a7 + v, Tyw)dy = ][ ,UISQ r(w + yaTyw)dy'
’ |Qr| Jra ~e+Qr

Clearly, wy, ,. is well-defined, stationary, and belongs to WhP(Q), with

Vuwk . (r,w) = ][ Vo (z +y, nyw)dy.
—z+QRr

Let t € [0,1). By Jensen’s inequality,

K3y (8) = E[V(0, tA + £V (0,-), )] = E {v (o, Nt Vi (.7 )dy, )]

QR
<E [f V(0, A + 150}, (5 7 ), '>dy} ,
Qr

and hence, by stationarity and the Fubini theorem,

Kf%,r(t) <E |:f V(yatA + tvv}g{,r(yv ')7 )dy:| .
Qr
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Decomposing
t
tA + tvv%,r(ya U.)) =tA + tXR,r(y)VTSuR(y, U.)) + (1 - t)vaR,r(y)TsuR(ya w)
= txXrr (V) Te(ur(y,w)) (A + Vu(y,w)) + t(1 = Xrr ) Te(ur(y, w))A

11 = Tl un(y,@))A + (1= ) Vxre (0) Toun(y, ),

with 77 taking values in [0, 1], we may then bound by convexity

Kiy, (1) <E [][ V(g A+ Vuly.), .M (DB (0)

+ M(A) ][

(1 xwr)+ MOE [72

(1~ T (un(y. ->>>} , (5.8)

R
where the error term reads

B ) = £ f 3 (75 un ) Tunly) ) o).

By stationarity of Vu, note that
B £ VA Tuly), dy] = BVOA +Tu(0,,9] = V(W) (5.9
R

For the error term, note that

2t
V() Tsug(-,w) :

—_— . 1
= o ST 510

It remains to treat the last two terms of (5.8). Noting that fQR (1—=xgr,) = R"YRI—(R-r)%) < dr/R,
we obtain

0= +E[f 0-Tiuntn 0| < FAE[f D] (5.11)

R

dr 1

— P|= |u(Ry, ) — 1 u(Rz,-)dz

ot [ B = f wire
Lemma 3.4 (together with the Rellich-Kondrachov theorem) gives #|u(R,w) — J[Q u(Rz,w)dz| — 0
(strongly) in LP(Q) as R 1 oo, for almost all w. Hence up to an extraction in R (implicit in the
sequel) we deduce that, for almost all y € Q, &|u(Ry,-) — JEQ u(Rz,-)dz| — 0 almost surely. Since
almost sure convergence implies convergence in probability, we deduce by dominated convergence, for
all e > 0,

A

IN

S
> —| dy.
-

1
lim PuR,~—][uRz,-dz Zs]dzO.
i [ B o = f uie y

A diagonalization argument then gives a sequence g | 0 such that
1
11%1%?0 QIP’ [R u(Ry, ) — ][Qu(Rz, )dz

Choose s = sg := Rep and r = := R,/egr. By assumption, there exists some § > 0 with
adh Bs C intdomM. By (5.10), for all t €10,1), there is some Ry > 0 such that for all R > R,

< 2 m<s (5.13)

Combining this with (5.8), (5.9), (5.11), (5.12), and noting that M (A) < oo follows from the choice
A € domV, we obtain

> eR} dy = 0. (5.12)

HHVXRrR )Tspur(s,w)

limsup lim sup K3¢(t) < V(A),

R
#1  Rfoo TR
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and the result (5.7) follows. O

5.3. Approximation by periodization in law. This last section is devoted to the proof of Corol-
lary 2.13. For that purpose, we first prove the following version of the I'-lim sup inequality of Propo-
sition 3.10 in expectation. As Lemma 3.4 only gives almost sure (and not L'(Q)) control of the
sublinearity of the corrector, we need to use truncations to prove this result (and therefore restrict to
the scalar case with fixed domain).

Proposition 5.3 (I'-lim sup inequality in expectation with Neumann boundary data). Let V, J., J, M
be as in Theorem 2.2 for some p > 1. Also assume that we have m = 1 and domV(y,-,w) =
domM for almost all y,w. Then, for all bounded Lipschitz domains O C R% and all u € W'P(O),
there exists a sequence (uc)e C Mes(Q; WHP(0)) such that E[J:(ue,;0)] — J(u;0) and ue — u in
L>®(Q; L>=(0)). O

Proof. We split the proof into three steps.

Step 1. Preliminary.

We claim that, for all bounded domains O C R? and all A € intdomV, there exists a se-
quence (up): C Mes(Q; WHP(0)) with up (-, w) = A -z weakly in WHP(O) for almost all w and
E[J:(up e, ;0)] = J(A - x;0’) for all subdomains O’ C O. This is indeed a simple reformulation of
Lemma 3.4 with the notation up ((z,w) := epp(x/e,w).

Step 2. Recovery sequence for continuous piecewise affine functions.

Let O C R% be a bounded Lipschitz domain and let u be a continuous piecewise affine function on O
such that Vu € int domV pointwise. We prove the existence of a sequence (u:). C Mes(Q2; W1P(0O))
with u. — v in L>(Q; L*>°(0)) and E[J:(ue, -; O)] = J(u;O).

Let us modify w as in Step 2 of the proof of Proposition 3.10 to make its variations smoother (using
Proposition A.17), and use the same notation. By Step 1, for all 1 <i < n,,,, there exists a sequence

(ul . p)e C Mes(9; VVl(l)f(Rd)) with ul (- w) = ¢k, + Afw‘- x in Wlif(Rd) for almost all w and such
that, for all Lipschitz subdomains O" C O, we have E[J.(u . ., -; O")] = J(A},. - x; O"). Consider the

Ngk,r

same partition of unity ), Xfww as in Step 2 of the proof of Proposition 3.10, and also recall the
definition (5.1) of the truncation Ts. We now set, for s > 0,

Ngk,r

ua,n,r,n,s = U’W“ + Z Xi,r,nTS(ué,n,r - (Cfﬁ,’f‘ + Afﬁ:ﬂ‘ ' .T)) € Mes(Q; WLP(O))'
=1

On the one hand, since |tue .y — u| < 5+ |tug, — u| pointwise, we deduce

lim lim sup lim sup lim sup lim sup lim sup [|tue s ry — vlL ;1.0 (0)) = 0 (5.14)
1 0 K0 740 50 €l0

On the other hand, since

Nk,r

_ § : 9 /(o0 % A A
tvuaﬁﬂ“ﬂ?as - tXH,T‘,'I]TS(uE,H,T - (cn,r + AH,T : x))vus,n,r
=1

Nk,r

+ Z tXf-c,r,n(l - Ts/(ué,n,r - (Cfc,r + Afi,r : x)))A;L{,,’I’ + (1 - t)S&ﬂ:T,ﬁ,S»t’
=1

where we have set

Nk,r Nk,r

t . . . . t . )
Sa,n,r,n,s,t = m Z Ts(ué,/{,r - (Cfi,r + A?ﬂ,r : x))vaﬁ,r,n + m Z X;,r,n(vuﬁﬂ” - Afﬂ,r)?
i=1 1=1
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we deduce by convexity

Ngk,r
E[Jg(tu€7){7r7n,s, '; O)] S (1 - t)EE,K/,T,T],S,t + Z E[‘]€(ué,n,r> .; O}{—:’;",’q)] (515)
i=1

Nk,r

+ > M(ALE[{y € O, ¢ Jul (v, w) = (el + AL - y)] > s}]
i=1
where the error reads

Ez—:,n,r,n,s,t =E |:/ V(y/E, Se,n,r,n,s,t(ya ')7 )dy .
O

For all 4, set N,i’m] ={j:j#1, O],;?J, N Oé‘;,m # @}. We estimate S; s for all y,w as follows:
t C'n t . .
|Se vt (4, w)| < “hs 4 sup  sup [A] . — AL,
L=t L—=ticicne,jeni,, ’

and hence, since limsup, o sup;en: AL, — Al | < & for all 4,
lim sup lim sup lim sup im sup ||Sz x.r.s.¢ |1 (L. (0)) = 0 (5.16)
AN nd.0 sJ0 el0
The last term of the right-hand side of (5.15) is estimated by

EH{y € Ofa—;,n : ‘ué,n,r(va) - (C.i,r + Af@,'r ’ y)‘ > S}” < /OP[’ué,H,T(va) - (Cfc,r + qu,r : y)‘ > S]dy

For almost all w, the Rellich-Kondrachov theorem shows that u . .(-,w) = ¢}, + AL . - 2 (strongly)
in LP(0), and hence, up to an extraction in ¢ (implicit in the sequel), this convergence holds almost

surely, almost everywhere on O. The dominated convergence theorem then yields

HSUPE{(y € OF% 1y (0:2) = (e + Ay 1) = 5}] =0 (5.17)
=
Finally we note that by construction,
Nk,r Nk,r
lalﬁ)l E[JE (uzs,n,rﬂ E O:,t”,n)] = Z J(AL,'I‘ ) O:,i_r,n) = ’O;—;’MV(AZ’T)
i=1 =1

Hence, arguing as in Step 2 of the proof of Proposition 3.10, combining this with (5.15), (5.16)
and (5.17), and recalling that domV = domM, we obtain
lim lim sup lim sup lim sup lim sup lim sup E[J; (tuc s rz,s, s O)] < J(u; O), (5.18)
L2 S} k10 nl0 510 €10
so that the conclusion follows as in Step 2 of the proof of Proposition 3.10 (note that by Fatou’s
lemma the I'-lim inf inequality also holds in expectation).

