A SPECTRAL ANSATZ FOR THE LONG-TIME
HOMOGENIZATION OF THE WAVE EQUATION
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ABsTrRACT. Consider the wave equation with heterogeneous coefficients in the
homogenization regime. At large times, the wave interacts in a nontrivial way
with the heterogeneities, giving rise to effective dispersive effects. The main
achievement of the present work is a new ansatz for the long-time two-scale ex-
pansion inspired by spectral analysis. Based on this spectral ansatz, we extend
and refine all previous results in the field, proving homogenization up to optimal
timescales with optimal error estimates, and covering all the standard assump-
tions on heterogeneities (both periodic and stationary random settings).
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1. INTRODUCTION

1.1. General overview. Let d > 1 be the space dimension and let a be a symmetric
coefficient field on R¢ that satisfies the boundedness and ellipticity properties

la(x)¢| < l¢l,  &-a(@)E = N[¢fF,  forallz,& € RY, (1.1)

for some A > 0. We shall consider both the case when a is periodic and the case when
a is a stationary ergodic random field (in the latter case, we restrict to a Gaussian
model for illustration, cf. Definition 1.3). Given an impulse f € C2°((0,00); L*(R%)),
we consider the ancient solution of the associated linear wave equation
{ (07 = V-a(:)V)ue = f, inR xR (1.2)
u: = f =0, for t <0, ’
in the homogenization regime 0 < ¢ < 1, and we are interested in the accurate
description of the long-time behavior of the flow. The reason why we focus on ancient
solutions (with u, = f = 0 for ¢ < 0) is to ensure the well-preparedness of the wave
and to avoid propagating time oscillations; see the discussion in Section 1.6. Note that
we can also consider the case of strongly elliptic systems up to obvious modifications.
It is however crucial that coefficients be symmetric (to avoid exponentially growing
modes in the Floquet-Bloch theory).
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On short timescales ¢ = O(1), standard theory [7] ensures that the flow can be ap-
proximated to leading order by the ancient solution of a homogenized wave equation,
{(af—v-aV)ﬂ:f, in R x R?, (1.3)
u=f=0, for t <0, '
where the (constant) effective coefficient a is the same as for the homogenization
of the corresponding steady-state problem. This means that homogenization and
time evolution decouple to leading order on short timescales. As first understood
by Santosa and Symes [25], this is however no longer the case on longer timescales:
more precisely, a non-trivial interaction between homogenization and time evolution
appears as soon as t > O(e~2) in the periodic setting, leading to a dispersive correction
to the naively homogenized wave equation (1.3).

In the periodic setting, the first rigorous analysis of this phenomenon is based on
spectral theory, more specifically on Floquet-Bloch theory, and is due to Lamacz [23]
in one space dimension, and to Dohmal, Lamacz, and Schweizer [9, 10] in higher di-
mension. They proved the convergence to some suitable dispersive homogenized wave
equation up to times t < €73, Due to the use of the Floquet-Bloch theory, it was
not clear that this approach could be applied beyond the periodic setting to other
standard frameworks for homogenization (such as quasi-periodic or random coeffi-
cient fields). To treat such cases, Benoit and the second author developed in [5] an
approximate version of the Floquet—Bloch theory, which was inspired by [2] and by
the observation that the derivative of the Bloch wave with respect to the wave number
at 0 is a multiple of the standard corrector in homogenization. Extending this to all
orders, [5] introduced a notion of ‘Taylor-Bloch waves’, which approximately diago-
nalize the elliptic operator —V - aV at low wavenumber. In contrast to the standard
Floquet—Bloch analysis, this approximate spectral approach is easily transferred to
the random setting as it does not rely on the existence of exact Bloch waves (see [14]
for an extension of these ideas to other regimes). In the periodic case, this allowed
the authors of [5] to derive a whole hierarchy of higher-order homogenized equations
that are valid to leading order up to times t < O(¢~¢) for any ¢ > 0. These higher-
order homogenized equations are well-posed up to truncating high-frequencies. In the
random case, they also managed to cover the case of random coefficient fields, for
which a homogenized description can only be found up to some maximal timescale
t = O(e~*%). Although this analysis allows reaching long timescales, it does not pro-
vide approximations with optimal accuracy. There is indeed a strong limitation in the
analysis: since the impulse f in equation (1.2) is not adapted to O(e) oscillations of
the coeflicients, Bloch waves at low wave number only describe the solution to leading
order, and Bloch waves at higher wave number should further be taken into account
for a finer description. The main difficulty is that Bloch waves at higher wave number
are not easily related to “correctors” in homogenization, so that it was unclear how
to improve the accuracy in [5].

Shortly after [5], following a variant of classical two-scale expansion methods [6],
Allaire, Lamacz, and Rauch [3] and Abdulle and Pouchon [24, 1| obtained similar
results in the periodic setting and did improve the accuracy in the description of the
wave flow on long timescales in terms of some two-scale expansion. Interestingly, and
as opposed to the equations obtained by approximate spectral theory, the homog-
enized equations obtained in [3, 24, 1] have to be significantly reformulated several
times before they give rise to a well-posed problem (this is called the “criminal ap-
proximation” in [3]). Because the number of such reformulations increases with the
order of accuracy, and although arbitrarily long times and optimal accuracy can be
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reached, the “infinite-order” homogenized operator they implicitly define cannot be
inverted even for very smooth functions.

On the one hand, approaches inspired by spectral theory are physically-motivated
(for waves equations, the spectrum is of the essence), yield well-posed equations valid
for long times, but so far were limited in terms of accuracy. On the other hand,
approaches based on systematic two-scale expansions allow reaching both long times
and optimal accuracy, but essentially require as many reformulations as the order
of accuracy to obtain a well-posed equation, which prevents one from inverting the
associated “infinite-order” homogenized operator (in other words, the bound on the
homogenization error is not sharp). To sum up, a physically-motivated two-scale
expansion to reach long times and optimal accuracy was still missing.

The main aim of this paper is to introduce a full spectral two-scale expansion for
(1.2), that extends [5] to any order and allows us to invert the “infinite-order” homog-
enized operator for smooth enough impulses f. This spectral two-scale expansion is
defined in Theorem 1, whereas the infinite-order result is given in Corollary 1. This
infinite-order result shows that the analysis we do here is indeed paying off (it cannot
be obtained using the systematic two-scale expansions of [3, 24, 1]). The main in-
sight of this work is encapsulated in Proposition 1.5, which reformulates the explicit
formula for the solution of (1.2) based on Floquet—Bloch theory in a way that lever-
ages an intrinsic two-scale expansion (which we call spectral two-scale expansion).
A fundamental physical feature of this spectral two-scale expansion is the following:
corrections due to the fact that the impulse f is not adapted to O(e) oscillations of the
coefficients are local with respect to f, see Remark 1.1. This original feature should be
of interest to the engineering community, as it means in particular that the expansion
actually reduces (essentially) to the much simpler one used in [5] outside the support
of the impulse. The main merit of this work is to work out this spectral two-scale
expansion and its combinatorial structure. The adaptation from the periodic to the
random setting is essentially routine to the expert in stochastic homogenization. It is
however important and shows the limitation of homogenization techniques for waves
in random media — which is why a detailed statement is included in Theorem 3.

Last, we also thoroughly discuss the two-scale approach of [3, 24, 1] (which we call
geometric two-scale expansion, cf. Section 1.5), and we relate it to the new spectral
two-scale expansion. This essentially amounts to comparing redundant hierarchies of
corrector equations, which we do in an algorithmic way. As an output, we improve
the error analysis of [3, 24, 1], cf. (1.12).

The rest of this introduction is organized as follows: In Section 1.2, we state our
main results on long-time homogenization, both in the periodic and in the random set-
tings, comparing the results obtained with the spectral and the geometric approaches.
Next, in Section 1.3, we comment on the important question of the well-posedness
of the formal homogenized equations (cf. (1.5) and (1.10) below). In Sections 1.4
and 1.5, we motivate the special form of the spectral and the geometric two-scale
expansions. We conclude in Section 1.6 with a discussion of the well-preparedness
assumption for (1.2), going beyond the framework of ancient solutions.
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Notation.

We write V = (V;)1<;<q for the gradient with respect to the space variable, 9, for
the time derivative, and (D;)o<;<q for the space-time gradient with Dy = 9; and
Dj =V;for 1 <j<d. Given n € N, we denote by V" = (V' . )i<i, .i,<a the
nth-order spatial derivative.

For a vector field F' and a matrix field G, we set (VF);; = V;Fj and (V-G); = V,Gj;
(we systematically use Einstein’s summation convention for repeated indices). We
also denote by (VF)T the pointwise transposed field, (VF)JTI = (VF);.

Given to matrices A, B € R"™*" we denote by A : B their inner product de-
fined by A : B = A;;B;; (again using Einstein’s summation convention). For
¢ € R? and an nth-order tensor T = (T, .., )1<j1,....jn<d, We use the notation
TGO =Ty, ;& ... &, for the contraction. For two symmetric tensors T =
(Tjy..jn)jrsergn @0d S = (S}, 5, Vi1, jm» We define their symmetric tensor prod-
uct T ®; S as the (n + m)th-order symmetric tensor characterized by (T ®s.S) ®
£2Em) — (T © ¢8")(S © £€2™) for all ¢ € RY,

The spatial Fourier transform of a function f defined on R? is denoted by f & =
Jga € ®u(x) dz, and the inverse Fourier transform by f(z) = [5. elr fg)de
with d*¢ = (27)~?d¢.

We set (s) := (1 + |s[?)'/2, and we similarly define the pseudo-differential operator
(V) with Fourier symbol (1 + [£[2)2. More generally, given a continuous map
x : R* — R, we define the pseudo-differential operator x(V) with Fourier-symbol
x(§). Moreover, given an nth-order tensor T = (T},. j, )1<ji,....j,<a We define the
differential operator T'© V" =Ty, _; V7 . .
N stands for the set of nonnegative integers. For a multi-index n = (n1,...,nx) €
N*. we let [n| =ny +...+ng.

E [-] stands for expectation in the random setting, and is also used in the periodic

setting as a short-hand notation for averaging on the unit cell Q = (-3, 2)4 E[X] =

212
fQ X.
We denote by C' > 1 any constant that only depends on the dimension d and on
the ellipticity constant A in (1.1). We use the notation < (resp. 2) for < C'x
(resp. > %x) up to such a multiplicative constant C. We write < (resp. >>) for
< %x (resp. > C'x) up to a sufficiently large multiplicative constant C. We add
subscripts to indicate dependence on other parameters. We use Landau’s big-O
notation in a less rigorous way to indicate the scaling behavior of quantities, where
the precise bounds can depend on many parameters.
The ball centered at = of radius r in R? is denoted by B,.(z), and we set B(x) =
Bi(z), B, = B,(0), and B = B1(0).
When defining hierarchies of correctors and of homogenized coefficients, we take
the convention that all quantities that are not defined are implicitly set to zero:
e.g. " =0 for n < 0 and b" = 0 for n < 0 in Definition 2.1, etc.

1.2. Main results: long-time homogenization. Our main results yield long-time
error estimates for the two-scale expansion of the heterogeneous wave equation (1.2)
with optimal accuracy up to the optimal maximal timescale, with optimal norms (see
below the statements for a precise discussion of optimality). We separately consider
the periodic and the random settings; the case of quasi-periodic coefficient fields could
be treated as well but is skipped for shortness.
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1.2.1. Periodic setting. We start with the case when the coefficient field a is periodic
11

on the unit cell @ = (-3, §)d. The main result of this contribution provides a two-
scale expansion with optimal error estimate up to times t < O(e~*) for any ¢ > 0. This
is obtained by extending the spectral approach of [5] to higher-order accuracy in form
of a suitable two-scale expansion: while the error estimate in [5] saturated at O(e), we
now reach accuracy O(e‘t), cf. (1.6). The formal homogenized equation (1.5) takes
the form of a dispersive correction of (1.3) and the discussion of its well-posedness
is postponed to Section 1.3; note that the homogenized differential operator in (1.5)
below is necessarily symmetric in the sense that b* = 0 for all k even.! The proof
of this main result is displayed in Section 2, together with the definition of spectral

correctors.

