A SHORT PROOF OF GEVREY REGULARITY FOR HOMOGENIZED
COEFFICIENTS OF THE POISSON POINT PROCESS

MITIA DUERINCKX AND ANTOINE GLORIA

ABSTRACT. In this short note we capitalize on and complete our previous results on the
regularity of the homogenized coefficients for Bernoulli perturbations by addressing the
case of the Poisson point process, for which the crucial uniform local finiteness assumption
fails. In particular, we strengthen the qualitative regularity result first obtained in this
setting by the first author to Gevrey regularity of order 2. The new ingredient is a fine
application of properties of Poisson point processes, in a form recently used by Giunti,
Gu, Mourrat, and Nitzschner.

MSC-crass: 35R60, 60G55.
KEYWORDS: homogenized coefficients, Poisson point process.

1. INTRODUCTION AND MAIN RESULT

1.1. Context. This short note is concerned with the expansion of the homogenized coef-
ficients under Bernoulli perturbations of Poisson point processes, and can be considered as
an appendix to [4]. Consider a locally finite stationary ergodic random point set P = {z, }»
in R? (d > 1), to which we associate the random (diffusion) coefficient field A(P) on R?

A(P)(z) := Ar(z) + (A2(2) — A1(2))1y, B, (2), (1.1)

where B(z,,) denotes the unit ball centered at point z,, and A; and Ag are ergodic station-
ary random uniformly elliptic symmetric coefficient fields (that is, the standard assump-
tions of stochastic homogenization). Symmetry is not essential in what follows, see e.g. the
discussion at the end of [4, Section 1]|. Since A;, Ag, and P are stationary and ergodic, the
random coefficient field A(P) is also stationary and ergodic itself, and we can define the
associated homogenized coefficient A(P), a deterministic matrix given in direction e € R?
by

A(P)e =E[A(Vy +e)], (1.2)

where ¢ is the so-called corrector, see (2.1) below for details, and where E [-] denotes the
expectation in the underlying probability space.

For all 0 < p < 1, denote by P the random Bernoulli deletion of P, that is, P®) =
{zp bP) = 1} with {b%p )}n a sequence of independent Bernoulli variables of law (1 —p)do+
pd1. This means that P®) is a decimated point process (with P = @& and P = P).
With P®) | we associate A®) := A(P®P) and AP .= A(PP) as in (1.1) and (1.2). In
these terms, we are interested in the regularity of the map p — A®). Inspired by [1, 2], we
established in [4] its analyticity under the crucial assumption that P be uniformly locally
finite, that is, if sup,cpa ${x,, € B(x)} < oo. This result, which does not rely on any mixing
assumption of P itself (besides qualitative ergodicity), does not apply to the Poisson point

process since the latter is not uniformly locally finite.
1
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The present note is concerned with the case of the Poisson point process. Denote by
P, a Poisson point process with intensity A > 0 (that is, E[#{Px N [0,1)?}] = A). Then,

the decimated process 73/(\7;) has the same law as P,), so that the regularity of A — Ay

is equivalent to the regularity of p flf\p ) for fixed . As announced in [4], exploiting
that Py has finite range of dependence, and assuming that A; and A, are constant, the
first author proved the smoothness of A — Ay in his PhD thesis [3, Theorem 5.A.1], based
on the quantitative homogenization estimates of [8] (in the spirit of [10] for the first-order
expansion in the discrete setting). The question of quantitative smoothness (such as Gevrey
regularity or analyticity) of A\ — Ay was left open.

Motivated by applications to homogenization of particle systems [5], Giunti, Gu, Mour-
rat, and Nitzschner recently addressed a related problem in a different setting, and proved
the Gevrey regularity of A — @y in [6] (a variant of A — A)). Their approach is based on
Poisson calculus (cf. [9]), which they use both to derive formulas and to prove estimates.
In the introduction of [6], the authors point out that the strategy they use could be applied
to prove the regularity of A — Ay in our setting.

1.2. Main results. The aim of this note is twofold. First, we show that [6], besides having
the same layout as [4], is a direct implementation (in the setting of homogenization of par-
ticle systems and Poisson calculus) of the strategy based on the triad “local approximation
/ cluster expansions / improved {* — (? estimates” that we introduced for general point
processes in [4]. Second, we single out the new ingredient of |6] for Poisson processes wrt
to [4] (see Lemma 2.2 below), and combine it with our general formulation of [4] in order
to prove the Gevrey regularity of the map A — Ay with little effort.