Step 3. Conclusion. The existence of recovery sequences for general functions can now be deduced as
in Step 3 of the proof of Proposition 3.10, using the result of Step 2 above. O

We now turn to the proof of Corollary 2.13 itself. In case (1), we use Proposition 5.3 to control
the energy close to the boundary of the cube, where the periodization in law may have modified
the integrand (which however is the same in law locally and can therefore be handled by taking the
expectation). In case (2), we use the particular geometric structure to explicitly estimate the energy
density near the boundary and prove its uniform integrability.

Proof of Corollary 2.13. Let (V)p~o be an admissible periodization in law for V in the sense of

Definition 2.11, and for all € > 0 and all A € R™*¢ denote by JY(-,A,-) the following random

integral functional on the unit cube @ = [—31, 1)%:

S, A w) = / VYe(y/e, A+ Vu(y),w)dy,  u € WyE(Q;R™).
Q
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We split the proof into three main steps.

Step 1. T-liminf inequality. The results of this step hold without the additional assumptions (1)
and (2). Let Q" C Q' be a subset of maximal probability such that the almost sure property of
Definition 2.11(ii) holds pointwise on Q”. We claim that for all v € WpZ(Q;R™), all u. — u in
Wa(Q) and all A, — A, we have liminf. o JP (ue, Ac,w) > J(u+ A - 2;Q) for all w € Q.

For all 6 € (0,1) and w € ©”, we thus have for all £ > 0 small enough

TP (ug, Acyw) = Jo(ue + Ac - z,w; Qp) +/ Vl/E(y/a,Aa + Vu(y),w)dy.
Q\ Qo
By the I-liminf inequality for J.(-,w;Qg) (see Proposition 3.2) and by the non-negativity of V1/,
this turns into
limﬁ)nf JP (ug, Ag,w) > J(u+A-z;Qp),
3

and the result follows by the arbitrariness of § < 1 and the monotone convergence theorem.

Step 2. T-limsup inequality under assumption (1). We assume m = 1 and domV (y, -,w) = domM
for almost all y,w. We prove the existence of a subset Q" C Q" of maximal probability such that,
for all u € Wi(Q), all A € R™? and all w € Q| there exists a sequence (ug). C Mes(Q; Wai(Q))
such that u. — 0 in L>°(2; L*°(Q)) and

lim lim inf JP" (tu. (-, w) + tu, tA,w) = lim lim sup JP (tus (-, w) + tu, tA,w) = J(u + A - 2; Q).

#1 elo © AR

Moreover, the limits ¢ 1 1 can be dropped if we have J(au+ aA - z; Q) < oo for some v > 1. We split
the proof of this step into three parts.

Step 2.1. Local recovery sequence for affine functions.
For all R > 0, define the event

Qg = {w e0: VT(', ',(U)|Q90TXRm><d = V(, '7w)|Q90T><Rde’ for all » > R},

for some fixed fp > 0. Definition 2.11(ii) ensures that P[Qg] 11 as R 1 co. Let A € R™*4 let O C Q
be a domain of diameter smaller than 6y/2, and let R > 0. By the diameter condition, there exists
ro € Q such that O C z¢ + 6pQ. We claim that there is a sequence (u:). C Mes(Q; WHP(0O)) such
that ue — 0 in L>(Q;L>°(0)) and E[L,, o, [o V(-/e, A + Vue, )] = P[Qg]J(A - z;0).

By definition, for all w € Qg we have V1/5(-, -, w)|Q60/Emexd =V, w)|Q90/Emexd foralle < 1/R.
Therefore, applying Proposition 5.3 on —xg + O restricted to Qp yields the following: there exists a
sequence (ug)e C Mes(Q; WHP(—zo + O)) with u. — 0 in L®(Q; L°(—x0 + O)) and

lim E []IQR/ VYe(Je, A+ Vu, )] =1limE |:]].QR/ V(-/e,A+ Vug,")
el0 ~20+0 €10 —20+0

= P[QR]J(A - 2; —x0 + O) = P[Qg]J(A - 2;0).

Now define . := u.(—xzo + -,Ti{;/s-) € Mes(Q; WHP(—xz¢ + O)) for all e. By construction u. — 0 in

L*>(Q;L°°(0)), and the stationarity property of Definition 2.11(i) further gives

HmE [1 .. Ve(y/e, A (y,-),-)d
imE | Tié/sQR/OV (y/e, A+ Vul(y,),") y]

= limE ]lQR/ Vl/g(y/a,A—l—Vua(—xo+y7')77'1/; )dy:|
E,LO I o To/€

= ling ]lQR/ Vl/a((—mo—i—y)/a,A—i-Vus(—xo—|—y,-),-)dy}
e L o

s (Lo, [ VV/e A+ Tl ), -)dy] — BIQRIT(A - 23 0).
0| —z0+0

Step 2.2. Global recovery sequence for (piecewise) affine functions.
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Let A € R™4 and let u be a continuous piecewise affine Q-periodic function on R?* with A + Vu €
intdomV. We claim that there exists a sequence (ug¢). C Mes(Q;Wg(ﬁ(Q)) such that u. — v in
L>(2;L>(Q)), and, for almost all w,

lim lim inf JP* (tu (-, w) + tu, tA, w)

1 £l0
= ltlTn{l lim sup JP (tu (-, w) + tu, tA,w) = J(u+ A - z; Q). (5.19)
el0

Consider the partition of Q) associated with u, and let Q = Lﬂle O; be a refined partition such that
all the O;’s have diameter at most 6y/2. For all [, define ¢; + A; -« := Vu|p, with A+ A; € int domV,
and choose x; € ) such that O; C x; + 0pQ). Given R > 0, define

xy /e R

k
XE,R = H ]]-7_1/5 Qr’
=1
Step 2.1 then gives a sequence (ul). C Mes(Q; WP(0;)) such that ul — 0 in L>°(Q;L>°(0;)) and

limsup E [XE,R/ Vl/f(./e,A+Al+vug,-)] <limE {11 1/ VVYe(Je, A+ A + VL, )
el0 o) el0 T,

zy/e (0]}
=P[Qgr|J(u+ A - z;0y).

We can then repeat the argument of Step 2 of the proof of Proposition 3.10, and glue the recovery
sequences for the (small) affine parts, using this time Proposition A.18 instead of Proposition A.17
(applied to the function w). This allows to deduce the following: there exists a sequence (ug)s C
Mes(€; Wp&(0)) such that u. — 0 in L®(€; L=(Q)) and
lim sup lim sup E[xe g JJP* (tue + tu, tA, )] < P[Qg]J(u+ A - 2;Q). (5.20)
t11 el0
Now the I-lim inf inequality of Step 1 yields lim inf; lim inf. JP (us (-, w) +u, tA,w) > J(u+A-z; Q)
for almost all w. Assume by contradiction that this inequality is strict for all w in some set of positive
probability (even for some subsequence in €,¢). In this case we would find €9, > 0 and ¢y € (0,1)
such that P[Q2 , ] > 0, where we have defined the event

€o,to
é
Q607150

Qg

={w e Q: JP"(tu (-, w) + tu, tA,w) >+ J(u+ A - z;Q), for all e < gg, t > 1o},
By definition we have

lim inf lim inf E per A,
i inf lim inf Blxe, s JP™ (b + tu, 4, -]

> J(u+A-z;Q) limﬁ)nfE[Xs’R] + lirlrflTilnf lim&)nfE[xgyR(err(tug +tu, tA, ) — J(u+ A - 2;Q))]
[ E.