Theorem 1. Let a be Q-periodic. There exist sequences of spectral correctors {¢™},
and {{™™}m obtained as solutions of elliptic problems on the periodic cell Q, a
sequence of homogenized tensors {b"},, and a sequence of Fourier multiplier {v,}n
with |y ()| < 1, ¢f. Definition 2.1, such that the following holds. For all £ > 1 and
for any impulse f € C(R; H*®(RY)) with f =0 fort < 0, the ancient solution u. of
the heterogeneous wave equation (1.2) is accurately described by the ‘spectral two-scale
expansion’

¢
Stat, f1 =Y e"p"(2) © ve(eV) V"L
n=0

-3 £—3—2m
+e8 Y (=) Y (L) @ (V)Y L (1.4)
2m=0 n=0

where ﬂﬁ is an ancient solution of the following formal homogenized equation on

R x R%, in one of the meanings provided in Lemma 2.10,
¢
RTA v <a+25’“ ® (sV)’H)Vaﬁ = f+0(h. (1.5)
k=2

(Here, ™ is an nth-order tensor field, (™™ is an (n+ 1)th-order tensor field, and b"
is a matriz-valued (k—1)th-order tensor — see the notation section for the contraction
© of tensors of the same order.) More precisely, we have the following error estimate:
foralll>1 andt > 0,

Jut — Sttt t]”L?(]Rd) + [|D(ul — Stutt, tD”LZ(Rd) (1.6)
< () @) KDY Fllir 0.0y 12 way)- O

Remark 1.1. The spectral two-scale expansion (1.4) has an important property of
physical interest: the second sum contains a series of terms that are all local with
respect to the impulse f, and this local contribution vanishes outside the support of f.
This specific form for the expansion owes to the Bloch wave analysis of Section 1.4.
It also illustrates the superiority of the present analysis over [5]: although outside the
support of the impulse the expansion in [5] has essentially the same form as (1.4) (up
to the pseudo-differential operator v,(¢V)), it does not reach accuracy beyond the
order O(e). O

1This is a consequence of the fact this operator appears as the homogenization of the self-adjoint
wave operator; see |5, Proposition 1] or our direct proof of Proposition 3.5 below.
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Remark 1.2. The above two-scale expansion (1.4) involves the pseudo-differential
operator y,(¢V). Although convenient in the analysis, it might not be so in practice
(e.g. for numerical purposes). As shown in (2.6), we can expand ,(eV) = 1 +
> rey eFyF @ V¥ for some explicit tensors {7} }x, so that for the purpose of (1.6) it can
be approximated to the required accuracy O(s*) by a finite-order differential operator.
Note that the pseudo-differential operator has some intrinsic spectral interpretation,
playing the role of a normalization of Bloch waves, cf. Section 1.4. %

The scaling £(t) of the error (1.6) is optimal. This can be seen in this periodic
setting on the explicit spectral formula (1.24) for the solution (with a first order
Taylor expansion of the time integrand) for a forcing term f compactly supported
in time. The scaling of the error with respect to the norm of f involves the optimal
order of derivatives wrt to £ (we indeed need at least ¢ derivatives to define @’ — we
have not tried to optimize the multiplicative constant C'). In particular it implies
the summability of the two-scale expansion (or the invertibility of the associated
“Infinite-order homogenized operator” as pointed out in the introduction) in form of
the following corollary.

Corollary 1. Let a be Q-periodic. Given an impulse f € C>(R; H*(R?)) that decays
as t ] —oo in the sense of f?oo [t][[{D)* f|12(gay dt < 0o for any k >0, consider the
unique solution of the associated heterogeneous wave equation

(07 =V -a(:)V)ue = f, inR xR
limy| oo ut =0, in R?.

Then, in terms of the two-scale expansion (1.4), with ﬂg now denoting the correspond-
ing solution of the formal homogenized equation (1.5) in the sense of Lemma 2.10,
we have for allt € R,

t

ID(ug = SEluc®, f)lzray < (50)4/ (t = (D) F* |2 a) ds. (1.7)
— 00
In particular, if for instance the impulse takes the form f'(x) = f1(t) f2(z), where fi
has a smooth and compactly supported Fourier transform on R and where fo has a
compactly supported Fourier transform on R%, then the two-scale expansion is summa-
ble in the following sense: for 0 < e <y 1 small enough (only depending on d, X, f),
for all T € R,

lim sup [|D(uf — SL[a*, )|y gra) = 0. (18)
Ltoo < O
For comparison, we display the corresponding result that can be obtained instead
of Theorem 1 when using a more standard “geometric” approach to devise a two-
scale expansion as in [3, 24, 1] (see Section 1.5 for an explanation of the naming
“geometric”). We slightly improve the error estimates of [3] thanks to the use of
suitable flux correctors (see Remark 3.7). Yet, the scaling with respect to ¢ in the
error estimate (1.11) is much worse than the one in Theorem 1 by a factor £/, thus
showing the advantage of the spectral approach. (In particular, Corollary 1 does
not follow from Theorem 2.) The proof is displayed in Section 3, together with the

definition of hyperbolic correctors.

Theorem 2. Let a be Q-periodic. There exists a sequence of hyperbolic correctors
{¢™"™ },m obtained as solutions of elliptic problems on the periodic cell Q, and there
exists a sequence of homogenized coefficients {a™™},, 1, cf. Definition 3.1, such that
the following holds. For all £ > 1 and for any impulse f € C®(R; H*®(R%)) with
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f =0 fort <0, the ancient solution u. of the heterogeneous wave equation (1.2) is
accurately described by the ‘hyperbolic two-scale expansion’
L L—n
HI@L) =) emtmemm () @ Vo, (1.9)
n=0m=0

where @ﬁ is an ancient solution of the following formal homogenized equation on

R x R, up to a suitable revamping, cf. (3.7), in one of the meanings provided in
Lemma 2.10,
L L—n
925 — V. (Z Y ammo (EV)"—l(eat)’n)wg = f+ 0@ (1.10)
n=1m=0
(Here, ¢™™ is an nth-order tensor and @a™™ is a matriz-valued (n—1)th-order tensor.)
More precisely, we have the following error estimate: for all £ > 1 and t > 0,

HUE - Hf[ﬁﬁ;t]”Lz(Rd) + HD(Ui - Hf[@g;t])HL?(Rd) (1.11)
2
< (eCO) (t) (DY HeC D) fllnr (0,012 ray)- O

It is instructive to compare spectral and geometric two-scale expansions (1.4)
and (1.9). Outside the support of f, (1.4) provides an approximation of u. to order
O(£%) by a sum of £+ 1 terms, whereas (1.9) reaches a similar order of approximation
with a sum of 2(¢+ 1)(£ + 4) terms (note that ¢™™ vanishes for m odd, cf. Defini-
tion 3.1). This difference between O(¢) and O(¢?) terms in the expansions illustrates
the more intrinsic character of the spectral two-scale expansion and its superiority
in terms of estimates. There is obviously a link between spectral and hyperbolic
correctors, and spectral correctors {4, (™™}, ,, can indeed be recovered as linear
combinations of hyperbolic correctors {¢™"},, ., with coefficients that are nonlin-
ear functions of hyperbolic homogenized coefficients {a™™},, ,,,. Working out the
precise algorithmic relation between the spectral and geometric approaches is quite
involved and necessarily algorithmic. This is the subject of Section 4. In particular,
in combination with Theorem 1, one can improve (1.11) a posteriori to

llug — HE0 |2 may + 1 D(ul — HIOE D) L2 (ray < (€C)(E) KDY Fllua o,z ey,

(1.12)
thus removing the spurious factor ¢¢. This constitutes a significant strengthening
of the error analysis of [3] and could not be obtained from the geometric two-scale
expansion approach only.

1.2.2. Random setting. We turn to the case of a stationary ergodic random coefficient
field a. For simplicity and illustration, we shall focus on the following Gaussian model.

Definition 1.3. The coefficient field a is said to be Gaussian with parameter 8 > 0 if
it has the form a = h(G) for some h € Lip(R¥)?*4 with k > 1 and for some R*-valued
centered stationary Gaussian random field G such that the covariance function

c(z) = E[G(z) ® G(0)], c: R — RF¥F
has B-algebraic decay at infinity, |c(z)| < (1 + |z])~7?. O

The analysis of Theorem 1 can be repeated in this Gaussian setting, and leads to
the following two-scale expansion result with optimal error estimate up to the optimal
maximal timescale. Note that the maximal timescale depends on the decay rate
for correlations and saturates in case of integrable decay 8 > d (which corresponds
to the strongest mixing possible in the Gaussian setting and yields the central limit
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theorem scaling for large-scale averages of the coefficients). This result extends [5]
to higher-order accuracy. The proof is displayed in Section 2.8. Exactly as in the
periodic case above, a corresponding result could also be obtained in terms of the
geometric two-scale expansion; we skip the detail for shortness.

Theorem 3. Let a be Gaussian with parameter 5 > 0 in the above sense, and define
0, =247

We can construct spectral correctors {9"}n<e, and {{™™ }niom<e.—3 as well-behaved
solutions of some hierarchy of elliptic problems on the probability space, homogenized
tensors {b"}n<s., and a Fourier multiplier v, with |v,(€)| < 1, ¢f. Appendiz A, such
that the following holds. For any impulse f € C(R; H*(R?)) with f =0 fort <0,
the ancient solution u. of the heterogeneous wave equation (1.2) is accurately described
by the corresponding spectral two-scale expansion S[ul, f] given in (1.4), where ut is
an ancient solution of the corresponding formal homogenized equation (1.5) in one of
the meanings provided in Lemma 2.10. More precisely, we have the following error
estimate: for allt >0 and q¢ < oo,

ul = S& [l flna@rz@ay + Dl — S [l )@z @y

(t)e? |loge|? : B >d, d even,
(te? ((t)2 Nem7) . B>d, dodd,
d
< . cr (t)ez |log5| ) L B8 =d, d even,
~q [1(-)(D) f||L1(R;L2(Rd)) X <t>€g( (t)[loge])? A _i) . B=4d, d odd,
(t>5§|log€\ : B<d, pe2N,
ez ()15 Ae (3))  B<d, BN,

with the short-hand notation {g} =

w\m

- ng € [0,1) for the fractional part of g O

For short times ¢ = O(1), in the setting of integrable covariance 8 > d, the above
two-scale expansion error estimate is O(¢%/?) (up to a logarithmic correction in even
dimensions). This is optimal and random fluctuations of u. become dominant beyond
this scaling since fluctuations naturally have the scaling O(c%/2) of the central limit
theorem, cf. e.g. [13]. For longer times, the two-scale expansion error further depends
on whether the dimension is odd or even due to the growth of correctors: For 5 > d,
the two-scale expansion error remains negligible < 1, in the sense that the wave can
be accurately described in terms of some homogenized equation, only provided that

€ % o d=1,

t<{ e flloge|"2 : deven, (1.13)
e : dodd > 1.

Up to such timescales, the above result can be used in particular to derive ballistic
transport properties of the wave, see [5, 14], as well as to derive spectral information
in a suitable low-energy regime, see [12]. Although the two-scale expansion cannot be
pushed further in general (except in the case of very specific structure of the coefficient
field, see e.g. the remark above Corollary 1.3 in [12]), ballistic transport could hold
for longer times (see e.g. the case of matched impedance in [26]).

Remarks 1.4 (Extensions).

e Nontrivial initial data: In Theorems 1 and 3, we focus on well-prepared data, or
equivalently, on ancient solutions of the heterogeneous wave equation, cf. (1.2). If
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we rather consider the initial-value problem

(07 =V -a(:)V)z. = f, inRT xR?,
Zs‘t:O = uo, in Rd7
Orze|t=0 = v°, in R?,

with initial data u°,v° € L*(R%), then, because of ill-preparedness, an O(e) contri-
bution with almost-periodic time oscillations with O(¢~!) frequency is expected to
appear and to maintain forever: this is formally described in Section 1.6 below and
shows that a two-scale description cannot hold beyond accuracy O(g). This issue
is naturally by-passed by rather considering the time-averaged solution

2t g(a) = /0 O(t — s) z2(x) ds, for some 0 € C°(R).