We start with the comparison of [6] with our previous work [4]. Although the precise
functional setting is different, the identities, the estimates, and the arguments leading to
them have the same form. The arguments in [6] are as follows:

e The authors first introduce in [6, Section 3| a sequence of local approximations of @y on
bounded domains. This is in line with the massive approximations used in [4] (making
cluster expansions finite).

e They view correctors as functions of sets of indices and introduce a difference calculus
(see [6, (2.9)—(2.11) and Proposition 5.1]) that provides a natural way to write cluster
expansions. This coincides with the point of view and the definitions of [4, Section 2.2].

e They dedicate [6, Section 4] to the proof of C!l-regularity to illustrate the general
strategy, as we did in [4, Section 3] for the map p — A®).

e They turn in [6, Section 5] to the proof of their main result [6, Theorem 2.3|, which they
split into several parts:

— They first derive explicit formulas [6, (5.9)—(5.13)] for the terms of the cluster ex-
pansion and for the remainder. These are to be compared to [4, Lemma 5.1] (once
reformulated using Poisson calculus).

— Then they introduce and prove ‘“key estimates” in [6, Proposition 5.4]. Both the
statement and the proof are to be compared to what is called “improved ¢! — ¢2
estimates” in the original [4, Proposition 4.6], the very core of [4] (reformulated using
Poisson calculus again). The only new ingredient with respect to the strategy of [4]
turns out to be an interesting property of the Poisson point process, which we single
out here in Lemma 2.2 below.
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— Finally, they combine the explicit formulas for the cluster expansion and remainder
together with the £! — ¢? estimates in order to pass to the limit in the approximation
parameter, cf. [6, Section 5.5]. This string of arguments is similar to |4, Section 5|.
They remark that a careful tracking of the constants in their proofs (which they omit)
would reveal that A — a) has Gevrey regularity of order 2.

Next, relying on our original results in [4] (without using Poisson calculus), together with a
few adaptations, we shall establish the following version of |4, Theorem 2.1] for the Poisson
point process.

Theorem 1. The map A+ Ay is Gevrey regular of order 2 on [0, 00), and derivatives are
given by cluster formulas as in [4]. O

Compared to our previous result [4, Theorem 2.1|, Theorem 1 treats the Poisson point
process (relaxing the assumption that the point process be uniformly locally finite). This
comes at a price: whereas real-analyticity was established in [4, Theorem 2.1|, we only
obtain Gevrey-regularity in Theorem 1. Also, it is not clear to us to what extent this
result is expected to hold for the thinning by Bernoulli deletion of other non-uniformly
locally finite point processes than Poisson.

2. PROOF OF THE GEVREY REGULARITY

2.1. Strategy of the proof. Recall that Pf\p) and P,y have the same law for all p € [0, 1],

hence /_lf\p ) — flp,\, which entails that regularity of A + Ay on [0,00) is equivalent to

regularity of p +— AE\p ) for any A > 0. In addition, replacing the underlying random

field Ay by the law of Af\p 9 turns Ag\p ) into the law of Ag\p tp O), hence we may restrict to

proving the regularity of p /_lg\p ) at p =0 for any A > 0. In what follows, we let A > 0

be arbitrary, yet fixed, and we skip the subscript A for simplicity. We start with two
approximations. First, as in [4], we replace the corrector gradient V¢, that is the centered
stationary gradient solution of the whole-space PDE

—V-AVp+e) =0, (2.1)

by the gradient Vpr of its massive approximation, that is the corresponding solution of
the whole-space PDE

1
7T~ V-A(NVer+e)=0. (2.2)

As opposed to (2.1), the latter equation (2.2) is well-posed on a deterministic level (that
is, well-posed for any uniformly elliptic coefficient field A), and the dependence of Vpr(x)

upon the values of A restricted on Q(y) = [y,y + 1)? is uniformly exponentially small in
|3i/%J|.
finite point processes {P, }1 defined as follows. For h > 0, we decompose R? into the union
of cubes Qp(z) = z + [0,h)? with z € (hZ)?. On each cube Qp(z) we pick randomly a
point z, (independently of the others), we attach an independent Bernoulli variable b, of
parameter A\h¢, and finally set

Ppo={z. : z€ (hZ)% b, = 1}.