> J(u+A-z;Q)iminf E[x. gr] + 6 iminf E[1s  xc R
el0 el €0-to

t

+ lir%ilnf lirg%nfE[]lg\ngyto Xe.R(JPE (tue 4 tu, tA,-) — J(u+ A - 2;Q))].

Now a union bound argument yields

Elxer] 2 1 —kPQ\QR],  Ellgs  Xer] = P[Q2, 1] — K[\ Qg],

€0,t0
and hence, by Fatou’s lemma and by the I'-lim inf inequality of Step 1, we obtain

e ae por .
hIlItlTinf hrg%)nfE[Xe’RJE (tue + tu, tA, )]

> J(u+A-2;Q)(1 — kP2 \ Qg]) + 6P, ;] — KP[Q\ Qg)).
However, taking the limit R 1 oo, and recalling P[Qg] 1 1, this contradicts (5.20). The result (5.19)
is then proven.

Step 2.3. Recovery sequence for general target functions.
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For all A € intdomV, let Q5 C Q" be a subset of maximal probability such that equalities (5.19)
hold for all w € Qy for the choice u = 0. We then define Q" C Q" as the (countable) intersection
of all Qp’s with A € Q"¢ Nint domV. Repeating on this basis the gluing argument of Step 2 of the
proof of Proposition 3.10, for all A € R'? and for all continuous piecewise affine Q-periodic functions
u on R? with A + Vu € QY4 Nint domV, we may prove that (5.19) holds for all w € Q.

Let now u € Wgé’(@) and let A € R'9, By Step 1, we may assume J(u+A-2; Q) < oo, so that by
convexity A € domV. By convexity and lower semicontinuity of V, limy J(tu+tA-2;Q) = J(u+A-
7;Q). For all t € (0,1), since A € domV, we have 0 € int domV (- + tA) and Proposition A.16(ii)(b)
then gives a sequence (uy, ¢)y of continuous piecewise affine Q-periodic functions such that A+Vu, ; €
Q™ Nint domV, upy — tu in WIP(Q), and J(un s +tA-2;Q) — J(tu+tA-x;Q). We can then apply
the result for the (rational) continuous piecewise affine approximations on Q. and the conclusion
then follows from a diagonalization argument.

In the case when J(au+ al -x; Q) < oo for some v > 1, the limits ¢ 1 1 can be dropped. Similarly
as in the proof of Corollary 2.4 (see Sections 3.6 and 3.7), it is enough to replace u, A by u/t, A/t for
t € [1/a,1) and to adapt Steps 2.2 and 2.3 above accordingly. We omit the details.

Step 3. I'-limsup inequality under assumption (2). We assume p > d, and V(y,A,w) < C(1+ |[A]P)
for all w and all y ¢ F(w), for some random stationary set E¥ = (7| Brs(qY) satisfying almost
surely, for all n, for some constant C' > 0,

1 1
26y := — inf dist(Bpy (¢), Bre(q3)) > =

= R¥ < C. 5.21
RY mms#n C’ n — ( )

We prove the existence of a subset Q" C Q" of maximal probability such that, for all u € ngﬁ (Q),
all A € R™*? and all w € Q" there exists a sequence u¥ — 0 in Wplé{f(Q; R™) such that

lim lim inf JP* (tu? + tu, tA,w) = lim lim sup JP* (tu? + tu, tA,w) = J(u+ A - 2; Q).

t1t1  el0 t11 el0
Moreover, the limits ¢ T 1 can be dropped if we have J(au + aA - z;Q) < oo for some o > 1. Finally,
we have for all A € R”*¢ and almost all w

V(A) = lim inf / VYVe(y/e, A+ Vu(y),w)dy, (5.22)
0 uewpd (QR™) JQ

where the convergence also holds in expectation. We split the proof of this step into three parts.

Step 3.1. Recovery sequence for affine functions. We prove that for all A € R™*? for almost all w
there is a sequence ¥ — 0 in WS@,’;(Q;Rm) such that JP (A, v, w) — J(A - z; Q).

Let A € R™*? be fixed. Lemma 3.4 and the Birkhoff-Khinchin ergodic theorem give a random field
oA € Mes(€; VVlif(Rd; R™)) such that, for almost all w, epp(-/e,w) — 0 weakly in VVli’f(Rd; R™) and
also J.(A-x+epp(-/e,w),w;0) = J(A-x;0), for all bounded domains O C R%. Let w € Q" be fixed
such that both properties hold, and set u¥ := A -z + epp(-/e,w).

For all ¢ > 0, consider the @/e-periodic random set £ = |2, Bre, (¢2,) associated with the
periodization in law V1/¢ at scale 1 /€. By stationarity, these periodized inclusions also satisfy (5.21),
that is 262, > 1/C and RZ,, < C almost surely. For all €, n, define BY,, := Bge (¢2,) and B;’n =
BR;n(lJrl/\égn)(q?,n)- By definition, the B;fn’s are all disjoint. For all €,n, choose a smooth cut-off
function x¢,, that equals 1 on e BZ,,, vanishes outside 5B§J,n and satisfies |[Vx¢, | < 2/(eR¢,,(1A67,,)) <
4C/(eR¢,,). We choose these cut-off functions in such a way that ) xZ,, is Q-periodic.

Let 6 € (0,1). Denote by N¥, (resp. M) the set of all n > 1 such that (@ \ 6Q) N d?;jn #+ &
(resp. 0Q N 5B§‘fn # &). Choose a smooth cut-off function yg that equals 1 on #Q), vanishes outside
@ and satisfies [Vxg| < 2/(1 —0). Set

o) =x0m) = xo(y) D X&)+ D xé’,n(y)][m (xo(2) — xo(y))dz.

neMg nEN®,\ M En
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This defines a smooth cut-off function Xo g that equals 1 on (0—2C¢)Q, vanishes outside @, is constant
on each inclusion B; ,, and satisfies |Vx¥,| < C/(1 — 0) for some constant C' > 0. We then define

uy(y) = (1= XA -y + (1= xZ(1) D X2y ][ A (z—y)dz

nEN:je
+X50 < Z Xan ) +Xz—:0 Z Xan f~ ’U’ZJ
neN, neN®, <n

By construction vy € A -z + Wa(Q; R™). Since uly = u¢ at least on (0 — 2¢C)Q, and since
Vu?, =0 on all aB on With n € N2, we have, for all € > 0 small enough,

/ Vl/E(-/e,Vugg,w) S/ V(-/e,Vus, w)
Q (6—2:C)Q
MOIQ\ (6 -2:C)Ql +C [ (1 + [Vug,P)
Q\(0—2:C)Q
< Jg(uf;,w;Q)—i-C'(l—H—i—QeC)—i—C/ [Vugy|P. (5.23)
Q\(0—2:C)Q
We need to estimate the last term. A straightforward calculation yields
/ Vi, < O(1— 6+ 2:C)|AP + “A-yPdy+C VP
Q\(0—2:C)Q Q\(60—2:C)Q

p
> ((1_9)—p+(d?;jn)—p)/~ ][ A (2 —y)dz| dy
nEMé" € g,n € gj,n
p
1N SRR RO Rl IR S
nEN“i e € Leu,n

and hence, by the Poincaré inequality and the estimate ZnGM‘*’ leéwn\ <1Q\ (1 —2:0)Q| < 2deC,

/ Vol < O =0+ 2:C)AP + =4 / leon(-/e,w) (5.24)
Q\(0—2:C)Q

* C<1 " (1—9)”> /Q\(e_zamcz(wp FIveal/zel)

For all g > 0, the Birkhoff-Khinchin ergodic theorem yields, for almost all w,
fim sup | (AP + [Vor(-/2,)l?) < lim (AP + [Vea(-/e,w)lP)
el JQ\(0-2:0)Q b0 JQ\(0-2:00)Q
< QN (0 — 260C)Q| (IA]P + E[[Veal’])
< CO(1 =0+ 2500) (AP + E[[Vrl?]).