Indeed, setting ¢, := inf(supp ), an integration by parts ensures that z. g is the
ancient solution of

(02 =V -a(2)V)zeg = 0'(t)u° + 0(t)v° + fy, in R x RY,
: e/ V)% (1.14)
ze 9 =0, for t < to,
in terms of the time-averaged impulse fi(z) := [~ 6(t — s) f*(z)ds. Hence, an

effective approximation for the time-averaged solution z. ¢ is obtained as a direct
consequence of Theorems 1 and 3 for ancient solutions. Another way to solve this
issue is to consider oscillating initial data (u2,v?) in form of a spectral two-scale
expansion.

e Heterogeneous mass density: As in [3], we may replace 97 by p(%)07 in the wave
equation (1.2). Provided that the weight function p satisfies the uniform non-
degeneracy condition Cio < p(z) < Cy for some constant Cy > 0, it does not change
much in the analysis once the definitions of correctors are suitably adapted. The

necessary changes are transparent and we skip the detail for shortness %

1.3. Well-posedness of homogenized equations. We start by discussing the for-
mal homogenized equation (1.5) obtained with the spectral approach, where we recall
that b = 0 for all k even. The obstacle to the well-posedness of this equation is the
lack of ellipticity of the operator

4
-V (a+ EkQ(EV)k_1>V, (1.15)
k=2

because of dispersive corrections. Indeed, the next-order homogenized coefficient b?
can be proved to be non-negative, cf. [25], so that equation (1.5) is ill-posed in general.
This is not new to homogenization, and a similar difficulty occurs in the elliptic setting
when studying higher-order two-scale expansions, see e.g. [6, 15]. In this case, one
typically uses an inductive method, which, for the wave equation, would read as
follows: for £ > 1, set w! := Zi:l eF~1@* where @' is the solution of

(0?2 -V -aV)w!' = f, inRxR?
w'=f=0, for t <0,
and where for 2 < k < £ we inductively define @* as the unique solution of

{ (02 =V -aV)it =YF V- (' o V) Vel in R x RY

1.16
ok = 0, for t < 0. ( )
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It is easily checked that this w! indeed satisfies (1.5). However, as originally observed
in [3] (in the similar setting of (1.10)), this notion of solution displays an immoderate
growth in time, which destroys any hope of using it for an accurate description of (1.2)
on long timescales. More precisely, the energy norm ||V12)£¢HL2(R¢) is expected to
behave like O({et)*~1), which would make the approximation u. ~ S[w?, f] trivially
false on long timescales ¢t > ¢~!. This time growth (also called secular growth)
appears as a snowball effect as corrector terms in the above hierarchy of equations for
{@*}>1 have the preceding profiles as sources.

Instead of this naive inductive method, one must look for another way to rearrange
equation (1.5). In fact, as @ > A1d, we note that the Fourier symbol of the opera-
tor (1.15) remains positive in a fixed Fourier support for ¢ small enough. Therefore,
if the spatial Fourier transform of the impulse f is compactly supported (uniformly
in time), then for £ small enough the Duhamel formula allows us to define a unique
solution that keeps the same compact support in Fourier space at all times. Without
this additional assumption on f, the operator (1.15) needs to be modified at high
frequencies O(%) to ensure ellipticity, and there are different ways to proceed. In the
following we discuss the three different regularizing terms that we consider in The-
orem 1. The resulting solutions satisfy (1.5) up to an error of the order O(ef). We
briefly describe high-frequency filtering, higher-order regularization, and the so-called
Boussinesq trick: these three approaches happen to be essentially equivalent up to
higher-order O(g%) errors, and we refer to Section 2.3 for the details.

(I) High-frequency filtering:
In [3], the authors proposed to use a low-pass truncation, which amounts to
filtering out high frequencies of the impulse: equation (1.5) is then replaced by

L
2at _ v . (a +Y 8o (sV)k_l)Vﬁg)’e = (V) f,
k=2

for some a € (0,1) and some y € C°(R?) with Xlip=1and X|ra\5 = 0.

(IT) Higher-order regularization:
The alternative method used in [5] amounts to regularizing the operator (1.15) by
adding a higher-order positive operator r(g|V|)*(—A), where the factor x¢ > 0
is chosen for instance as the smallest value that ensures the following uniform
positivity,

L
¢ (a +3 bk o (i) 2D ¢ mw)g > LA\, forall £ € RY.
k=2

(IT1) Boussinesq trick:
This last method proceeds by rearranging the ill-posed equation (1.5) and is in-
spired by the standard perturbative procedure to rearrange the ill-posed Boussi-
nesq equation in the theory of water waves, see e.g. [8]. This so-called Boussinesq
trick was first adapted to the present setting by Lamacz [23] in one space dimen-
sion for ¢ = 3. It was extended in [9] to higher dimension for ¢ = 3, and further
extended to all orders ¢ > 3 by Abdulle and Pouchon [1]. It is somehow of
the same spirit as the higher-order regularization above, but with the additional
twist that it further uses the wave equation itself. This approach is slightly
more intrinsic than the previous two ones, but it also has the disadvantage of
involving derivatives of the impulse. Let us illustrate the main idea for ¢ = 3.
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We first choose k3 > 0 as the smallest value such that
- (6° @ (i) )¢ + rslé*(€-ag) > 0,  forall ¢ € RY

We then decompose the operator (1.15) as

~V - (a+b 0 (V)*)V
- V. (a(l — k32 A) + B0 @ (gvﬁ)v — k3 A(V - aV),
and we use that at leading order the equation (1.5) yields
V-aval = ofu — f+ O(?),
to the effect that one may reformulate (1.5) as
92(1 — 2k )13 . (a(1 — k32 D)+ B O (5V)2>V12§HI)’3 = (1— 2k f,

up to an error of order O(g*). By our choice of k3, this equation is well-posed.
This method extends to arbitrary order and we refer to Section 2.3 for the
details.

Next, we turn to the well-posedness of the corresponding formal homogenized equa-
tion (1.10) obtained for the geometric two-scale expansion. While for equation (1.5)
the difficulty only came from the lack of ellipticity of the spatial differential opera-
tor (1.15), the existence theory for equation (1.10) is much more delicate as this equa-
tion involves higher-order mixed space-time derivatives. Just as for equation (1.5),
the inductive method (1.16) used in the elliptic setting leads to secular growth of the
approximate solution and is of no use in the present situation. Before being able to
use high-frequency filtering, higher-order regularization, or the Boussinesq trick, we
need to get rid of higher-order mixed space-time derivatives in (1.10), which can be
done by iteratively using the equation itself (quite in the spirit of the above presen-
tation of the Boussinesq trick for £ = 3). This is called the criminal approximation
in [3]. The thorough revisiting of this idea is the object of Section 3.3: more precisely,
if ¢ solves (1.10), then it is shown to satisfy an equation of the form

)4 £—2
ot — V- (a +Y b'o (EV)k_l)Vﬁf = f+e°V- (Z "o (eD)"‘l)Vf +O(e"),
k=2 n=1

where {b"},, coincides with the spectral homogenized coefficients and where {€"},, is
some family of nonlinear combinations of the hyperbolic coefficients {@™™},, .,; see
Lemma 3.8 for a precise statement. Now the differential operator in the left-hand
side of this equation is the same as in (1.5): it displays a lack of ellipticity, but the
same approach to well-posedness can be repeated, using either high-frequency filter-
ing, higher-order regularization, or the Boussinesq trick. Note that the right-hand
side in the above reformulation of the homogenized equation (1.10) differs from the
homogenized equation (1.5) obtained with the spectral approach, but there is no con-
tradiction as the spectral and hyperbolic two-scale expansions also differ: this demon-
strates the actual complexity of the link between spectral and hyperbolic correctors;
see Section 4.
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1.4. Spectral approach and two-scale expansion. This section constitutes the
main insight of this contribution: the form of the spectral two-scale ansatz (1.4),

e ~ S, f] =Y "P"(2) ©(eV) V"
n>0
et Y (—)mer T (2) 0y (eV)VIT R L (117)

n,m>0

For that purpose, we focus on the periodic setting and first proceed to a fine Floquet—
Bloch analysis of the solution u. of the heterogeneous wave equation (1.2). Starting
point is an application of the Floquet transform, which is known to transform the
heterogeneous wave operator —V -a(2)V on L2(R?) into a family of fibered wave
operators on the periodic Bloch space L*(Q).

When embedding the periodic cell into the physical space R, there is an indeter-
minacy related to the choice of the origin (¢ € @), which we consider as an additional
variable. Averaging over this variable in @ allows us to place ourselves in the set-
ting of continuum stationarity — thus unifying the notation with the random setting.
(All the upcoming results actually hold for ¢ fixed in the periodic setting.) Hence,
as in [5, 14, 16], we enrich the structure by considering shifts of the periodic coeffi-
cient field and by augmenting the physical space R? to include such shifts: we define
. € L2 (RT; L2(R? x Q)) such that, for all ¢ € Q, 4i.(-,¢) is the ancient solution of
the following shifted wave equation,

{ (atQ_v'a(é'i_q)v)aa("Q):fa inRde,

t:(,q) = f =0, for t < 0. (1.18)

In this augmented setting, the e-Floquet transform [14, 16] of an element w € L*(R% x
Q) is formally defined as

(VEw)(q) == /Rd eV b(y, ¢ — ¥)dy,

which is @-periodic with respect to q. The Fourier inversion formula takes on the
following guise, cf. [14, Lemma 2.2|,

Bz, q) = /]R 6T (VEd) (2 + q) d°€. (1.19)

This leads to a direct integral decomposition?

@
L*(R? x Q) :/ L*(Q)ec d*¢
]Rd
via Fourier modes e¢(z) := €. Under this decomposition, the above wave equa-
tion (1.18) is equivalent to the following family of wave equations on the unit cell Q:

for all £ € R?,

(07 — L (V +ig8) - a(V +ief)) Vit = f(§), inRxQ,
Veiie = f(€) =0, for t <0,

where we recall that f stands for the spatial Fourier transform of f. Solving this equa-
tion by means of Duhamel’s formula and using (1.19) to invert the Floquet transform,

2Or7 more precisely, a family of direct integral decompositions parameterized by e, which changes
the way the unit cell Q is embedded in R4,
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we get

(. 4) / /Rd (Sm g(;i_))(lfgg)lp) 1>(”§+Q) f@©deds,  (1.20)

with the short-hand notation
Le:=—(V+i)-a(V +if). (1.21)

In other words, the solution can be decomposed as a superposition of fibered evolutions
on L2 (@), and, since the force f is not oscillating, only the fibered spectral measures
associated with the constant function 1 matter. It remains to evaluate the space-time
oscillating factor in formula (1.20) and to extract an effective behavior as e < 1.

Proposition 1.5. Let a be Q-periodic, let the impulse f € C®(R; H®(R?)) satisfy
f =0 fort <0, and assume for simplicity that the spatial Fourier transform f 18
compactly supported uniformly in time. For all £, the self-adjoint operator L¢ on
L%(Q) defined in (1.21) has discrete spectrum and we denote its smallest eigenvalue
by Ae > 0. For €] < 1, this eigenvalue is simple and we denote by we a corresponding
normalized eigenfunction. We then set

mel = E[weglwe,  and  wFl = 1—ml, (1.22)

we note that the map RY — RY x L*(Q) : & = (\e, mel) is analytic for |¢] < 1, and
that for |£] S1 and e < 1 it holds that

|2l SIEF, and  lmeel — 1|z o) < elél. (1.23)

With this notation, for ¢ <; 1 (depending on the Fourier support of f), the above
formula (1.20) for t. can be expanded as follows: for alln > 1,

. tsin ((t—s <)V
at(x,q) = /Rd e (megl) (£ +q)(/0 ((t(g)\): )1?25) ) @) ds) e

+ESZ e [ s ug (e g oo are
Rd

+ 0(52(n+1)) ||<at>2n+1f”L1 AL (RLI(RY))s  (1.24)

in terms of
&= (Loe) ™ M ikl (1.25)
which for [§| < 1 is analytic with respect to e < 1 and satisfies V7", [lLz(q) Sm €] ©

We emphasize the structure of the above expansion (1.24). Since in (1.20) only
the fibered spectral measures associated with the constant function wg = 1 (which is
the ground state of £y) matter, the main contribution in (1.24) is naturally given by
the perturbed ground state w.¢ o< m.¢1. However, as the impulse f is not oscillating,
hence is not adapted to oscillations of the ground state we¢, higher modes also create
another non-vanishing contribution. In other words:

— The first term in (1.24) corresponds to the contribution of the ground state of the
fibered operators {L¢}¢ and the time dependence is expressed by some effective
evolution determined by the fibered ground eigenvalues {A¢}e.

— The second term in (1.24) is only of order O(e?®) and is induced by higher modes.
More precisely, the ill-preparedness of the impulse f creates a non-trivial oscilla-
tory contribution in Duhamel’s formula due to higher modes, which amounts after
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time integration to a contribution that is local with respect to f. In particular,
note that this term vanishes outside the support of f.