Next, we replace the Poisson point process P by a sequence of uniformly locally

So defined, Py, is indeed uniformly locally finite and it has h-discrete stationarity and finite
range of dependence. In addition, Pp converges in law to P as h | 0. Using these two
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approximations, we introduce the following proxy for the homogenized coefficients,
AD)e =B [APP)(Te), +e)]

with the short-hand notation Ej [-] := E[th(o) -] and cpg?)h = @T(P,Sp)). By qualitative
stochastic homogenization arguments (see e.g. [7, Theorem 1] for the convergence in 7" and
[4, Step 1 in Section 5.2| for the convergence in h), we have for all p € [0, 1],

i AP _ (o)
TTLlolTllwoAT’h AW (2.3)

By [4, Theorem 2.1, p — Ag? 31 is real-analytic close to zero (and actually on the whole

interval [0,1]), and there exists a sequence {f_le nti, given by explicit cluster formulas,
cf. Lemma 2.1 below, such that for all p small enough we have

» _ NP g
) _
Az = 2 4 (2.4)
j=0
As we shall see, Theorem 1 follows in the limit T 1 oo, h | 0 provided we prove that there
exists C' < oo such that this sequence further satisfies for all 7,
sup \flgphl < P07, (2.5)
T>1,h<1 ’
The main ingredient to (2.5) is Proposition 2 below. Before we state this result, let us
recall some notation and results borrowed from [4].

2.2. Difference operators and inclusion-exclusion formula. We start by considering
correctors as functions of indices, and then recall the associated difference calculus and the
inclusion-exclusion formula. In what follows, we write P = {x,},, and set J,, := B(x,).
Note that inclusions {.J,, },, could have different shapes and even be random as well provided
they are uniformly bounded.

Correctors as functions of indices.
For all (possibly infinite) subsets E C N, we define A® := A; + C¥, where C¥ :=
(Ay — A1) e and J¥ := J,,cp Jn, and we introduce the following variant of (2.2):

1
Tcp% —V-AE(VE +e)=0. (2.6)

Setting E® := {n € N : bP) = 1}, we use the short-hand notation C®) := cE”,
AP = AE(p), and gog(m = gpg).

Difference operators.

We introduce for all n € N a difference operator 61"} acting generically on measurable
functions of the point process, and in particular on approximate correctors as follows: for
all H C N,

n H n
sl = Il

This operator yields a natural measure of the sensitivity of the corrector g0¥ with respect

to the perturbation of the medium at inclusion J,,. For all finite F' C N, we further intro-
duce the higher-order difference operator 6" = [L.cr 51"}, More explicitly, this difference
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operator 6% acts as follows on approximate correctors g0¥ : for all H C N,

7
3F o = (—D)IFIE N = PV = N " (—)\ClpGuH, (2.7)
=0 GCF GCF

|Gl=t

with the convention §%¢pH = (p4)? := plf. As in the physics literature, see [11], such
operators are used to formulate cluster expansions, which are viewed as formal proxies
for Taylor expansions with respect to the Bernoulli perturbation: up to order k£ in the
parameter p, the cluster expansion for the perturbed corrector reads, for small p > 0,

B DA T N g L T

neE‘(P) nl,n26E<p) MY seeey ’nkEE<p)
distinct distinct

which we rewrite in the more compact form

k
o =3 S e, (2.8)

7=0 FcE®P)
|F|=3
where Z‘ p|=; denotes the sum over j-uplets of integers (when 7 = 0, this sum reduces to

the single term F' = &). Intuitively, this means that cpé’? ) is expected to be close to a series

where the term of order £ involves a correction due to the £-particle interactions.
For convenience, we set 61 ol = §F ol for F # @, and 62 := plf + ¢ 2. Using the

binomial formula in form of g p(—1)IE\S| = 0 for E # @, we easily deduce

Vodor = Y Vel (2.9)
SCF

Inclusion-exclusion formula.
When the inclusions {J, }, are disjoint, we have

cw = 3" ¢t (2.10)
neE®)
However, since inclusions may overlap, intersections are accounted for several times in
the right-hand side and this formula no longer holds. We now recall a suitable system of
notation to deal with those intersections.