Combined with (5.24) and the sublinearity of the corrector in the form of epp (-/e,w) — 0in LP(Q; R™)
(see Lemma 3.4 and the Rellich-Kondrachov theorem), this yields, for almost all w,

lim Sup/ VU, < C(1— 0)[AP + C(1 — 6+ 2e00)E[A + Vo .
el0 JQ\(6-2:C)Q

We then insert this estimate in (5.23) and to pass to the limits 6 T 1 and g | 0 to obtain for almost
all w

limsuplimsup/ Vl/s(-/s,Vu‘g’ﬁ, )<hmJ(u ,w; Q) =V(A) =JA-z;Q).
011 0 Jo

The conclusion then follows from Step 1 and a diagonalization argument.

Step 3.2. Recovery sequence for general target functions.
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As we assume here p > d, we may use the gluing argument of Step 2 of the proof of Proposition 3.10
to pass from affine to piecewise affine functions. The conclusion follows by approximation similarly
as in Step 2.3 above. We omit the details.

Step 3.3. Proof that the almost sure convergence (5.22) also holds in expectation.
Using the same notation and cut-off functions as in Step 3.1, we define u¥ € W;ézr) (Q;R™) as

u?(y) ==Y X (y) ][éw A-(z—y)dz.

Testing the infimum in (5.22) with v = u¥, we obtain by similar calculations as in (5.23) and (5.24)
that for all € > 0 and all w

inf / V(- Je, A+ Vu,w)
ueWpk (QiR™) JQ

< C(1+|AP) +CZ(sR;;n)—p/ )
n QﬁaBgn

p
][~ A (z—y)dz| dy < C(1+ |AP).
eBY

The conclusion then follows by dominated convergence. O
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A. APPENDIX

A.1l. Normal random integrands. In this appendix, we briefly recall the precise definition of
normal random integrands (as defined e.g. in [23, Section VIII.1.3]) and we prove their main properties,
mentioned in the beginning of Section 2 and used throughout this paper. Let (2, F, P) be a complete
probability space. We denote by B(R¥) the (not completed) Borel o-algebra on R”.

Definition A.1. A normal random integrand is a map W : R? x R™*? x Q — [0, 00| such that
(a) W is jointly measurable (i.e. with respect to the completion of B(RY) x B(R™*4) x F);

(b) for almost all w, there exists a map V,, : R x R™*% — [0, 00| that is B(R?) x B(R™*¢)-measurable
and such that W(y, -, w) = V,(y, -) for almost all y;

(c) for almost all y, there exists a map V; : R™*? x Q — [0, o0] that is B(R™*?) x F-measurable and
such that W (y,-,w) = V,(-,w) for almost all w;

(d) for almost all y,w, the map W (y,-,w) is lower semicontinuous on R™*¢,

It is said to be T-stationary if it satisfies (2.1) for all A, y, z, w. O

As shown e.g. in [23, Section VIII.1.3], a simple example of normal random integrands is given by
the so-called Carathéodory random integrands, that are maps W : R% x R™*4 x Q) — [0, oo] such that
W (y, -, w) is continuous on R™*? for almost all y,w, and such that W (-, A,-) is jointly measurable on
R? x Q for all A.

As already advertised in the beginning of Section 2, the reason for these technical assumptions is
that they are particularly weak but still guarantee the following properties:

Lemma A.2. Let W : R% x R™*4 x Q — [0, 00] be a normal random integrand. Then,
(i) for almost all w, the map y — W (y,u(y),w) is measurable for all u € Mes(R%, R™*9);
(ii) for almost all y, the map w +— W (y,u(w),w) is measurable for all u € Mes(2, R™*9). O

Proof. For almost all w, part (b) of Definition A.1 gives a B(R%) x B(R™*%)-measurable map V,,
on R? x R™*4 gsuch that W (y,-,w) = V,,(y,-) for almost all y. Hence, for u € Mes(R%; R™*9)  the
map y — W(y,u(y),w) is equal almost everywhere to the map y — V,,(y,u(y)), which is necessarily
measurable since Id xu : R x R4 — R4 x R™*4 ig measurable and since V,, is Borel-measurable. This
proves (i), and (ii) is similar. O

If W is 7-stationary, we may write W (y, A,w) = W (0, A, 7_yw), which thus receives a pointwise
meaning in the first variable, and Lemma A.2(ii) may obviously be strengthened as follows.

Lemma A.3. Let W : RY x R™*4 x Q — [0,00] be a T-stationary normal random integrand. For all
y and all u € Mes(€; R™* ) the map w — W (y,u(w),w) is measurable. O

A.2. Stationary differential calculus in probability. In this appendix, we precisely define the
measurable action 7 that is used throughout this paper to induce the stationarity, and we discuss the
properties of the stationary derivatives defined in Section 3.1.1, and prove in particular the useful
identity (3.3).

A.2.1. Stationary random fields. As usual, the standard notion of stationarity of random fields (de-
fined as the translation invariance of all the finite-dimensional distributions) is strictly equivalent to
a formulation of stationarity as the invariance under some (measure-preserving) action of the group
of translations (R?, +) on the probability space (see e.g. [32, Section 16.1]). This point of view is of
great interest, since it puts us into the realm of ergodic theory.

Because we focus on jointly measurable random fields, which is standard in stochastic homoge-
nization theory (see also Remark A.6 below), a further measurability requirement is added in our
definition of an action, as e.g. in [31, Section 7.1],

Definition A.4. A measurable action of the group (R, +) on (2, F,P) is a collection T := (7;) cpe
of measurable transformations of {2 such that
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(i) T4 0Ty = Tupy for all 2,y € RY
(ii) P[r,A] = P[A] for all z € R? and all A € F;
(iii) the map R? x Q — Q : (z,w) — T,w is measurable. O

For any random variable f € Mes(Q;R), we may define its 7-stationary extension f:R% x Q — R
by f(x,w) := f(1_pw), which is a 7-stationary random field on R? (in the sense that f(z +y,w) =
f(x, 7—yw) for all z,y,w) and which is by definition jointly measurable on RYx Q. For f € LP(Q),1 <
p < 00, the T-stationary extension f belongs to LP(€; L | (R%)). In this way, we get a bijection between
the random variables (resp. in LP(Q2)) and the 7-stationary random fields (resp. in LP(Q; LY (R%))).

We may also naturally consider the associated action T' := (T}),cga of (R% +) on Mes(Q;R),
defined by (T f)(w) = f(7_gw) for all w € Q and f € Mes(;R). Let 1 < p < co. The following

gives elementary properties of this action (see e.g. [31, Section 7.1]):
Lemma A.5. The action T defined above is unitary and strongly continuous on LP(Q). O

In the context of stochastic homogenization theory, the measurability hypotheses made above (as
in e.g. [31, Section 7.1]) are sometimes replaced by stochastic continuity hypotheses (see e.g. [37,
Section 2|). As the following remark shows, both are actually equivalent.

Remark A.6 (Measurability or continuity). It should be noted that the additional measurability
assumption (iii) in Definition A.4 above is not inoffensive at all. Indeed, a stochastic version of the
Lusin theorem can easily be proven: a random field & on R? is jointly measurable if and only if, for
almost all z € R?, for all § > 0,

lim P[|h(x 4+ y,w) — h(z,w)| > d] = 0.
y—0

Hence, for a stationary random field h on R?, joint measurability is actually equivalent to stochastic
continuity (and even to continuity in the p-th mean, in the case when A(0,-) € LP(Q2)). In the
same vein, the measurability property (iii) in Definition A.4 is equivalent to the strong continuity
of the action T of (R +) on LP(f2), and also to the property that all 7-stationary extensions are
stochastically continuous. O

A.2.2. Stationary Sobolev spaces. Let 1 < p < 0o, and let the stationary gradient D and the space
WLP(Q) be defined as in Section 3.1.1. Now we present another useful vision for derivatives of
stationary random fields.

Given a random variable f € LP((2), the 7-stationary extension is an element f € L (R4 LP(Q)) =

LP(Q;LP (R?)) and can thus be seen as an LP(Q)-valued distribution on R%. We may then de-

fine its distributional gradient Vf in the usual way. Note that by definition, for almost all w,
V f(-,w) is nothing but the usual distributional gradient of f(-,w) € I¥ (R%). As usual, the Sobolev

loc
space VVl})f (R%GLP(Q)) is defined as the space of functions f € L (R%LP(Q)) such that Vf €
LP (R4 LP(Q;RY)), and in that case Vf is called the weak gradient. The following result shows the

link with stationary gradients and with the space W1?(Q), in particular proving identity (3.3).