For comparison, the Bloch wave approach in [23, 9, 10, 5] rather focused on the first
term in (1.24), thus neglecting the O(e®) contribution of higher modes, and further
replaced the oscillating factor 7.1 by a simpler (not normalized) proxy that is easier
to characterize but that yields an additional O(¢) error.

Proof of Proposition 1.5. To evaluate the space-time oscillating factor in (1.20), we
must investigate the spectrum of L¢ in the perturbative regime |{| <« 1. As this
self-adjoint operator has compact resolvent by Rellich’s theorem, it has discrete spec-
trum. We denote by )¢ its smallest eigenvalue, which is nonnegative as L¢ is. Note
that for £ = 0 the smallest eigenvalue of Ly is \g = 0 and is simple (with constant
eigenfunction). Since the perturbation £ — Ly is Lo-bounded with relative norm
< 1+ |€)%, standard perturbation theory [22] together with the discreteness of the
spectrum of Ly ensures that the smallest eigenvalue ¢ remains simple for || <« 1
small enough. Moreover, the branch of eigenvalues £ — A¢ is analytic for [£] < 1,
and there is a corresponding analytic branch of eigenfunctions. Recall the definition
of the corresponding projectors ¢, Wé in the statement, and note that my1 = 1, so
that (1.23) follows. Now expanding the constant function 1 with respect to those
projectors, identity (1.20) turns into

; tsin ((t—s )Y2)
W) = [ e ma +q>( / ((t(sz)jj)  jreas) e

sin —5)(L. 1/2 .
//]Rd ( (1t(£ E))(1€2£) )Weél)(:"‘q)fs(f)d*fd& (1.26)

The first right-hand side term is already of the desired form, cf. (1.24). We turn to the
second term, which captures the contribution of higher modes. Due to the discreteness
of the spectrum, for |£| < 1, the operator £ has a spectral gap £5|gﬂé = 1.

Combined with (1.23), this yields the following bound for (1.25),

1P L2 @) Sm (€l
For n > 1, noting that iterated integration by parts in the time integral yields for all
A >0,

Fsin (1(t —s)AV?) . U evmAl, aom it
| (E(;m) ) jr()as = > ()" oo

m=0

- ()" /0 cos (1(t = 5)A/2)0s(—02)" f* (&) ds,

where we used the vanishing assumption for the impulse at initial time s = 0, it then
follows from functional calculus that

/ /R <bm (5(23))(52 )1/2)7@51)( q) f*(¢) d"¢ds

n—1

Z m Zm/Rd 2590\1158( +q)32mft(£) 5

m=

+ O ()2 £ AL (R;L! (RY))-
Inserting this into (1.26) yields the conclusion (1.24). O
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We turn to the applicability of this spectral computation beyond the periodic set-
ting. In case of a stationary ergodic random coefficient field a, a similar Floquet
decomposition (1.20) can be justified, cf. [14, 16], but the corresponding fibered oper-
ators {L¢}¢ are then defined on L?(2), where (2 is the underlying probability space,
and typically have non-discrete spectrum. For instance, the spectrum of Lo = —V-aV
on L?(9) is expected to be made of a simple eigenvalue at 0 embedded at the bottom
of an absolutely continuous spectrum, cf. [16]. In this setting, the Floquet—Bloch
theory fails and the above perturbative spectral computation cannot be adapted. As
shown in [5, 14], however, an ‘approximate spectral theory’ can be developed: for-
mal Rayleigh—Schrédinger series can be approximately constructed up to a certain
accuracy, leading to approximate Bloch waves that can be used to approximately di-
agonalize the heterogeneous wave operator and describe the flow on long timescales.
Equivalently, we may start from a two-scale ansatz given by the formal e-expansion
of the spectral formula (1.24), and then use PDE techniques to show that it indeed
provides a good approximation of the flow to a certain accuracy. This approach is
the one we use for the proof of Theorems 1 and 3: it allows us to forget about the
underlying spectral interpretation, which is only used to devise an educated guess for
a two-scale ansatz.

Finally, let us describe the e-expansion of the spectral formula (1.24), showing
that it takes the form of the spectral two-scale ansatz (1.17), and let us derive the
relevant hierarchy of PDEs for its coefficients. For that purpose, following [5], we
first consider the (not normalized) ground state 1. of L. satisfying E [ihee] = 1.
Expanding formally

Yee ~ D €L, Aee~ Y "AL, (1.27)
n>0 n>1
and separating powers of € in the eigenvalue relation L.¢ce = Acetpee, we find that
the maps ¢¢ : () — C and coefficients A} € C are defined inductively by wg =1,
;\2 =0, and for all n > 1,

n
—V-aVy = V- (@il ™) +ig - a(VPr Tt +iggp ) + > MR, (1.28)
k=1
E[02] =0, Al =-E|ig- (@Vyy~" +aici?™?)].

(Recall that by convention we implicitly set &g = 0 for n < 0.) This hierarchy of
equations uniquely defines {@?, ;\?}n by the Fredholm alternative since by induction
the periodic average of the right-hand side of (1.28) vanishes; cf. Section 2.1. Note that
we find )\é = 0 in agreement with (1.23). Next, we normalize t.¢ to get a normalized
ground state w.e and we define the corresponding projections m.¢, cf. (1.22),

wsé 1 1/’5{
Weg = —————— E[wg] = ———, Teel = —————2, (1.29)
* Bl CTEL T Bl
and, in terms of (1.27),
1
il = gy (— vee +E Yol
e’eg E[Wad?]a( 3 [ 3 ])

n+1

W Z 5”( _ 1[,?+1 + I;)E |:1/;g+lfkw§} ) (1.30)

n>0
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We turn to the e-expansion of {W7" },,, cf. (1.25): we write their expansions as
1 .
(RN, (1.31
e~ e 25 )

and it remains to write PDEs to characterize the coefficients {égm}nm For m =0,
inserting (1.30) and separating powers of € in the defining equation

£E§\I’O7E = éﬂ'él,

we find that the maps g‘g 0. Q — C are defined inductively for all n > 0 by

n+1
—V-aV{’ = V- (aiel; ™) +ig-a(VE 0 il ) 4 ”“+ZE[¢Q+1 ’%pk}
(1.32)
with nontrivial integration constant fixed as
n k42 §
E[(] = -3 Y (/R [ ’“+2—l§g"“v°}. (1.33)
k=11=2

(Recall again that by convention we implicitly set (Vg 0'=0forn < 0.) Again,
these objects are well-defined by induction and the Fredholm alternative since our
choice (1.33) precisely ensures that the right-hand side of (1.32) has vanishing periodic
average; cf. Section 2.1. Next, we argue iteratively for m > 1: starting from the
defining equation

LW, = 0P
we find that the maps (vg " @ — C are defined inductively for all n > 0 by

—V-aV{™ = V- (aigl] ") +ig - a(VEETNT gl T + ¢ (134)
with nontrivial integration constant fixed as
n+2 n k+1

E[Cg””] — 1/)\2 ZE[WLH k ik,m— 1} ZZ /)\2 { k+1—l§gfk,m .

k=2 1=2
(1.35)
Putting all this together, using expansions (1.27) and (1.31), and extracting the
polynomial &-dependence of the coefficients in the notation,

UF = Ym e, AT = (e M), T = (e (i),

the spectral formula (1.24) appears to be precisely equivalent to the spectral two-scale
ansatz (1.17), with Fourier multiplier v given by

Y(€) = E [|yel’] ™

and with @. satisfying the associated formal homogenized equation, cf. (1.5),

Opa. = V- (a+ > b0 (V)" Vi ~ f,

n>2

where dispersive corrections correspond to derivatives of the fibered ground states
{Ae}e at &€ = 0. We have also derived the PDE hierarchies defining correctors
{Y™, ("™} pm, cf. (1.28), (1.32), and (1.34). For the proof of Theorems 1 and 3,
we replace infinite series by finite sums and show by PDE techniques that these are
still good approximations for the wave flow. In the random setting, just as in the
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elliptic case [18, 4, 21, 15|, we can only solve a finite number of the above correc-
tor equations, which is why a homogenized description is only obtained up to some
maximal timescale and accuracy, depending both on space dimension and on mixing
properties of the coefficient field.

1.5. Geometric approach and hyperbolic two-scale expansion. Instead of star-
ting from the above spectral analysis, another way to describe oscillations of the
solution u. of the heterogeneous wave equation (1.2) is to appeal more directly to
two-scale expansion techniques [6] and rather postulate the following natural hyper-
bolic two-scale ansatz,

Ue ~ H;)o[,l—)e} = Z En-i-m(bn,m(é)@Vnaln,lj@ (136)
n,m>0

where time and space play essentially symmetric roles and where v, should satisfy
some effective (constant-coefficient) hyperbolic equation. Inserting this ansatz into
the heterogeneous wave equation (1.2) and separating powers of e, we are led to
defining hyperbolic correctors as Allaire, Lamacz, and Rauch in |3, Definition 2.2].
These correctors can be viewed as a refinement of usual elliptic correctors: for all
n > 0, the nth-order hyperbolic corrector ™ and homogenized tensor a™° defined
in Section 3 indeed coincide with their elliptic counterparts [6, 21, 15].

As in the elliptic setting, hyperbolic correctors have a natural geometric interpre-
tation. We focus on the periodic case to simplify the presentation. The first corrector
o9, which is the same as in the elliptic setting, is defined to correct Euclidean co-
ordinates x + x; into a-harmonic ones = — x; + (b;’o(x): indeed, q[)}’o is the unique
periodic solution of

~V-a(Ve; " +e;) =0,

with E [¢"°] = 0. The corresponding two-scale expansion H2[v] := o + EQS;’O(é)Vﬂ?
is then viewed as an intrinsic Taylor expansion of the limiting profile v in terms of
a-harmonic coordinates. In order to describe oscillations with finer accuracy, higher-
order correctors are iteratively defined to correct higher-order polynomials and make
them adapted to the heterogeneous wave operator. More precisely, higher-order cor-
rectors {¢™"™},, m are defined in such a way that, for any polynomial p in space-time
variables z, t, the corrected polynomial

H®[p] = > ¢"™oV"9"p (1.37)
n,m>0

captures oscillations of the heterogeneous wave operator in the sense that
(0f =V -aV)H>[p]

has no periodic oscillations any longer. In that case, this quantity can automatically
be written as

(32 —V-aV)H>[p| = (af V. (Z Y ame vnla;n)v>p, (1.38)
n>1m>0

for some suitable family {@™™},, ,, of constant tensors; see Proposition 3.6. This
reflects the fact that on large scales the heterogeneous constitutive relation Vu — aVu
is replaced by the effective relation Vu — aVu at leading order, while additional
corrective terms must be included when looking for finer accuracy,

Vi (Z Y armo vnfla;n)w. (1.39)

n>1m>0
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The difference with the elliptic setting is that in the present hyperbolic setting both
space and time variables need to be corrected alike. Comparing to the spectral ap-
proach, note that the presence of mixed space-time derivatives in the resulting ho-
mogenized equation (1.10) leads to additional well-posedness issues: naive notions of
solution display a secular growth, which was first avoided in [3] as explained at the
end of Section 1.3.

1.6. Ill-prepared data. Up to now, we have focused on well-prepared data, or equiv-
alently, on ancient solutions of the heterogeneous wave equation (1.2). We now briefly
discuss the effect of ill-prepared data by means of Floquet—Bloch theory, which pro-
vides further insight on the claims of Remark 1.4. For that purpose, as in Proposi-
tion 1.5, we assume that the coefficient field a is periodic and that the impulse f has
compactly supported spatial Fourier transform: in this setting, for € small enough,
the operator L.¢ has discrete spectrum and its lowest eigenvalue A.¢ is simple for
all £ in the Fourier support of f. We then show that, if initial data do not fit spa-
tial oscillations of the ground state, their projection on higher modes propagates and
maintains forever, leading to an O(e) contribution that consists of a superposition
of typically incommensurate time oscillations with O(¢~!) frequency. This almost-
periodic structure prohibits any approximate description by a two-scale expansion
beyond accuracy O(e). More precisely, we consider the initial-value problem

(0} =V -a(:+q)V)z(,q) =0, inRT xR
2e(5, @)|t=0 = u®, in R?,
Orze (v, q)|t=0 = v°, in R?.