For any (possibly infinite) subset £ C N, we set Ag := A; + Cp, where Cp := (A2 —
Ay, and Jg := (,cp Jn. Note that Jy,, = Jint = J, and Cc1 = C{ny. For non-
necessarily disjoint inclusions, C®) is then given by the following general inclusion-exclusion
formula:

C(P) — Z C{n} — Z C{m,m} + Z C{m,m,ns} — ...

neE®) ny<n2€E®) ni<ng<nz€E(P)
[oe)
=Y (=D > Cr (2.11)
k=1 FcE(I’)
|F|=k

Since the inclusions J,,’s have a bounded diameter and the point set is almost surely locally
finite, the sum (2.11) is locally finite almost surely.
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We shall need further notation in the proofs. For all £, FF C N, ' # &, we set Jgp :=
(Mher Jn) \ (Uner Jn) and ‘]HF (Uner n) \ (Uner Jn), and then

CE||F = (A2 - Al)]lJEHF and C”EF = (A Al)]lJHE .
In particular, we have Cp) 5 = C, CHQ = CF, and CfF = 0. For simplicity of notation,
we also set Oy = 0 = Cy. The inclusion-exclusion formula then yields for all G, H C N
with G # @,

c = Y (—1Siticg, (2.12)
SCH

Clt, = > (=1)lFIHCgq, (2.13)
SCH

Cor = Y (-1)¥lCeue. (2.14)
SCH

In [4, Corollary 2.2], we established the following formulas for the coefficients {fl% Wt
n (2.4), which can be viewed as natural cluster formulas.

Lemma 2.1. For all T, h > 0, we have for all j > 0,

e Ao =51 Y > ()R, [V6Cor, - Craia(Ver, +e)] - (2.15)
|F|=j GCF O

2.3. Optimal ¢! — (? estimates. In [4], we used the naming “¢! — ¢? estimates” for the
following family of estimates, which state that sums can be pulled out of the square without
changing the bounds. In the present Poisson setting, this statement is to be compared to [6,
Proposition 5.3].

Proposition 2. There exists a constant C' < oo such that for all T,h > 0 and j,k >0,

2 .
S = Eh[ > ‘ > VcSFU%T,h‘ } < jlCkH, (2.16)
Gl=k " Jr, 0

As in [6], the proof combines the original arguments for [4, Proposition 4.6] together
with the following interesting property of the Poisson point process.

Lemma 2.2. Let R be a bounded random function of indices with R(&) = 0, and assume
that it is approximately local in the sense that there exists k > 0 such that for all F,

IR(F)| S ) erlonl. (2.17)
neF

Then there exists C < oo (depending only on d and on our fized intensity \) such that for
all h >0 and a,b,c > 1 we have

Eh[ 3 11JH‘ 3 R(FUG)Hg ' [Z( SR FUG”. (2.1&2

|H|=a,|G|=b |F|=c Gl=b |FI=e
HNG=9 FN(HUG)=2 NG=g9
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Proof. Because of approximate locality (2.17), the left-hand side of (2.18) is finite for all
finite a, b, ¢, and we have

limEh[ )OERTANDS RP(FUG)‘Q]
[H|

o
4 =a,|G|=b |Fl=c
HNG=9 FN(HUG)=9

:]Eh[ S 11JH) 3 R(FUG)(Z],

|H|=a,|G|=b |F|=c
HNG=9 FN(HUG)=9

where {R,}, stands for the finite-volume restrictions R,(F) := R(F N{n : z, € Q,}).
Hence it suffices to prove the claim for R, instead of R. As R,(F’) only depends on indices
for points in @),, we may condition the expectation with respect to the number of points
in @), to the effect of

Eh[ )ERTANDS RP(FUG)‘Z]

[H|=a,|G|=b |Fl=c
HNG=2 FN(HUG)=92
> 2
- P[ﬁpthp:n]Eh,p,n[ 3 ]L,H\ 3 R,,(FUG)‘ ]
n=a-+b+c |H|=a,|G|=b |F|=c
HNG=2 FN(HUG)=9
where Ep, ,»[-] == Ex[-[4(Pn N Qp) = n]. The complete independence of P, now ensures

that Ej ,,,, coincides with normalized integration on @, with respect to all n points. This
yields in particular

Eh,p,n |:

> ]lJH‘ > Rp(FUG)‘Z]

|H|=a,|G|=b |F|=c
HNG=2 FN(HUG)=2

_ (Z)(][g]lmwxaedel...dxa)Eh,p,n_a[Z‘ 2. RP(F)‘Z}

IGI=b  |Fl=c
FNG=2

CG(Z)pdaEh7p7na[Z‘ 3 Rp(F)ﬂ.