Lemma A.7. Modulo the correspondence between random variables and T-stationary random fields,
we have
WHP(Q) = {f € WP (RELP(Q) : f(a+y,w) = f(z, T yw), Vo, 4w},

and moreover Vf = Df for all f € WHP(Q). O

Proof. Denote for simplicity E, := {f € Wi’f(Rd; LP(Q)): f(x+y,w) = f(z,7—yw),Vz,y,w}. For all
i, the stationary derivative D; f is defined as the strong derivative of the map R — LP(Q2) : h +— T, f,
so that

WhP(Q) = {f € C'RELP(Q)) : fz +y,w) = f(z,7yw), Vo, y,w}.
Hence, for all f € WHP(Q), we have f € E,, and Vf = Df, since weak derivatives are generalizations
of strong derivatives.
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We now turn to the converse statement. Let f € W1P(Q). As in [31, Section 7.2], choose a
nonnegative even function p € C°(R%) with [ p = 1 and suppp C By, write ps(z) = §~%p(z/d) for
all § > 0, and define a regularization Rs[f] € LP(Q2) by

Rolf)e) = [ ps(0)f(w.0)d, (A1)

or equivalently, as ps is even,

Rolfl(e.) = [ o) o+ .y = [ oy =)y = (o5 * S ) o).

Clearly, Rs[f] — f in LP(Q), and hence by stationarity Rs[f](z,-) — f(x,-) in LP(Q2) uniformly in
x. As by definition Rs[f] € C®(R% 1LP(Q)), we have Rs[f] € WIP(Q) and the stationary gradient is
simply DRs[f] = Rs[V f]. This proves DR;[f] — V£ in LP(€; R?), and thus DRs[f](x, ) — V f(z,")
in LP(Q;R?) uniformly in . Hence Rs[f] — f in C*(R% LP(Q)), so f € C1(R?;LP(Q)), from which
we conclude f € WHP(Q). O

A.3. Ergodic Weyl decomposition. In this appendix, we discuss the various properties of the
ergodic Weyl spaces recalled in Section 3.1.2. In particular, we prove the ergodic Weyl decomposi-
tion (3.7) as well as the density result (3.8).

Let 7 be a measurable action of (R?, +) on the probability space (€, F,P), let 1 < p < oo, and let
Lot (Q), LE (), FJ(Q) and FY (Q) be defined by (3.4) (or equivalently (3.5)) and (3.6). First we
prove the ergodic Weyl decomposition (3.7):

Proposition A.8 (Ergodic Weyl decomposition). Let 7 be ergodic and let 1 < p < oo. Then the
following Banach direct sum decompositions hold:

LP(Q;RY) =12 . (Q) @ FP (Q) = FP(Q) @ LP (Q) = FP

pot sol pot sol pot

(Q) @ F?,(Q) & R
O

Proof. Let 1 < p < oo and let ¢ :=p' = p/(p — 1). The following weaker form of the result is proven
e.g. in [31, Lemma 15.1]:
(Fpoe(2))" = LL(Q) = FY

sol

(Fou(Q)" = Ly (Q) = F,,

pot

(Q) o RY, (A.2)
(Q) & RY,

in the sense of duality between LP(Q;R?) and L?(Q;R?). In the Hilbert case p = 2, this is already
enough to conclude by the orthogonal decomposition theorem. For the general case, we will need to
use more subtle (nonlinear) decomposition results in Banach spaces.

As the Banach space LP(€; R?) is uniformly smooth and uniformly convex, the following (nonlinear)
direct sum decomposition (see e.g. [3, Theorem 2.13]) holds for any closed subspace M C LP(Q;R): !

LP(Q;RY) = M @ J(M7Y),

where M+ C L(Q;R?) denotes the orthogonal in the sense of duality, and where the (nonlinear)
map J : LY(Q;R?) — LP(Q;RY) is defined by J(u) := |]u\|i§q|u|q_2u. Let us apply this result
to the choice M = FPb (). By (A.2) we have M+ = LI (Q), and we may compute D.J(u) =

sol

(q— 1)||u|]i;q|u]q_2Du,2so that JM+ C L2 (). On the other hand, given u € LY (Q), we may write
u = J(v) with v == ||ull{»?|u[P"2u € LI (Q2) = M*. This proves equality J(M*) = LP (€2), and the

result follows. n

The density result (3.8) is now easily obtained, using the same (nonlinear) direct sum decomposition
in Banach spaces:

1. The direct sum means here that any element of LP(£2; ]Rd) can be written in a unique way as the sum of an element
of M and an element of J(M™), and that moreover M N J(M=*) = {0}. As shown in [3], this is actually even a direct
sum in Birkhoff-James’ sense, that is ||ul|rs (o) < ||u+ tv||1eo) for all u € M, v € J(M™*) and t € R.
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Proposition A.9. Let 7 be ergodic, and let 1 < p < 0o. Then,
FP () = adh  pq.pa){Dx : x € WHP(Q)},

pot
Fp (Q) = adth(Q;Rd){D XX X € WLP(Q)}.

sol

g

Proof. Using the same notation as in the proof of Proposition A.8, the (nonlinear) direct sum decom-
position of [3, Theorem 2.13| gives

LP(Q;R?) = adh DWP(Q) @ J((adh DWP(Q))1).
By definition (adh DW1P(Q))+ = L2 |
LP (). This yields

sol

(), while as in the proof of Proposition A.8 we find J(LZ (Q)) =

LP(2;RY) = adh DH®(Q) & L7 ().

The obvious inclusion adh DWP(Q) C Flfot(Q) and the direct sum decomposition of Proposition A.8

then imply the equality adh DW1P(Q) = EP.(Q). The result for FY is obtained similarly. O
A.4. Measurability results. This appendix is concerned with various measurability properties.

A.4.1. Measurable potentials for random fields. The following result complements the equivalent def-
inition (3.5) of L} (€2), and shows that potentials associated with potential random fields may be

chosen in a measurable way with respect to the alea.

Proposition A.10. Let T be an ergodic measurable action on a complete probability space (2, F,P).
Let 1 < p < oo. Forall f € LY () there exists a random field ¢ € MeS(Q;I/Vli’f(Rd)) such that
f(-,w) = Vo(-,w) for almost all w. O

Proof. Let f € Lpot(Q) be fixed. For all n,k > 1, define the space

Xn,k = {QZS S Wl,p(Bn) : ||V¢HLP(BTL) <k, / o= 0} s

endowed with the weak topology. By Poincaré’s inequality and by the Banach-Alaoglu theorem, this
space is metrizable and compact, hence Polish. Consider the multifunction I'y, ;, : Q = X, ;, defined
by

Lpp(w) :=={¢ € Xny : VoIp, = (- w)|B,}-
Clearly I', ;(w) is closed for all w. We first prove further properties of this multifunction, and the
conclusion will then follow by applying the Rokhlin-Kuratowski-Ryll Nardzewski theorem.

Step 1. For all n > 1, we claim the existence of an increasing sequence of events 1, ;, C {2 such that
P, k] T 1 as k 1 oo for fixed n, and such that Ty, ;(w) # @ for all w € Q,, .

By Definition 3.5, there is a subset ' C Q of maximal probability, such that for all w € €' the
function f(-,w) is a potential field in LY (R%R?), and hence there exists ¢* € VVlif (R?) such that
f(,w) = Ve¢¥. For all n > 1, define ¢ := ¢“ — f #°(2)dz € WYP(B,). By definition, an o =0
and V¢, = f(-,w) on B,. Moreover, |V |rp,) < M holds for all w € Qy, 1, where we define the
event

Qg = {w € X £, w)llLr(m,) < K}
Integrability and stationarity of f easily imply that P[§2, ;] 11 as k T oco.

Step 2. Proof that Iy, is measurable, in the sense that F;}C(O) € F for all open subset O C X, ,
where we have set

I‘;}C(O) ={weQ : T ,w)NOo #a}.
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As X, 1 is metrizable, it suffices to check ', 3 (F) € F for all closed subset F' C X,, 1, (see e.g. [5,

Lemma 18.2]). Given a closed subset F' C X, , we may write, using Poincaré’s inequality and the
weak lower semicontinuity of the norm,

Top(F)={weQ:3p e F,Vo=f(,w)p,}

o0
= (HweQ:30 € F|IVo— f(-0)lur(s,) < 1/5}-
j=1
Separability of the Polish space X, ;, implies that F' is itself separable, and there exists a countable
dense subset Fy C F. Hence

o0

D) = Ulwe: Vo - f(0)llurs,) < 1/i},

J=1¢€Fy
and measurability of F;}f(F) then follows from measurability of f.