By Floquet—Bloch theory, arguing as for (1.26), we now get

Ze (SC, Q)
X T ~0 sin t(s%)\ 5)1/2 ~0 *
= / e g(ﬂagl)(g + Q)(COS (t(%ﬁ\e&)l/z) a°(§) + (1)\51/2) v (5)) d ¢
R4 (52 55)
+ rﬁ(xv q)a
where the remainder r. contains all the effects of initial ill-preparedness,

re(z,q) = /Rd em'g(cos (t(g%ﬁgg)lm)ﬂéfl) (£4+q)u°(§)d*¢

i (SR t(s%ﬁ6 )1/2 i y )
+/]Rde E( ((512‘65 )f/2 )W§1>(E+q)v (&) d"¢.

Denoting by {v! g}n>0 the non-decreasing sequence of eigenvalues of L.¢ on L2(Q)

(repeated according to multiplicity, with 1/55 > Vs{ = Ae¢), and denoting by {’Ysg}nzo
a corresponding sequence of normalized eigenfunctions, the above remainder can be
written as

re(z,
esin (1(1/85)1/2)

-3 / ST o) (eos (02O + T 0 4

in terms of K7, 1= Eh&] = O(&f). As claimed, this shows that the remainder r. is of
order O(g) and oscillates both in space and time with O(e~!) frequency. Moreover,
at a fixed Fourier mode ¢, the time dependence is (typically) almost-periodic, which
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prohibits any approximate description by means of a two-scale expansion beyond
accuracy O(g).

As explained in Remark 1.4, these complicated oscillations are naturally removed
by taking time averages. In terms of the above remainder r., this amounts to noting
that, given 8 € C2°(R), we formally have for all A > 0,

/ 0(t — s)cos(2 A/ ds = 225% 1)k k=12 +1) ()
e’:‘bln( AL/2) -
/ 0t —s)—ip —ds = 225% DFHATEIEN ),

so that the above flow decomposition is precisely turned into an expansion of the
form (1.24) for the time-averaged flow (1.14).

2. SPECTRAL APPROACH AND TWO-SCALE EXPANSION

This section is devoted to the definition of spectral correctors and to the proof
of Theorems 1 and 3 and of Corollary 1, including the well-posedness of the formal
homogenized equation (1.5).

2.1. Definition of spectral correctors. We start by recalling the definition of
the spectral correctors {¢"},, and homogenized tensors {b"},, as first introduced
in [5, Definition 2.1] and motivated in Section 1.4, cf. (1.28). We further introduce

Fourier multipliers {7, }¢, which are proxies for the factor E [[t).¢|?] “lin (1.29), (1.30),
and (1.31).

Definition 2.1 (Spectral correctors). For all £ € R?, we define {IZJ?, 5\?}”20 induc-
tively via 1&2 =1, 5\2 =0, and for all n > 1 we define 1/35 € H!..(Q) as the periodic

per

scalar field that has vanishing average E WJ?] = 0 and satisfies
— V- aViy =V (@il ™) +if - a(Vop T +igdp %) + > Mgph,(2.)
k=2
where we have defined
A= [ig La(Vpt + z'gng”)} , (2.2)

recalling that we implicitly set JJ? = 0 for n < 0 for notational convenience. Factoring
out powers of i§ in the above, we may then define the real-valued symmetric tensor
fields {¢"},, and symmetric tensors {b"}, via

YO )T =P, & (0" e ()P T)E = A (2:3)

We shall also use the notation @ := b* as the latter coincides with the homogenized
coefficient for the associated elliptic equation. Next, for all £ > 1, we can define the
following Fourier multiplier,

(€)= B[ 20w o (i)®n 2] . <2.4<§

Remarks 2.2.



20 M. DUERINCKX, A. GLORIA, AND M. RUF

e As the choice (2.2) precisely ensures that the right-hand side of (2.1) has vanishing
average, an iterative use of the Poincaré inequality on the unit cell Q) easily yields
the following estimates: for all n,

7|+ 19" | 1) < C™ (2.5)
This ensures in particular the well-posedness of equations (2.1) & (2.2).
e Since by definition we have

E[Y!_ ym o (i€)®"] =1,

Jensen’s inequality yields

E[| v © ()] > 1,
which ensures that the definition (2.4) of the Fourier multiplier v,(§) indeed makes
sense and satisfies v,(§) < 1 for all £. In addition, in view of (2.5), we can expand,
for |£] < 1 small enough,

() =1+ 7 0, (2.6)
k=2
for some coefficients {7/ }x. In addition, this can be truncated to any order n > 0,
re() = Yoot 0| < (clehm . (2.7)
k=0 O
e The uniform ellipticity of a, cf. (1.1), ensures that a = b is elliptic, and therefore
we have A7 = ¢ - ag > A[¢|? for all € € RY.

As a consequence of the self-adjointness of fibered operators {L¢}¢ in Section 1.4,
their first eigenvalues {A¢}¢ are real, hence, in view of (1.27) and (2.3), we deduce
that b" must vanish for all n even. Equivalently, 5\? vanishes for n odd. This can
alternatively be proven by a direct computation starting from definition (2.2), cf. [5,
Proposition 1]; a similar (more involved) argument will be provided in Proposition 3.5,
so we skip the detail for now.

Proposition 2.3. We have b" = 0 for all n even. O

As is common in the elliptic setting, it is useful to further introduce suitable flux
correctors, which will allow us to refine error estimates by directly exploiting cancel-
lations due to fluxes having vanishing average.

Definition 2.4 (Spectral flux correctors and auxiliary correctors). For n > 0, we
define the spectral flux correctors o := (UZ...in)léil,-..,inSd by

Oiy i = (V(I’?l...in)T?
where ®7' ;€ H}.(Q)? is the periodic vector field that satisfies E[®} | =0 and
n+1
=A( Z...in)in+1 = ein+1'a(vw’ﬁ...in+ Zi.li",lein)_Z(eik.B’]L?l_‘}ik_geik—l)wzc-:ii.?"+1'
k=2

For n > 2, we also define the auxiliary correctors p" := (p7 ; )i<iy,...in<d DY
n _ X n
Piy. in — Vznq’il...in,lv

where W' . € H}. (Q) is the periodic vector field that satisfies E[¥?
and

]=0

clp 1

n _ n—1
7A\I]i1...in_1 - qpil.i.in,l‘ <>
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Next, we turn to the definition of the correctors {(™™},, m, as motivated in Sec-
tion 1.4, cf. (1.32) and (1.34), and we start with the case m = 0.

Lemma 2.5. For alln > 0 and & € RY, we recursively define C" 0 e Hper(Q) as the
unique periodic scalar field that satisfies

-V aVC?’O =V- (aiffg’l’o) g a(V{g’l’O i i&(vg*z’o)
n+1

n+1+ZE|:¢n+1 k7 }’ (2.8)

with integration constant

n k+2

E[G7) == =Y D GERE [$EIG ). (2.9)

11=2

With this choice of the constant, the above equation for ég’o 18 indeed well-posed by the
Fredholm alternative as it iteratively ensures that the right-hand side has vanishing
average,

[zg a(VE yigr 20] Z]E[w“ ’%/ﬂ —0. (2.10)

Factoring out powers of i€, we may then define the real-valued symmetric tensor
field ¢™0 such that

Cn,O o (i€)®(n+1) — C”gL,O. o

Proof. Tt suffices to show by induction that (2.10) holds for all n > 0. For k > 0,

testing the defining equation (2.1) for z/JkH with fg 0 we get after averaging and
integrating by parts,

E[JF(-V - av )]
k+1

=E {17?( - (@igd %) +ig - avey 0) +1/) '(i€ - @if) ¢ 0}+Z N [wk+1 ngL,0:| .

=2

Now inserting the defining equation (2.8) for Cg ’0, and reorganizing the terms, this
becomes

E [0 (V- (aiy ™) + i€ a(VEy ™ +ieCl>") + k(i - aig) ¢y |
= B [0} (V- (@iell) + i€ - a(VE +ieCt0)) + v (i€ - ai) (|

k+1

+E{wk+1 n+1:| +Z)‘l [¢§+1 s ]

Iterating this identity (n + 1)-times, starting from k = 0, and using that ¢ = 1 and
that E [¢p™] = 0 for all m > 1, we deduce after straightforward simplifications

n+2 n+1 k

E[ig.a(vc +iedy 10] ZE{W“ "y } = *ZZ { & ko}
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or equivalently,

n+2
E [i¢ - a(VEM© +iedp™ 10} ZE[W‘“ R }
n—1k+2
_ _)\Z]ECgl 10 ZZ)\IE[wngQ lCn k— 10]
k=1 1=2

Now the choice (2.9) of the integration constant for Cgl_l’o precisely ensures that the
right-hand side vanishes, which proves that the identity (2.10) holds with n replaced

by n+ 1. 0

Next, we turn to the construction of corresponding correctors {¢™™},, for m > 1,
as motivated in (1.34). The proof of this lemma is analogous to the one above and is
skipped for shortness.

An,m

Lemma 2.6. Given m > 1, for all n > 0 and £ € R, we recursively define C
H! (Q) as the unique periodic scalar field that satisfies

per
= VeV =V (aigE ) 6 a(VEETHT g G (200

with integration constant

n+2 n k42
n, . 2 +2—k *k 1 2 Tk+2—1in—k,
E[G) = (/%) B [Fe R - S e [
k=0 k=1 1=2
With this choice of the integration constants, the above equation for QZ"’mH 1s indeed

well-posed by the Fredholm alternative as it iteratively ensures that the right-hand side
has vanishing average,

E [ig La (VT g T + G 1} = 0. (2.12)

In particular, ]E[Cvgm} =0 for all m > 0. Factoring out powers of i£, we may then
define the real-valued symmetric tensor field ™™ such that

¢ (i) 2 = G 0

Again, it is useful to further introduce associated flux correctors, which allow us
to refine error estimates by directly exploiting cancellations due to fluxes having
vanishing average.

Definition 2.7 (Spectral flux correctors). For n > 0, we define the spectral flux

n,0 .__ n,0 . .
corrector 7Y 1= (7,7 )1<iy,ingi<d DY
n,0 n 0 T
Ti N (v i1 zn+1) )

where (IDZO € H} . (Q)%is the periodic vector field that satisfies E[®]"’ 0
and

—a0l0, = a(VEC, L+ e ) ~E[a(VES, L+ e )]

+1

=0

N +J

We define the spectral flux corrector 7™ := (7, )1917,,,,in+1§d for n > —1 and

b 1. Tn41
m > 1 by
7—in’.m‘ - (vq)n " )Tv

1--2tn+41 An41
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where @', € H].(Q)" is the periodic vector field that satisfies E[®;" mln“} =0
and
1, +1,m—1
_A(I)n mZ = a,(VCZl dimit + CZ L';nein_*_l) + Cn z:jrz €ipo-
(Note that the definition of the {™"™’s ensures that the expression in the right-hand
side has vanishing average.) O

Based on the above definitions, as for (2.5), an iterative use of the Poincaré in-
equality on the unit cell @ easily yields the following estimates.

Lemma 2.8. For all m,n >0,
1@ 0™ o)) + 10" <™ (™ T ™) gy S O (2.13)
O

2.2. Spectral two-scale expansion. Given a smooth function w, we consider its
two-scale expansion of order ¢ > 0 associated with the above-defined spectral correc-
tors, as motivated by spectral considerations in Section 1.4,

Zenw” ©Y(eV)V"w

{—3—2m

+é Z (—1)me?m Z E"CMM(2) @ (eV)VITIOPMf. (2.14)
2m=0
We show by PDE techniques that this expansion is indeed well-adapted to describe
the local behavior of the solution to the hyperbolic equation in the following sense:
the heterogeneous hyperbolic operator applied to S[w, f] is equivalent to a higher-
order effective operator applied to w, up to error terms of formal order O(g“). The
proof is postponed to Section 2.4.