Gl=b  |F|=c
FNG=2

IN

Noting that
PP Q) =] ()5 S S EPLNQy) =n -]

the claim now follows by summation in form of

Eh[ )RS RP(FUG)‘Z]

|H|=a,|G|=b |F|=c
HNG=2 FN(HUG)=2
> 2
= Y PEPNQ) =B X in] ¥ RG]
n=a+b+c |H|=a,|G|=b |F|=c
Hm =2 FN(HUG)=9

o0

¢y ]P’[tt(PhﬂQp)—n]<a> daEh,,,M[Z( Z FUG”

n=a+b+c |Gl=b |F|=
FﬂG:Qf

IN
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< Eh[Z’Z FUG” 0

Gl=b IFI=
G=o
With the above lemma at hand, we are in position to prove Proposition 2.

Proof of Proposition 2. The proof closely follows that of [4, Proposition 4.6]. In particular,
it is based on a double induction argument in j and k. The only difference with the original
proof of [4, Proposition 4.6] is that we appeal to Lemma 2.2 each time we need to control a
term of the form » ;- 15, (which is uniformly bounded if the point process is uniformly
locally finite).

Step 1. General recurrence relation.
Let G C N be a finite subset. Summing the equation satisfied by ¢f UG(pTJL over F, cf. [4,
Lemma 4.1, we find

1
T > 58— V-AV Y 6,

|Fl=j+1 |[F|=j+1
FNG=9 FNG=92

= VY S ()OI O VPS8

\FI J+1 SCFUCG

- V. Z Z |S|+\U\+1CSUU”GW Z v(;fu(G\U)@%h

UCG S<j+1 |Fl=j+1—|S]|
SNG=2 FN(GUS)=2

The energy estimate then yields after summing over G (see e.g. [4, proof of Lemma 4.2]),

Sy]irll = Eh[ Z ’V Z 6FUG§0T,h‘2:|

|Gl=k+1 IFI=j41
=g

[ Z ’Z Z ISV g WUl|G\U Z V55U(G\U)<P%h‘2]-

|G|=k+1 UCG \S|<J+1 |F|=j+1—|S|
NG=9o FN(GUS)=9

2/\

Since we have |Csurje\u| < LisLiy e, and since the family {Jyje\v}uce is disjoint for
fixed G, we deduce

2
S SEh[ > Z]IJU< > ]le‘ > V5£u(G\U)<P%hD ] (2.19)

|G|=k+1UCG HE |Fl=j+1—|8]|
=z FN(GUS)=2

Using the decomposition V5FU(G\U) Sh = > Rcs V(SFU(G\U) or.h, cf. (2.9), this leads

to

2
sicn] ¥ Y ¥ Y ¥ weveor,[)],

|G|=k+1UCG IS|<j+1 RCS |F|=j+1—|5|
SNG=g FN(GUS)=o
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or alternatively, disjointifying the sets,

k41 Jj+1 B
;a:lszxah[ SEEETH 0 3) DENED DI T

|Gl=k+1—a,|U|=« B=1~v=0 |S|=B—,|R|=>

GNU=2 (SUR)N(GUU)=SNR=0
2
x‘ > vanGURng,hD ] (2.20)
|Fl=j+1-8

FN(GUUUSUR)=g

Using (2.18) in (2.20) (which we can since the massive approximation makes the corrector
gradient approximately local with s ~ 1/v/T), we get

k+1

oo Jj+1 8
D S AT S 0 5 SRS DR P
a=1 |G|=k4+1—a “B=17=0 |S|=B—7|R|=y

(SUR)NG=SNR=g

x) > waGURsOT,hDQ]. (2.21)