Step 3. Conclusion.

By steps 1 and 2, for all n, k£ > 1, the restricted multifunction Fn,k|9n,k : Q. = X, i is measurable
and has nonempty closed values. As X, ; is a Polish space, we may apply the Rokhlin-Kuratowski-
Ryll Nardzewski theorem (see e.g. [5, Theorem 18.13]), which gives a measurable function ¢, :
Quk — Xpk such that ¢, x(w) € Ty x(w), that is Vo, x(-,w) = f(-,w)|p, for all w € Q. For all
n > 0, define a measurable function ¢, : Q — W1P?(B,,) by

Pn(w) = Lo, (W)d1,n(w) + Z Loy, (@) Pn k(W)
k=2

By definition, we have V¢, (-,w) = f(-,w)|p, for all w € Q,,, where Q,, := [Jge; Qi is a subset of
maximal probability. Denote Q" := (> .

Let n > 1. By definition, V¢, —V¢; vanishes on By, hence the difference d, (w) := ¢ (-, w)— o1 (-, w)
is constant on By for all w € ©Q” and defines a measurable function §,, : Q7 — R. Then consider the
measurable function v, : Q — W1P(B,) defined by 1, (x,w) := ¢n(7,w) — d,(w). By construction,
for all m > n > 1, we have ¢, = 1,,, on By, so the ¥,,’s can be glued together and yield a measurable
function ¢ : Q" — WLP(R?) such that Vi (-,w) = f(-,w) for all w € Q”. O

A.4.2. Sufficient conditions for Hypothesis 2.1. As will be shown below, the measurability Hypoth-
esis 2.1 is automatically satisfied if the integrand is quasiconvex and has the following nice approxi-
mation property, introduced by [6]:

Definition A.11. A normal random integrand W : R? x R™*? x Q — [0, oc] is said to be quasiconvex
if W(y,-,w) is quasiconvex for almost all y,w. Given p > 1, it is further said to be p-sup-quasiconvex
if there exists a sequence (Wy)y of quasiconvex normal random integrands such that Wy (y, A, w) 1
W (y, A,w) pointwise as k 1 oo, and such that, for all k, for almost all y,w and for all A, A/,

1
5\A\p — C < Wi(y,A,w) < Cp(1 + [AP), (A.3)
for some constants C, Cj, > 0. g

Note that Tartar [40] has proven the existence of quasiconvex functions that are not p-sup-
quasiconvex properties for any p > 1. Before stating our measurability result, let us examine some
important particular cases:

Lemma A.12. Let W : R? x R™*?4 x Q — [0, 00] be a normal random integrand. Assume that there
exist C' > 0 and p > 1 such that, for almost all w,y and for all A,

1

Also assume that one of the following holds:
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(1) W =V is a convex normal random integrand, and the conver function M := supess, , V(y,",w)
has 0 in the interior of its domain;

(2) W satisfies Hypothesis 2.7, with a convex part V such that M := supess, , V(y,-,w) has 0 in the
intertor of its domain.

Then, W is a p-sup-quasiconvex normal random integrand. O

Proof. Case (2) directly follows from the approximation result of case (1) applied to the convex part
V. We may thus focus on case (1). Let W =V be a convex normal random integrand. For all k > 0,
consider the following Yosida transform:
— / —_ AP
Vi(y, A, w) A/éﬁgxd (V(y, A, w) + kA = A'P). (A.5)
For almost all y,w, convexity of Vi (y, -,w) easily follows from convexity of V(y,-,w). For almost all
y,w, the lower semicontinuity of V(y,-,w) ensures that Vi(y,-,w) T V(y,-,w) pointwise as k 1T oo.
Moreover, by definition, Vi (y, A, w) < M(0)+k|A[?, while the lower bound (A.4) implies Vi (y, A,w) >
%\A\p -C
It remains to check that the V}’s are normal random integrands. For almost all y,w, the function
V(y,-,w) is convex and lower semicontinuous, hence it is continuous on its domain D, ., (not only on
the interior). As by assumption 0 € int Dy, the set D, is a convex subset of maximal dimension,
and hence points with rational coordinates are dense in Dy . The infimum (A.5) defining Vj, may
thus be restricted to Q™*%. As a countable infimum, the required measurability properties follow. [

We now turn to the validity of the measurability Hypothesis 2.1 for p-sup-quasiconvex integrands.

Proposition A.13. Let O C R¢ be a bounded domain, let (Q, F,P) be a complete probability space,
and let W : R4 x R™%4 x Q) — [0, 00] be a p-sup-quasiconvex normal random integrand for some p > 1
(in the sense of Definition A.11). Given some fived function f € LP(Q;LP(O;R™*%)), consider the
random integral functional I : WHP(O; R™) x Q — [0, 0o] defined by

T(u,w) = /O Wy, f(y,w) + Vu(y), w)dy. (A.6)

Then, I is weakly lower semicontinuous on Wl’p(O R™). Moreover, for all weakly closed subsets
F c W, YP(O;R™) or F C {u € W'2(O;R™) : Jou = 0}, the function w — inf,cpI(v,w) is
F- measumble In particular, Hypothesis 2.1 is satzsﬁed O

Proof. For all k, define the approximated random functional I, : W1P(O;R™) x Q — [0, 00] by

Ti(u,w) = /O Wiy, £ (s ) + Vu(y), w)dy.

As the Wp’s are nonnegative, monotone convergence yields that I 1 I pointwise. Moreover, for
all k£, and almost all w, the quasiconvexity and the upper bound (A.3) satisfied by Wi(-,,w) imply
the weak lower semicontinuity of Ix(-,w) on WHP(O;R™) (see [2]). As a pointwise supremum of
weakly lower semicontinuous functions, we deduce that I(-,w) is itself weakly lower semicontinuous
on W1P(O;R™).

Combining the weak lower semicontinuity of I with the uniform coercivity assumption (cf. lower
bound in (A.3)) and with Poincaré’s inequality, we easily conclude, for any weakly closed subset

F C WyP(O;R™) or F C {u€ WHP(O;R™) : [, u=

li f 1 = inf [ : A.
i e ) ;QF (o) 4D

For all k, as W} is quasiconvex hence rank-1 convex in its second variable (see [9]), the p-growth
condition (A.3) implies the following local Lipschitz condition: for almost all y,w, for all A, A’,

Wiy, A w) = Wi(y, A w)] < CA = A[(1+ [APT 4 [AP7Y),
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for some constant Cj > 0. The Hélder inequality then gives, for all u, v, for almost all w,
-1 -1 -1
[Li(1,0) = L (0,0)] < CLOIV (= ) lp(o) (L + [Vl + [V0]25) + £ ) i)

This proves that the map I(-,w) is strongly continuous on WHP(O;R™), for almost all w. Given a
weakly (hence strongly) closed subset F' C Wol’p(O; R™) or F C {u € W'?(O;R™) : [, u = 0}, strong
separability of WP (O; R™) implies strong separability of F, so there exists a countable strongly dense
subset Fy C F. Therefore, the map

— inf [ = inf I
w s Inf k(v,w) Jnf k(v,w)

is F-measurable, and the conclusion follows from (A.7). g

A.4.3. Measurable minimizers. We show that in the convex case (or more generally in the p-sup-
quasiconvex case) the random functional (A.6) admits a measurable minimizer. For that purpose, we
begin with the following useful reformulation of the Rokhlin—Kuratowski—Ryll Nardzewski theorem,
which essentially asserts that the measurability of the infimum implies the measurability of minimizers.

Lemma A.14. Let X be a Polish space, let (Q, F, 1) be a complete measure space, and let I : X xQ —
[0,00]. Assume that
(i) for all w, I(-,w) is lower semicontinuous on X ;

(i) for all w, I(-,w) is coercive on X (i.e. the sublevel sets {u € X : I(u,w) < ¢} are compact for
all¢>0);

(iii) for all closed subset F' C X, the map ¢p : Q — [0,00] defined by ¢p(w) := minyep I(v,w) is
F-measurable.

Then, there exists an F-measurable map uw: Q2 — X such that, for all w € €,
Iu(w),w) = mi}r{l[(v,w) = px(w).
ve
O

Proof. By coercivity and lower semicontinuity, the minima of I(-,w) are always attained on all closed
subsets F', so that the function ¢ is always well-defined.