Proposition 2.9 (Spectral two-scale expansion). Let £ > 1, € > 0, and let w, f be
smooth functions satisfying

920 — V- (a+2b’f © (eV)F~ 1) Va = f. (2.15)

Then, the associated spectral two-scale expansion of order £, defined in (2.14), satisfies
the following relation in the distributional sense in R x R?,

(07 =V -aV)Silw, f] = f

IA(n—1)

20
=D LD DI Co i o [ RN BIC A A

n=>~_ k=(n—£)Vv1
— etV (0l s (e eIV, L T)
— &'V ((avh, i, — 0t L)) WEV) VY, o)

+e (W +p)(2) O(eVIVf —eloy, 4, (2) 1 (eV)VEVE, w0
4 441

+k—2 k=1 2 n+k 2 —
+ Z Z e" wlnlmin(E)bin+1min+k—2 ' (EV)V V it k— LW
n=1k=~0(+2—n

_Ef Z (_l)mv ( a @ 3—2m,m —T-é_g-_gm”’:ln)(é)’)/z(EV)vvl 2—2m 82mf>

Slg—2-2m 11...00—2-2 p—2-2m
2m=0
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_ gt Z m £—3— Qmm(;)l’}/g(EV)VQVZ 2—2m 2mf

’Ll Ap—2—2m dp—2_2m
2m=0
-3
+6€at2 Z( )mCZ 3— 2mm( )@’W(EV)VE 2— 2ma2mf
2m=0

2.3. Well-posedness of homogenized equation. As motivated in Proposition 2.9,
cf. (2.15), we consider the following formal homogenized equation, for £ > 1,

RUL V- (a+ Y b 0 EV) " )VU! =f, mRxR (2.16)
Ul=f=0, for t < 0. ’
However, as explained in the introduction, the symbol of the operator
-v-(a+ Zbk © V)V (2.17)

may vanish, so equation (2.16) is 1ll—posed in general. As described in Section 1.3,
several higher-order modifications of this equation can then be used to ensure well-
posedness: high-frequency filtering as in [3], higher-order regularization as in [5], or
the Boussinesq trick as in [1]. Let us precisely define each of them:

(I) High-frequency filtering.
Let a € (0,1), and let x € C>(R?) be a cut-off function with
xXlip=1  X[ra\p =0.
Provided that 0 < € <, 1 is small enough, the Fourier symbol of the oper-

ator (2.17) is strictly positive on e~*B, and we may then define a?” as the

unique solution in R x R of
o2aN*t — v . (a+ Zbk © (eV)"~ 1>V £ — (e2V) f, (2.18)

with u6 = f =0 for t <0, such that the spatial Fourier transform of u
supported inRx e *B.

(IT) Higher-order regularization.
Choose k¢ > 0 as the smallest real number such that for all £ € R?,

. (a+zbk z£ ®(k 1) +/€E|§‘ )5 > 1)\|£|2 (2.19)

Note that (2.5) entails x, < C*. Then, for all € > 0, we can define a™"* as the
unique solution in R x R¥ of

92adn-¢ _ .(a+Zbk ® (V) + ry(e|V)) )VQQW = f (220

with aé”” =f=0fort<0.

(III) Boussinesq trick.
Set k1 = 1, ko = 0 for all j, and for j > 0 we define inductively k941 > 0 as
the smallest value such that for all £ € RY,

2j
¢ (@Ma + 3 R BH T (i) l)g > 0. (2.21)
=1
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Note that (2.5) entails |#;] < C! for all I. Then, for all € > 0, we can define

a?”” as the unique solution in R x R of
¢
(1 n Zm £Iv)) l 1) 2111),12
1=2

n—1
=V (3 (o Yo 0 (B eV vl

n=1 =1
4
(HZ’W (V)= 1) . (2.22)
=2

(I11),¢

with @g =f=0fort<0.

We analyze these three modifications of the formal homogenized equation (2.16) and
show that they are well-posed and all equivalent up to higher-order errors. The proof
is postponed to Section 2.5.

Lemma 2.10 (Well-posedness of effective equation). Let f € C®(R; H*(R%)) and
let £ > 1.

(i) If the spatial Fourier transform of f is supported in R x Br for some R > 1,
and provided that eR < 1 is small enough (independently of £), then the formal
effective equation (2.16) admits a unique ancient solution U¢ € L2, (R; L?(R%))
with spatial Fourier transform supported in R X Bgr. Moreover, it satisfies for
all r,t >0,

H<D>TDUZ;t||L2(Rd) SO IKD)Y Flluo,0),L2 ®e)) s
105 2@ay S (ONF Il 0,2 ray-

(ii) The modified equations (2.18), (2.20), and (2.22) are well-posed in L2, (R; L?(R%))
in their respective sense, and their solutions satisfy for all r > 0, for (x) = (I)

or (II),

(D) DAl 2 (ay (D) fllLr(0,6);L2 (ReY)

AN N

15 |2 O FIL (0,602 RY) 5

and for (%) = (III),
. . -1
||<D>TDﬁ§III)’Z’t||L2(Rd) < C'e||<D> <€V>L 2 Jf||L1((07t);L2(1Rd))a
: 1
1™ 2 may < CHBIEVIVZ fllui o, may)-

(i4i) If the spatial Fourier transform of f is supported in R x Bgr for some R > 1,
and provided that eR < 1 is small enough (independently of £), we have for all
r,t >0,

(DY (@5 — UL |2 may < (C) DY Fllia (0,0)m2 ()
(D >7‘(7(H)’e;t_Uf;t)HL2(Rd) < (EC) DY fllnr ((0.0)12 RaY)
(D) (@M = TS |2 gay < (€C) (OIDY* 2 FllLa (0,12 e
with Ko < 1/« in the first estimate. O

N
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2.4. Proof of Proposition 2.9. By scaling, it suffices to consider the case ¢ = 1
and we omit the subscript € = 1 for notational convenience. The two-scale expan-
sion (2.14) can be decomposed as S‘[w, f] = S{[w] + S5[f], in terms of

L
> " o n(V)V"
n=0
-3 ¢—3—-2m
Sslfl = Y D () o)V S
2m=0 n=0

We split the proof into three steps, separately deriving equations for each part.

Step 1. Equation for S{[w]: we show that
¢
(07 — V- aV)Si[m Zw"@w (at -V (a+25k@vk—1)vw>

-V (<aw ie = b)) (V) vvfl...uw) — 0ty N(VIVEVE,
l+1

+ Z STowp LB L w(VVAVETE"2 g (2.23)
n=1k=~0+2—n
A direct calculation based on the general formula —V -aV(hg) = (—=V -aVh)g—V -
(ah) - Vg —aVh-Vg— ha:V?g yields, for all n > 0,

—V-aV(Y" @5 (V)V"D)
= (=V-aVyy, _; )n(V)VE .

11---tn

-V (awﬁmineiwﬂ) (V)anrl w

w i1 nt1
- (ein+1 : avquzn)Vl(v)anrl w — (ein+2 ! aw;ﬂl...inein+1)’7f(v)vn+2 w.

21---tn41 11---tn42

Combined with the defining equation (2.1) for 1™, this entails
—V-aV (" ©v(V)V"0)
=V (a7l e ) wn(V)VE o=V (ad] e, )n(V)VETL o
w—

11.--tn+1

+ (etn a’vwll 7/11, l)vé(v) l] Zn ( ln+1 avwll Zn)’yé(v)vz-‘rlln+1w
2 2 —
+ (ein ’ a’(/JZ vip—oCin— 1)’)%(V> 1. znw (€Z7L+2 11 in eln+1)’yf(v)v?1+ oW

_Z( bfl 1zk 2€1k71)$:;+]f zn,}/[(v)v;ll znw

and thus, after summation over 0 < n < /, taking into account the telescoping sum
we obtain that

l—n

(02 =V -aV) Se Z%l ane(VVE (33*21’51 1]k 2 VZVfl 23k 2)@
k=2
V- (anf, wew)w(V)vfjle—eml- a(Vl Ui e n(VIVE, @
- (ein 'awfl...igeiul)W(V)vszz[”w’
which we can rewrite as
t+1-n
(02— V-aV)Si[w Z% PRV I R DI IR S e

n=0 k=2
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L ¥ _
-V (a(ﬁfl““e”“)’w(V)v +1z(+1w - (eie+2 ’ awfl...igei£+l)’ye(v)v +21@+2w
{+1
¢ o— k-1 41—k ¢ -
~(€inpalVl oAUk o) =D (B e DT (VL o
k=2
Recalling the definition of flux correctors, cf. Definition 2.4, this means
l+1—n
n Tk _
(02— V-aV)Si[w 21/1 (Va0 0 BT, vt e
k=2
Y4 _
: ((awll’w - Uflly)elﬁ+l)’ye(v)v +1lg+1w

- (eiHQ . a”(/}fl...igeiZJrl)’YE(V)VZ+2Z[+21D
and the claim (2.23) follows.

)

Step 2. Equation for S5[f]: we show that
(0F =V - aV)S3(f Zw”@w v f

m {—3—2m,m {—3—2m,m 0—2—2 2m
- Z (_1) V. ((a i1eie—a—om | Tileio—2—2m ) (V)vvn K?) T: 2m 8 f)
2m=0

m€32mm. 2v7l—2—-2m 2m
_Z z1 uzzm' (V)VV Zzzzma f
2m=0

{—2 n+1

S DD D(Ce Vit of [T s AT R\ S O

Tk+1---tn+1
n=0 k=0

82 Z mCZ 3—2m,m op] (v)vﬁf2f2mat2mf. (224)

2m=0
A direct calculation yields for all m,n,

—V-aV ("™ oy (V)VTHEI )

(=V-aVe™ (VR T =V - (al e )NV TS

tn4+2
~(Cin o aVCT )V (VIVET L0 = (i all T e o)W (VVETS, O f.

Tn+3

For m = 0, inserting the defining equation for (™9, cf. (2.8), this entails
—V-aV (" on(V)V'H)
= V- (a¢ e )n(VIVET L F =V (adly °Mlezn+2)w(V>V““wf
+ (Cina ~avc:”; S (VETL L f -
+ (einJrl . aCzi?O €¢n) (V)V"+1

,0 +3
[ 1n+1f - (ein+3 : a<zn dint1 ’Ln+2)lyz )v? ’Ln+3f
n+1

_¢Z""‘“1i"+1 ( VZL—Hz,LJrlf""Z n+1 kE |:wn+1 k k ik} ’W(V)V"+1

Tk+1 'Ln+1 'Ln+1f

1. 7/n+1 Z'n.+2

(€inin - aVC,  N(V)VETE
(V

and thus, after summation over O <n</{-23,
-3

—V-aV Y (" on(VIVTf = =V (a0 e, )NV LS
n=0
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— €y, a (VCE 31? 2 +Cf o Cip_ Q)Ve(V)VZ 11,3 1f

-3
Z 3,0 14
- (ele A iy 5 Ci 1)’72(v)vi1...ief
-2 -3 ntl

I RTANINEDS Ze yUHRE [t Th el eV, L

n=1 n=0 k=0

Proceeding similarly for m > 0, we find

{—3—2m
~-V-av > on(V)VrHorm
n=0
o Z7372m,m —1-2 2
- _v (a i1 il 2— 277;61-@ 1— QW)IYE(V)V 12 T27n8 mf
£—3—2 —4—2 l—1-2 2
T Cipgay @ (VC g T;:Ln +Giyig T:?neléﬁ 2m)7£(v)v i T i T
—3—2m,m 0—2 2
- (ei572m a B]...0p—2_ zmezl 1— 27n)’ye(v)v ZZ gma mf
{—3—2m

+ Z Cn manlrl )Vn—i-lz +182mf.

Combining the above two identities, we are led to

-3
—V-aVSi[f] = = > (~1)"V - (ag %2 ey, )n(V)VET T opm
2m=0

{—3
{—3—2m,m l—4—2m,m —1-2 2
- Z (_1)m6il—1—2m. (VCH g—2-2m +C11 dg—3-2m €igs- 2m>’}’((V)v ) 7]” 2m mf

2m=0

£—3
m {—3—2m,m m
- Z (7]‘) (ei2727n ’ a'Cl dp_o_ 2.,,167( 1— 27n)7€(v)v€ 2;? 2m 32 f

2m=0
{—3 n+1
—Zw DIV o S+ SRR [yt h ke LS
h kzo@—?) @ 3—2m
+ Z ( Z Cn manlrl )Vn+1zn+1a2mf'
2m=2 n=0

Recalling the definition of flux correctors, cf. Definition 2.7, as well as (2.10) and (2.12),
and reorganizing the terms, the claim (2.24) follows. Note that the flux correctors

T7™™’s are nontrivial even for n = —1, but those appear only in the case when ¢ — 3
is odd.