|F|=j+1-8
FN(GUSUR)=g@

Now expanding the square,

s BT T ol ¥ e

|G|=k+1—a “B=1v=0 |S|=B—v,|R|=y |F|=j+1-p
(SUR)NG=SNR=9 FN(GUSUR)=2

2 2. 2. Lialisue

|Gl=k+1—a |S|=B=v:|Rl=y  |S/|=p'—~,|R/|=+
(SUR)NG=SNR=% (S'URNG=S'NR'=2

j+1 B j+1 B [

TL2 22 E

=17=08/=1~'=0

FUGUR FUGUR’
DS I SRR e
|F|=j+1-8 |F/|=j+1-8'
FN(GUSUR)=92 FN(GUS'UR!)=go

and making F' (resp. F') disjoint from S’, R’ (resp. S, R) in form of

FUGUR FUGURUS{UR
\ S wegmg S \ S V5! R ol
|F|=j+1-8 SyCS',RGCR/  |F|=j+1-8-|5|—|Rpl
FN(GUSUR)=2 FN(GUSURUS'UR!)=%

we deduce, using the bounds ab < a? + b? and Ymenl < olH],

o £ B v w5 e

|Gl=k+1—a “B=17=0 |S|=8—~,|Rl=vy |F|=j+1-5
(SUR)NG=SNR=@ FN(GUSUR)=g
j+1 B g+l p
Bl
<ZZZZ2 Lisor g
=17=0p'=1~'=0 (Gl=htl=a SIS0y Ri=y o 18/1=0'—" | /I=

UR)NG=SNR=2 (S'UR')NG=S'NR'=2
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<Y 3 Vo FUOURDSUR w,hﬂ .

S{)CS’,R{]CR’ |F|=j+1-8—|S{|—|R{|
FN(GUSURUS/UR!)=g2

As all sums are on disjoint index sets, we are now in position to appeal again to (2.18),
and we easily deduce after straightforward simplifications,

s 2 (8%t 3w

|G|=k+1—a “B=1v=0 |S|=B—v,|R|=v |F|=j+1-8
(SUR)NG=SNR=92 FN(GUSUR)=9
j+1 B g+l B B v
OBt —v=4 FUG 2
S5 3) 3 Dp st DS Y ven]

B=1~=0 B'=1~'=0 6=0 |Gl=kt1-aty+s  |Fl=jtl-g=s

=9

Inserting this into (2.21), and noting that ﬁCmC"
to

< (m+n),(20)m+”, we are then led

k+1 ]+1 ]+1 / l Ca+ﬁ+ﬁ/7'y*§

ECED 3 335 B D) DI

a=1p=1~v=0pg'=1~"'=0 §=0
2
FUG
XEh[ > ‘ > vl SOT,h‘ ],
|G|=k+1—a+vy+d§ |Fl=j+1-B-5
FNG=2

or equivalently, after reorganizing the sums,

Jj+1 j+1 k+8 Ck+B—atl

gkt1 +6
+1 ~ ZZZ k+ﬁ_a+1)!5j‘+1_5_5. (2:22)
6=0 g=1a=0

Step 2. Conclusion.
We initialize the induction by noting that

Sp <C,

which is nothing but the standard energy estimate for the corrector ¢ (an a priori estimate
that only requires the uniform ellipticity of A). Then, by a similar (double) induction
argument as in [4], now based on (2.22), the claim follows (for some possibly different
constant C' < 00). O

2.4. Proof of Gevrey regularity. The rest of the proof follows our general argument
in [4]. First, adapting the proof of [4, Proposition 5.2] by using Lemma 2.2 (as we did above
for [4, Proposition 4.6]), and replacing [4, Proposition 4.6] by Proposition 2, we directly
obtain the uniform bounds (2.5). In order to use this bound to prove regularity based on
the qualitative convergence (2.3) and the regularity of p — flgj )hv it remains to appeal to a
Taylor formula in form of [4, (5.25)]: for all k and p € [0, 1],
k+1
AD) - P 5 p sup [ALFL(PU),
Z k+ 1)‘ u€[0,p]

where fl];f?ll (P() denotes the (k-+1)th term of the expansion associated with the (partially)

decimated point process P, which is itself in the present case a Poisson point process
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with intensity Au, hence for which the bound (2.5) holds uniformly on u € [0,p]. Since
the constants are uniform wrt 7, h, as in [4], this entails the existence of the limits A7 =

lim7y00 1m0 fljfh, and there holds for all j,k > 0 and p € [0, 1],
o . _
‘A(P) —Z?‘P’ < (k+DI(Cp)F  and |4 <1209,
— !
J=0

The conclusion of Theorem 1 then follows from the arguments at the beginning of Sec-
tion 2.1.
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