Consider the multifunction I' : @ =2 X defined by I'(w) = {u € X : I(u,w) = ¢x(w)}. By lower
semicontinuity, I'(w) C X is nonempty and closed for all w. Moreover, we claim that I" is measurable,
in the sense that

I10)={weQ: T(w)NO +#z}
belongs to F for all open subsets O C X. As X is metrizable, it actually suffices to check I 71(F) € F
for all closed subsets F' C X (see e.g. [5, Lemma 18.2]). By the coercivity and the lower semicontinuity
of I, we may write

I"'YF)={weQ:3uckF I(uw)=dx(w)}

= ﬁ {weQ :JueF, I(u,w)§¢x(w)+1}

I n
:fjl {weQ D op(w) §¢X(w)+;}v

where the right-hand side belongs to F, by measurability of ¢x and ¢r. Hence, I' is measurable,
and we may thus apply the Rokhlin—Kuratowski-Ryll Nardzewski measurable selection theorem (see
e.g. |5, Theorem 18.13|), which states the existence of a F-measurable map u :  — X such that
u(w) € I'(w) for all w. O

Combining this measurable selection lemma with the measurability result of Proposition A.13, we
obtain the following:
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Proposition A.15. Let O be some bounded domain, let (2, F,P) be a complete probability space,
and let W : R x R™*4 x ) — [0, 00] be a normal random integrand. Assume that there exists C > 0
and p > 1 such that, for almost all y,w and for all A,

1
SIAP - C < Wiy Aw) (A8)

Also assume that W satisfies Hypothesis 2.1 and that I(-,w) is weakly lower semicontinuous on
WLP(O;R™) for almost all w (in particular this is the case if W is convex or p-sup-quasiconver
in the sense of Definition A.11). Given some fived function f € LP(S;LP(O;R™*%)), consider the
random integral functional I : W1P(O;R™) x Q — [0,00] defined by

Hmmszw%ﬂ%m+vmwwmy

Then, for all nonempty weakly closed subsets F C WO P(O;R™) or F C {u € WHP(O;R™) @ [,u =0},
there exists a F-measurable map u : 3 — F such that, for almost all w,

I(u(w),w) = inf I(v,w).

veF

g

Proof. Let X denote the Banach space W, ?(O; R™) or {u € WhP(O; R™) ) : o u =0}, endowed with
the weak topology, and, for all k > 1, consider the subset Xy := {u € X : ||[Vul[rroy < k}, endowed
with the induced weak topology. By Poincaré’s inequality and by the Banach- Alaoglu theorem, X, is
easily seen to be metrizable and compact, hence Polish. Let F' C X be a nonempty (weakly) closed
subset.

Let ' C Q denote a subset of maximal probability such that I(-,w) is weakly lower semicontin-
uous on W1P(O;R™) for all w € €. Since X C X is (weakly) closed, the intersection Xj N F
is also (weakly) closed, and hence Hypothesis 2.1 asserts that the map w — inf,cpnx, I(v,w) is
F-measurable. Applying Lemma A.14 on the compact Polish space X and on ' then yields a
F-measurable map uy, : Q' — X}, such that, for all w € &,

I(ug(w),w) = min I(v,w).

veEFNXg

The lower bound (A.8) and the triangle inequality give
/ VulP < C?2P~1 4+ C2P 7  (u,w) + 2P1/ £ (-, w)|P.
0] 0]
Define for all £ > 1,

O = {weQ’ 022p1+02p1mf1@w+2p1/yf \p<k}

veEF
and note that €, € F by Hypothesis 2.1. By definition, for all w € €, we have

Iug(w),w) = Uer%l%l}( I(v,w) = gréi}?l](v,w).

The sequence (), is increasing, Q 1+ Q7 := (Ji2; Qx. By integrability of f, Q" C Q" and P[Q" \
Q"] = 0, where we have defined the event Q" := {w € Q : inf,ep I(v,w) < c0}. Given some fixed
w € F, the measurable map u : 2 — X defined by

’LL( ) —]IQ\Q//w—f—]lQlul +Z]lﬂk\9k LU )

satisfies by definition I(u(w),w) = inf,ep I(v,w) for all w € Q" U (Q\ Q7). 0
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A.5. Approximation results. In the present appendix, we prove two general approximation results
that are crucially needed in this paper. The first one is an extension of [36, Lemma 3.6] and [23,
Proposition 2.6 of Chapter X].

Proposition A.16. Let O C R be a bounded Lipschitz domain, which is also strongly star-shaped,
in the sense that there exists xg € O such that

—20+ 0 Ca(—20+0), foralla>1.
Let © : R™ — [0,00] be a convezp lower semicontinuous function with 0 € intdom®, and let
u € WHHO;R™) such that [, ©(Vu) < co. Then,
(i) there is a sequence (Vy)n C Coo(adh O;R™) such that Vv, € int dom® pointwise,

) Lo rR™ an v U :
w—u in W (OR™),  and /O O(Von (y))dy — /O O(Vuly))dy;

(ii) there is a sequence (wy)n of (continuous) piecewise affine functions such that Vw, € Qm*4 N
int dom® pointwise,

) Lio:r™ an w U
wo = u i WW(OR™),  and /U O(Vuwn(y))dy — /O O(Vu(y))dy

If in addition u belongs to W1P(O;R™) for some 1 < p < oo, then the sequences (vy)n and (wy)n
can be chosen such that v, — u and w, — u in WHP(O;R™). Moreover,

(a) if u belongs to Wol’l(O;]Rm), then we can choose vy, € CX(O;R™) and wy|lsgo = 0 (and in that
case the assumption that O be strongly star-shaped can be relaxed);

(b) if O=Q and u € WS&(Q;R’”), then v, and w, can be both chosen to be Q-periodic;

(c) if = : R™%4 5 [0,00] is a (nonconver) ru-usc lower semicontinuous function which is continuous
on int dom®© and satisfies 0 < = < © pointwise, then the sequences (vy)n and (wy,), can be chosen
i such a way that fO (Vu,) — fO (Vu) and fO (Vwy,) — fO (Vu). ]

Proof. We divide the proof into four steps.

Step 1. Proof of (i).

First, we show that we can assume Vu € int dom®© almost everywhere. Indeed, assume that (i) is
proven for such u’s, and let us deduce the general case. Given u € W'?(O; R™) with [, ©(Vu) < oo
we have Vu € dom®O almost everywhere, and hence by convexity tVu € dom® almost everywhere for
all t € [0,1). As convexity also implies [, ©(tVu) <t [,O(Vu)+ (1—-1)©(0) < oo, we can apply the
result (i) to tu, for any ¢ € [0,1): this gives a sequence (vy, 1), C C*°(adh O; R™) such that v, ; — tu
in WHLHO;R™) and [, ©(Vuny(y))dy — [, ©(tVu(y))dy. Weak lower semicontinuity of the integral
functional u — [, ©(Vu) on W (O; Rm) (Which follows from convexity and lower semicontinuity of

©) implies liminfyy [, O(tVu) > [,O(Vu). As the converse inequality follows from convexity, we
lim sup lim sup <||vn7t —ullwrio) + ’/ O(Vup) — / O(Vu)
O O

obtain
t11 nToo )
= limsup <Htu — ullwr o) + ‘/ O(tVu) —/ O(Vu) ) =0,
1 o o)

and hence a standard diagonalization argument gives a sequence (vy,), C C*(adh O;R™) such that
Vo, € intdom® almost everywhere, v, — u in WHH(O;R™), and [, ©(Vu,) — [,0(Vu), and
proves the general version of (i).

Hence, from now on, we assume Vu € int dom® almost everywhere. Moreover, without loss of
generality, we may also assume that O is strongly star-shaped with respect to g = 0. Choose
(ak)k C (1,00) a decreasing sequence of positive numbers converging to 1, sufficiently slowly so that
1 < $dist(adh O, 8(;0)) for all k, and define

ug 2 0,0 = R™ : x = ug(x) = u(z/ag).
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Take p € C°(R?) such that [p =1, p > 0 and suppp C B(0,1), and write p(x) = k~p(kz), for
all k > 1. Consider the sequence (vg) defined by vy = pg * (aguy) (which is well-defined by virtue of
the condition on the az’s). Note that v € C*°(adh O;R™) and Vv = pg, * (Vu)g, where we use the
notation (Vu)y(z) = Vu(z/ay). Moreover, we then observe vy — u in Wh1(O; R™) since uj, — u et
(Vu)r — Vu in L1(O;R™). Now, Jensen’s inequality yields

0 < O(Vur) = O(pr * (Vu)i) < prx (O((Vu)r)) = pr * (O(Vu)).