Step 3. Conclusion.
Combining the results of the last two steps, reorganizing the terms, and recalling the
relation (2.15) between w, f, we are led to

(07 =V -aV)S'lw, f] = f

-2 n+1
S CLA BT B DIV AU MY A ALY

n=0 k=0
-V ((avf, ., 0t ) w(V)VVE, )
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+ E '(/)11 zn’W( ) i1. znf O-fl...ie (V)VQVfl W
n=(£—1)Vv1
441

2 : 2 : . 2on+k—2 -
+ 11[}11 S Zn+1 Antk—2 " (V)V V'Ll Antk— Qw
n=1k=~0+2—n

£—2

= 3 Y (@ A e (V)VVE 92)
e £—2
DN o VR T4 0k e
e -3
+O Y ()T @y (V)Y (2.25)
2m=0

and it remains to reformulate the second and fourth right-hand side terms. For the
second right-hand side term, we recall the definition (2.4) of ~,, which yields

=2 n+1 4 2 =2 n+1
_1_ZZ]E{¢7L+1I§ } _ E“ZWE :|_1_ZZE|:¢TL+1/€ }
n=0 k=0 n=0 n=0 k=0

2¢ Y4 _ 5
- 3 3 e
n=Lk=n—{

For the fourth right-hand side term in (2.25), we use the auxiliary correctors of Defi-
nition 2.4 to write for ¢ > 2,

wffll[ 1 (v)vfl llg 1f = pfll[,yf(v) ’Ll Z/f v (pfllpelffye(v)vfl 17,@ 1f)
Combining these identities yields the conclusion. O

2.5. Proof of Lemma 2.10. We split the proof into five steps.

Step 1. Proof of (i): well-posedness provided supp f C R x Bg.
In Fourier space, the operator —V - (a + Zi,Q b" © (eV)*~1)V has symbol

us(g = ~(a+Zbk (ic€)® ®(k— 1))5.

By Proposition 2.3, we know that pf is real-valued. Recalling that the uniform ellip-
ticity condition (1.1) entails A|¢]? < & - a& < [£]? after homogenization, and taking
advantage of (2.5), we find for |£| < R,

¢ ¢
pl©) = I (A= Do(eClel ) = Il (A - Do (CR) ).
k=2 k=2
Provided that eR < 1 is small enough, we deduce for |£| < R,
SlEP < i) < Cle”. (2.26)

We may thus define a solution of (2.16) in Fourier space via Duhamel’s formula, that

is,

t o t— 14 1/2 R
S (( S)ME(&‘) )fs(é-) ds,

PN = [ e
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where Fg = ¢ stands for the spatial Fourier transform. This formula indeed satisfies
in R x RY,

O F(UL] + peFIUL] = f, (2.27)
and thus, upon inverse Fourier transformation, this provides a weak solution Uf
of (2.16) in L® (R; L*(R%)). In addition, by construction, the spatial Fourier trans-
form is supported in R x Bg as f is.

We turn to the proof of a priori estimates. As the equation is linear and has constant
coefficients, derivatives of the solution satisfy the same equation up to replacing f

by its corresponding derivatives. It is therefore enough to prove the stated estimates
with r =0,

IDUE Iemey S I lLe 0,0, 12 ra)) (2.28)
SOOIl 0,02 may)- (2.29)

Moreover, we note that the L2-estimate (2.29) directly follows from (2.28): recalling
that D = (0;, V), we indeed get from (2.28) and integration that

1T |2 may

t t
1T |2 (e S/O 0.0 |12 Ry 5/0 £l (0,5):L2®ay) A5 < (O FllLr (0,602 (RaY)

that is, (2.29). It remains to establish (2.28). For that purpose, multiplying both sides
of equation (2.27) by the complex conjugate of 9;F[U’] and taking the real part, we
get

Lo / (10F 0O + pFIOIP) < 1 oo 10F O e e,

which implies

o0 ([ (070 + wIFI0R) ) % 1 e
Rd

Integrating in time and appealing to (2.26), this yields the claim (2.28). Note that
uniqueness follows from these a priori estimates by linearity.

For Step 5, we shall also need an a priori estimate for Uf in terms of the H *1—n0£m
of the impulse. Multiplying (2.27) with the complex conjugate of (| - |2+ )~ 0, F[U/]
and repeating the above argument, we infer that

1
2

o [t oo < ( [ s oo

Integrating in time, using the monotone convergence theorem to pass to the limit
0} 0, and appealing again to (2.26), we deduce

1T N 2@y S N F Il o y:r-1.rayy s
and similarly, due to the constant coefficients and linearity of the equation, we get for
all v > 0,
KDY UE 2@y S D) fllea (0,0y; -1 (may)- (2.30)
Step 2. Proof of (ii) for high-frequency filtering.

Let a,x be fixed. We appeal to (2.26) with R = e~®: provided that ¢!=® < 1 is
small enough, we deduce for |£] < e,

Sl < pi(€) < Clef. (2.31)
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Hence, as in Step 1, replacing f by x(¢*V)f, there is a unique solution uS” of (2.18)

in L (R;L?(R%)) with spatial Fourier transform supported in R x e~®B, and the
claimed a priori estimates similarly follow.

Step 3. Proof of (ii) for higher-order regularization.

In Fourier space, the regularized operator —V - (d-‘rZi:Q b* @ (eV)k1 +re(e| V)V
has symbol

L) € @+§:w (1€ + raelé])) €

Recall that by Proposition 2.3 this symbol is real-valued. Moreover, the lower bound &-

a¢ > \|€]? ensures that xy can indeed be chosen as the smallest value satisfying (2.19),

while the bound (2.5) entails £, < C*. This choice of ry, together with (2.5), yields
PEP < () < e (ee)”,

We can then solve (2.20) in Fourier space again via Duhamel’s formula, and the stated
a priori estimates are deduced as in Step 1 using the above coercivity of the regularized
symbol. Uniqueness follows by linearity.

Step 4. Proof of (ii) for Boussinesq trick.
In terms of the symbol

Y/ — n— n — . n— n
& (Zhat (mna+ 05 w1 0 (i) (el )¢
L+ Y01, melél) !
equation (2.22) can be written in Fourier space as
ORI+ I F ) < . 23

Note that (2.32) makes sense as x; > 0 for all [. In addition, the choice (2.21) of {x; };
precisely ensures that all the terms of the sum over n in the numerator of (2.32) are
nonnegative (and actually vanish for n even due to Proposition 2.3). Only keeping
the term for n = 1, and recalling k1 = 1 by definition, we deduce the lower bound

(ID.Loey > §a > Ml g
S T L B S ATEr T

which is pointwise non-negative. We can then define a solution of (2.33) via Duhamel’s

formula am
Esin ((t— o)™ (©)Y?)
Fat ) = [ fo(e)ds,
0 (III),@(E)l/Q
and thus, upon inverse Fourier transformation, this provides a weak solution of (2.22)
in L%, (R L2(RY)).

pi () =

. (2:32)

We turn to the proof of a priori estimates. As in Step 1, it suffices to establish the
estimate in energy norm. For that purpose, we start from the following equivalent
formulation of (2.33),

B0; Flul™ ] + L Flal™) = Bf, (2.34)

in terms of the symbols

l
BLE) = 14 mlelg)!
=2
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“ — . ¢ n+1— l
4O £(§:Q%a+§:mb o i)l e

n=1
. Y] ¢ (III),¢ . . . ¢ ¢ 2
with y: /55 = pe . Arguing as in Step 1, and using that 85(£) > 1 and v2(§) > AE[%,

we find that any ancient solution of (2.34) satisfies

t
_ . 14
| DA L2 gy < / 189 fll 2z

Inserting the upper bound
¢

BLE) < S (eCIEN' My oaa < CHeg) T,

1=1
we are led to the claimed a priori estimate on the energy norm.

Step 5. Proof of (iii): comparison of modified equations.
We analyze the differences o0 = a8"* — U¢, and we start with (x) = (I). By
definition, it satisfies the equation

925+t _ (a+Zbk ® (eV)F~ 1)VUW (x(e9V) — 1)f,

so that (2.30) yields for all » > 0,
(D)ol r2re) S (D) (x(€*V) = D f 0,0y 5-1®ay)-
By the properties of the cut-off function y, we find for all £ € R? and k > 0,
(E%€) = 1] < Tjagzz < (2e°ED". (2.35)
Choosing k = [£/a| + 1, we then get by Plancherel’s formula,
(D) 7D |2 may S (€C) (DY FllL 0,012 ey
with K, < 1/, as claimed.

We turn to the case (x) = (II). By definition, the difference 7" satisfies the
following equation,

925 7. (a+ Zbk ® (V) + re(e|V)) )wgw = kele|V)) AT

Hence, combining (2.30) and the a priori estimate of item (ii), together with the
bound kp < C¥¢, we get

(D) v |2 may < CHUD) (el V) VUL L (0,012 (1Y)

S (EC)ZH<D>Z+TVU5||L1((0,t);L2(Rd))

< O DIDYT Fllir 0,02 ra)-

It remains to treat the case (x) = (III). Starting from (2.16) and (2.22), and recalling
k1 = 1, we get the following equation for the corresponding difference,

82(1+Z“l (V) 1) (I11),¢
1=2

n—1

4
-V (Z (Iind + Z ,Lgll_)n—&-l—l o (%)nfl> (€|v)n1> Vl—)gHI),Z

n=1 =1
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£
Zml |V| l 1 f 82[]5)
=2

14 n—1
+V- (Z (ﬁnd +> b e (%)”‘l) (e|V|)"—1>VU§,
=2

n=2

and thus, further using the equation for Uf in the right-hand side, we get after reor-
ganizing the terms,

L
02 (1+ Y mle V) ol

1=2
0 n—1

_v. (z:l (mnd n lz: PR AR Ne (gl)n—l)(dv)n—l)vvélll),f
n= =1

4 4
:_V(Z 3 mlbk@(EV)k_1(€|V\)l_1>VUf. (2.36)

=2 k=(+2—1

Combining (2.30) and the a priori estimate of item (ii), together with the bounds
|bF| < C* and K, < C*, we get

(D) T 2 ey

IN

() (DY T2V UL |1 (0,0)51.2 (R
(5C)£<t>||<D>2€+T72f||L1((o,t);LZ(]Rd)),

and the conclusion follows. O

IN

2.6. Proof of Theorem 1. Let a be @-periodic. We split the proof into three steps.
We first establish (1.6) for the energy norm, before turning to the L*-estimate, which
requires some additional care. We start by assuming that supp f C R x Bp for some
R > 1, and then conclude with the general case in the last step.

Step 1. Proof of (1.6) for the energy norm in case suppf C R x Bg with eR < 1.
For simplicity, we start by assuming momentarily that the corrector estimates in
Lemma 2.8 hold uniformly in the sense of

(" ") lwr=@) < C"
and [[(¢"", 7" lwrs() < CMTTTL forallmym > 0. (2.37)

As suppf C R x Bp with eR < 1, we can consider the solution U’ of the for-
mal effective equation (2.16) as given by Lemma 2.10(i). From Proposition 2.9 and
Lemma B.1, using the assumed uniform corrector estimate (2.37), we then obtain

||D(U§ - Sﬁ[Uf;tyft])Hm(Rd)
< (EC) DY fllea 0,012 way) + (ECY DY DUl (0,0y:1.2(R1))
and thus, combining this with the a priori bounds of Lemma 2.10(i),
ID(ul — SEHUE, fDIlrzeey < (C) DY FllLio,0m2 ®e)- (2.38)

It remains to replace U by @ in the left-hand side for (*) = (I), (IT), or (III). For
that purpose, recalling the definition of the spectral two-scale expansion, cf. (2.14),
and using the assumed uniform corrector estimates (2.37), we note that

ID(SEal, ] = SLUL D lz@ey < CVY D@ = Uz ma),
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hence, by Lemma 2.10(iii),
[ID(SE[@5, 1] — SEUEL, f D z@ay < EC) D) Fllnt (0.0):m2 @ay)-

Combined with (2.38), this proves the claim (1.6) for the energy norm in case supp f C
R x Br with eR <« 1, provided that (2.37) holds.

It remains to treat the case when the uniform boundedness assumption (2.37) for
correctors is not satisfied. In that case, we rather appeal to the Sobolev embedding to
estimate products with correctors: for any periodic corrector or corrector gradient o €
{Y"™, V", o™, Voo, (" VT 7 ™Y, L, We can estimate, for any function

g,
ool < [ (F 1eR)( s lof) do
Rd B.(x) B.(z)
S el [, (o o) d
~ e sup |g €z
el [, (s 19
S H<PH12J2(Q)||9||%N(W)7 (2.39)
provided a > %. Up to a fixed loss of derivatives in the estimates, we may then

appeal to the L? corrector estimates in Lemma 2.8, and the above proof of (1.6) for
the energy norm is adapted directly.