As the sequence (py * (©(Vu)))r converges to © o Vu in LY(O;R™), it is uniformly integrable, and
the same thus holds for the sequence (O(Vwy))p. As Vv, — Vu in LY(O;R™), the convergence
holds almost everywhere up to an extraction. Since by convexity © is continuous on int dom®, since
Vu € int dom® almost everywhere, and since Vv, — Vu almost everywhere up to an extraction, we
deduce ©(Vuvg) — O(Vu) almost everywhere up to an extraction. By uniform integrability the latter
convergence also holds in L(O; R™), which allows us to get rid of the extraction. In particular,

/o@(W’“H/o@(W)'

Moreover, (Vu)y € int dom®© almost everywhere, and thus Vug = pg * (Vu)i € int dom© everywhere
for all &, since int dom® is a convex set containing 0. This proves part (i).

Let us now assume that v € WHP(O;R™) for some 1 < p < oo, and consider the sequences (uy)y,
((Vu)g)r and (vg)g defined above. First, Lebesgue’s dominated convergence theorem implies uy — u
and (Vu)r — Vu in LP(O; R™). Further, since the Jensen inequality gives

/ log — ulP = / lagpr * u, — ulP < / / pr () |agug(z — t) — u(z)Pdt dx,
10) e} O J By

and likewise for gradients, we conclude that the sequence (vy); converges to u in W1?(O;R™). This
proves part (i) in the case when u € WHP(O; R™).

Step 2. Proof of (ii).

For all k, since v, € C*°(adh O;R™), there exists a sequence (wy, j); of piecewise affine functions
such that wy ; — vy, in WH(O;R™) as j 1 oo and ||Vwy j||Le < ||[Vug|lLe for all 4,k (see e.g. [23,
Proposition 2.1 of Chapter X]). Further, these functions wy, ; can (simply remember their construction
by triangulation) be chosen taking their values in int dom®, since we have constructed Vuy, € int dom®©
everywhere for all k. Another approximation argument further allows us to choose wy ; such that
Vwy, ; only takes rational values. The desired result then follows from Step 1 and a diagonalization
argument. Finally, the particular case when u belongs to WP(O;R™) is obtained similarly as in
Step 1.

Step 3. Proof of the additional statements.

It remains to address the particular cases (a) and (b). First assume that u belongs to Y/VO1 ’1(0; R™).
For the corresponding result, we refer to [23, Proposition 2.6 of Chapter X|. The only difference is
that the argument in [23] requires continuity of ©. Instead, we replace u by tu for t < 1 as in Step 1,
so that by convexity tVu € int dom® almost everywhere, hence all the constructed quantities have
almost all their values in int dom®, on which © is continuous by convexity. No further continuity
assumption is then needed.

Finally, if we assume O = Q with u € Wpléllp(Q; R™), then we can consider the periodic extension
of u on R% and repeat the arguments in such a way that periodicity is conserved.

Step 4. Proof in the nonconvex case.

Let u € WHP(O;R™) be such that [;; ©(Vu) < oo, which implies Vu € dom® almost everywhere.
Let t € (0,1). The approximation result given by point (i) gives a sequence (uy, 1)y, of smooth functions
such that wu,; — tu (strongly) in WHP(O;R™) and [, O(Vun:) — [, O(tVu) as n 1 oo, and such
that Vu,; € int dom® pointwise. Up to an extraction, we have Vu, ; — tVu almost everywhere,
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and thus =(Vuy) — Z(tVu) almost everywhere, which follows from continuity of = on the interior
of its domain, with indeed tVu € int dom= almost everywhere. Then noting that

0 S E(Vumt) S C(l + @(Vumt)),

and invoking both Lebesgue’s dominated convergence theorem (for =(Vu,¢)) and its converse (for
O(Vun,)), we deduce convergence [, Z(Vun) = [, E(tVu) as n 1 oo. As E is lower semi-continuous
and also ru-usc, we compute, by Fatou’s lemma,

/E(Vu(y))dyg/liminfE(tVu(y))dyglir%ilnf/ E(tVu(y))dy
0] 0]

O 11
glimsup/ E(tVu(y))dyS/ =(Vu(y))dy.
tT1 O O

Hence,
lim lim [ Z(Vu, zlim/EtVu :/EVU,
t1t1 ntoo Jo ( 7t) 11 Jo ( ) 19) ( )
and similarly

lim lim @ (Vupt) = / O(Vu),

t11 nToo
so that the conclusion follows from a standard diagonalization argument. The other properties are
deduced in a similar way. O

For technical reasons, we need in the proof of Proposition 3.10 to further approximate piecewise
affine functions by refined ones with smoother variations. The precise approximation result we need
is the following.

Proposition A.17. Let u be an R™-valued continuous piecewise affine function on a bounded Lips-
chitz domain O C R, Consider the open partition O = Lﬂle O! associated with u (i.e. u is affine on
each piece O'). Define M := (Uf:1 00" \ 00 the interior boundary of this partition of O, and, for
fized r > 0, also define M, := (M + B;) N O the r-neighborhood of this interior boundary. Then, for
all K > 0, there exists a continuous piecewise affine function uy, on O with the following properties:

(i) Vs, = Vu pointwise on O \ M., and limsup,. | SuPo< <1 [|Ussr — ullr0) = 0;
(11) Vuy, € conv({Vu(z) : z € O}) pointwise (where conv(-) denotes the convex hull);
(iti) denoting by O := ¢, OL . the open partition associated with w.,, and Afw = Vu,{,rlozm for
all 1, we have [AZ , — AZM| g k for all i, j with 0%, N OO, # @. O

Proof. Let u, O and r be fixed. Without loss of generality, we can assume 0 € O. Denote rg :=
dist(0,00) and Ry := max,ecpo dist(0,z), and define o, > 1 by (o, — 1)Rg = r/2. Choose a
nonnegative smooth function p, supported in By, _1),, with [ pr = 1, and consider the smooth
function w, on O defined by u, = p, * [,u(-/a,)]. Since by definition inequality |a,z — x| <
(o — 1)Rp = r/2 holds for any = € O, we easily check Vu, = Vu on the set O\ M,. As u, is
smooth, we can consider L, := max;ecaqno |VVu,(2)| < co. Choose a triangulation (Oér)?“lr of O
which is a refinement of the partition {O'\ M, : I = 1,...,k} U {M,}, such that the diameter of
each of the O,lw’s is at most x/(2L,). Now construct as usual the piecewise affine approximation
Uy, Of u, with respect to the triangulation (O, ); (see e.g. [23, Proposition 2.1 of Chapter X]). B

construction, Vu, , = Vu, = Vu on O\ M,, since u, is affine on each connected component of O\ M,..
Also note that the construction ensures that Vu, , belongs pointwise to the set {Vu,(z) : z € O}
(as a consequence of the mean value theorem), which is by definition included in the convex hull
conv({Vu(z) : © € O}). Moreover, if 0., . N OO, # @, it implies that O, U Ol has diameter

bounded by x/L,. The construction of u, then gives

K
Vu,wn\oii - Vu,w|0j < sup sup |Vu,(x) — Vu,(y)| < I sup |VVu,(z)| < &,
, K, 2€0L, yGOf;,r r z€0
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which proves property (iii). Finally, the last property of (i) directly follows from the construction. [J

To treat the case of periodic boundary conditions, we further need the following periodic version
of the previous result. The proof is omitted, since it is a direct adaptation on the torus of the proof
above.

Proposition A.18. Let u be an R™-valued continuous piecewise affine Q-periodic function on RY.
Consider the periodic partition R® = |§°, O associated with u (i.e. w is affine on each piece O').
=1
Define M := U2, 90" the boundary of this partition, and, for fized r > 0, also define M, :=
M + B,) N Q the r-neighborhood of this boundary. Then, for all kK > 0, there exists a continuous
( 9 Y : :
piecewise affine Q-periodic function wy, on R? with the following properties:
(i) Ve, = Vu pointwise on R4\ M,, and lim SUP,. | SUP< <1 || — Ullroo(Q) = 0;
(11) Vuy, € conv({Vu(z) : z € Q}) pointwise (where conv(-) denotes the convex hull);
i) denoting by RY := 4°°, TL  the Q-periodic partition associated with s, and AL . := Vu, .|
I=1"K,r ) K, AT
Jor all 1, we have |AL, — AL, < & for all i,j with oT} , N L, + @. O
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