Step 2. Proof of (1.6) for the L2-norm in case supp f C Bg with eR < 1.
Asin Step 1, we aim to apply Proposition 2.9 and Lemma B.1, together with corrector
estimates. However, the following terms are a priori problematic in the right-hand
side of the equation for the spectral two-scale expansion given by Proposition 2.9,
¢ 3, : ¢ Fre
T, = —¢ O'il...ig(g) : ’Ye(fv)v2vz‘1...i,gUe
¢ (41
k—2 k-1 2 k-2 7l
T D TR (O L w(EV)VEVETE 2 UL (2.40)
n=1k=~(+2—n

Indeed, these terms are not total derivatives and involve Uf itself: when applying

Lemma B.1 to estimate the L?-norm of the two-scale expansion error, these terms
would therefore contribute like

) B2 IDY Flli (0,012 (may)

with a prefactor (t)? instead of (). In order to improve on this, we shall reformulate
Tf as a total time-derivative up to terms that depend only locally on f. Using the
short-hand notation

=]}

4
Lt = —v-( +ZBk@(EV)k_1)V,
k=2

the effective equation for U entails

FOT27TE e

LIV2UL = —92V2U!L 4 V2 f.
As in the proof of Lemma 2.10(i), cf. (2.26), the assumption e R < 1 precisely ensures
that the operator £¢ : L*(R%) — H~2(R%) can be inverted when restricted to functions

with spatial Fourier transform supported in Bg. As by definition both Uf and f have
spatial Fourier transform supported in Bg, we may then write

VUL = 92 (LY7IV2UL + (LY 71V2 Y. (2.41)
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By uniform ellipticity (2.26), we have for any function g with supp g C Bg,
(£ Vgl ey S llgllz@a)- (2.42)
Now using (2.41) to reformulate T, cf. (2.40), we get

g

! = 02 (of, i (2) s V)V, (£9) 71920
l {+1

_ n+k 282 bk 1 . n+k—2 EZ —1v277¢4
>y G (O e i e(EV)VETE2 (L) T VRUL

n=1k=~0+2—n
—elol i (2) (V)Y L, (L) IVA S
{41

+Z D T B i EV)VETETE (LD TIVES
n=1k=~0+2—n

Using this to replace the corresponding terms in the equation for the two-scale ex-
pansion error in Proposition 2.9, appealing to Lemma B.1 to estimate its L%-norm,
using the corrector estimates of Lemma 2.8, using the Sobolev embedding to estimate
products with correctors as in (2.39), and using (2.42), we get for a > %

[ul — SEUE, flpe a)
< () DIDY*F flliaopynzayy + (EC) DY T DUt (0,0y:1.2(R1))
and thus, by the a priori estimate of Lemma 2.10(i),
ul — SEUL, fll2@ay < (ECY DY T fllir (0.0y12Ra))- (2.43)

It remains to argue as in Step 1 to replace Uf by aé*” in the left-hand side. For
that purpose, recalling the definition of the spectral two-scale expansion, cf. (2.14),
and using again the corrector estimates of Lemma 2.8 together with the Sobolev
embedding as in (2.39), we note that for a > ¢,

IS£al, £1 = SEUL, MllLzgey < CHIVYH (@ = ULz ra),
hence, by Lemma 2.10(iii),
St £ — SEHUE, flliz@ay < (EC) D) fllnr (0.0):1.2®ay)-

Combined with (2.43), this proves the claim (1.6) for the L2-norm in case supp fcBg
with eR < 1.

Step 3. Approximation argument: proof for general f.
For R > 1, consider the truncated impulse

fR = X( )fa
(x),2

and let 4. be the solution of the modified effective equations given by Lemma 2.10(ii)
with 1mpulse f replaced by fr. Recalling the definition of the spectral two-scale ex—
pansion, cf. (2.14), and using again corrector estimates, we then note that for a > 2
*),£ _ (%
ID(SEECR, fr] = S, f]) I oy
ay((x —(x),£ a
< C IV D@ — a5 ey + CIDYH(F = fr) e ga),

and thus, by linearity and by the a priori estimates of Lemma 2.10(ii),

| D(SE g (* RO R = SEat )]s @y < CUUDYCUS = fR)ILr (0,02 may)-
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By definition of fg, as in (2.35), the right-hand side can now be estimated as follows,
for any k > 0,

_(%),4; _ : —k
||D(S£[U§,1)z " fRl = SHa ) lLeay < RTECHUDYCT Fllns (0,02 (may)-

Combining this with the results of Steps 1 and 2, the conclusion follows for instance
with the choice R = ¢~ 1/2 and k = 2¢. O

2.7. Proof of Corollary 1. The bound (1.7) is obtained along the same line as
Theorem 1 (using a straightforward adaptation of Lemma B.1), and it remains to
deduce (1.8). For that purpose, we note that (1.8) would actually follow from (1.7)
together with the bound

/_ (t — $)[{DYC ¥ |y ds < C, (2.44)

in favor of which we presently argue. Recall that we assume here f'(z) = f1(t) f2(x),
where f; has a smooth and compactly supported Fourier transform on R and where fo
has a compactly supported Fourier transform on R?. The assumption on fo entails
(V) fall2 ey < CF,, while the assumption on f; yields for s <0,

100 Allir(coors)y S () 2200 Fullioe (—o0us))

< ()72CUN O illi= (—o0,s)
(5)72C},,

IN

where f; stands for the temporal Fourier transform of f;. The claim (2.44) follows. [

2.8. Proof of Theorem 3. We briefly explain how the above proof of Theorem 1 is
adapted to the random setting. As for Theorem 1, we may assume supp f C R x Bg
with e R < 1, and the general conclusion follows by approximation. As explained in
Appendix A, the only difference with respect to the periodic setting is that only a
finite number ¢, = [% of correctors can be defined with stationary gradient, and
the highest-order corrector has a nontrivial sublinear growth. Using Proposition 2.9 in
combination with Lemma B.1 to estimate the energy norm of the two-scale expansion
error of order £ < /,, and using the corrector estimates of Appendix A and the Sobolev
embedding, we find for a > %,

||D(U§ - Sf[Uf;t ft])HL‘I(Q;LZ(]Rd))
S N (D (EVIDY Lo, may)
+ 5e||lfek(é)V(ﬁV)<D>2£+GDUf||L1((o,t);L2(1Rd)),

where the weight ) originates in the growth of correctors and is defined in (A.1). A
novelty with respect to the proof of Theorem 1 is that we now need weighted energy
estimates for U’ with sublinear weight py. For that purpose, as the homogenized
equation (2.16) has constant coefficients, we note that Uf displays ballistic transport,
and therefore

5 (2)v(EeVIDY* DU 12y S 1
N

L) 1C)vEVHDE Fllur 0,2 ray)
(L) 1D Fll o.0)m2Ray)-

This is easily obtained by interpolation, using that the weight x corresponds to a
derivative in Fourier space and using the Duhamel formula for Uf; see e.g. [5, Proof

Sk ¥
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of Proposition 3] for the details. The above then becomes

ID(ul — SEUE, Dl @irz@ay S € ) mi (2E) 16D Fllir (0.2 may)-
Note that the error estimate for £ = ¢, — 1 is occasionally better than the one for
{ = .. Optimizing between the results for £ = ¢, and for ¢ = ¢, — 1, we easily
conclude

|D(ul — S& (UL, ftDHLq(Q;L?(Rd)) < et () (NZ(%@) A %) ”<'><D>Cf||L1((O,t);L2(]Rd))-

As in the proof of Theorem 1, we can replace U/~ in the left-hand side by the solution
of any well-posed modification of the formal homogenized equation, and we can derive
a similar estimate for the L%-norm. a

3. GEOMETRIC APPROACH AND HYPERBOLIC TWO-SCALE EXPANSION

This section is devoted to the definition of hyperbolic correctors and to the proof of
Theorem 2, including the well-posedness of the formal homogenized equation (1.10).
This essentially constitutes a rewriting of 3, 24, 1] and is needed to rigorously relate
those works to the spectral two-scale expansion, cf. Section 4.

3.1. Definition of hyperbolic correctors. We start with the definition of the hy-
perbolic correctors {¢™™},, ,, and of the homogenized tensors {@™™},, ., as moti-
vated in Section 1.5.

Definition 3.1 (Hyperbolic correctors). In the periodic setting, the hyperbolic cor-

rectors {¢@™"}, m>0, homogenized tensors {@™"},>1,m>0, and fluxes {¢™™ }n.m>0

are inductively defined as follows:

o We set 0 := 1 and ¢*™ := 0 for m > 1, while for n > 1 and m > 0 we define
P = (@™ Vi<, ju<d With (/j);'lijn € H!,.(Q) the periodic scalar field that

e per
has vanishing average E[¢]""™; ] = 0 and satisfies
n,m _ n—1lm ) o n—1m
=V -aVeiT, = V- (adf it e e g
Anm o (57T R . :
e For n > 1 and m > 0, we define a™™ := (@},  )i<j,...jn_1<d as the matrix-

valued (n — 1)th-order tensor given by
~n,m I n,m n—1,m
. jnn = B {a(w’m...jnflj +¢’jl...jn71€j)] :

n,m

. n,m 2
e For n,m > 0, we define ¢ := (qjl...jn)1Sj1,-~,jnSd with 4, . € Lper(Q)d the
periodic vector field given by
n,m L n,m n—1l,m . o n+lm—2 . =nm )
ar, = a(VORT O ) — o5 e — Ay e
where the definition of a™™ ensures E [¢"™] = 0.

In particular, there holds ¢™™ = 0, a™™ = 0, and ¢"™ = 0 whenever m is an odd
integer.? O

For all n, we note that ¢™° coincides with the elliptic corrector of order n, cf. [6].
As is common in the elliptic setting, it is useful to further introduce suitable flux
correctors, which indeed allow us to refine error estimates and slightly improve on
the result of [3]. More precisely, flux correctors are designed to allow a direct optimal
exploitation of cancellations due to fluxes having vanishing average E[q"*m] =0. We
start with the definition of flux correctors for m > 1.

3This is natural as time derivatives should always come in even numbers in view of equation (1.2).
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Definition 3.2 (Hyperbolic flux correctors). For n > 0 and m > 1, we define the

n,m .__ n,m . .
hyperbolic flux corrector o = (ajl__'jn)131,,,,,],”9{ by

Jn’m jin (V@;ll’m]n )/’

J1---Jn

where @7, € HJ

i per(@)? s the periodic vector field that satisfies E[®7"™; | = 0 and

A¢ ~Jn = q]l Jn” <>

In case m = 0, as correctors qb”’o coincide with elliptic correctors, they display
more structure than general hyperbolic correctors. We recall how this structure can
be exploited to construct a suitable flux corrector o™V that is skew-symmetric: the
following lemma is essentially borrowed from [15].

Lemma 3.3 (Elliptic correctors and flux correctors). Up to symmetrization of indices,
the elliptic correctors {¢™ },>0 and homogenized tensors {a™°},>1 coincide with the
modified families {¢™°},>0 and {@™°},>1 defined via the following cell problems:

o We set ¢°9 :=1 and for n > 1 we define ¢™° := (¢"™° o )1<j1 . gn.<d With 45?1’0 J

G1-ed < cdn
Héer(Q) the periodic scalar field that has vanishing average E[gbjlojn] =0 and
satisfies

n,0 _ “n—1,0 ~n—1,0
—V'av¢j1.,.jn =V (a¢j1...j _ ejn) tCin s
o Forn > 1, we define a™° := (&?1’?%71)1§j17,,_,jn71§d with d;bfmjn,l the matrix
given by
~n,0 - n,0 n—1,0
Ajyojna® E |:a(v¢J1 Jn—1J +¢ < Jn— 1ej):| :
~ ~n,0 1 ~m, ..
o Forn >0, we define ¢™° := (@}, ; )i<ji.....jn<d With q?li g € L2 (Q)? the periodic
vector field given by
~n,0 n,0 n—1,0 ~n,0 n—1,0
q]l Jn = a(v¢J1 Jn +¢]1 Jn— 1ej") - a]l Jn—le\j" - O—jln-jn—l Jn
iy ~ _ - ~n,0
where the definition of a™° and o™~ 9 ensures E [q”’o] =0and V- q;ll =0.

o We set 0%0 := 0 and we define the fluz corrector c™° = (U;ll’_onjn)gﬁ,m,hgd for
n > 1 with U" O_j € Héer(Q)dXd the periodic skew-symmetric matriz field that has
vanishing average E[ m0 " l] = 0 and satisfies

—AOJ-L’O =V x ~n,0 v - O_nO ~n,0

J1e-dn Dy jn dn = Dy
where we use the vectorial notation (V x F);; := V;F; — V;F; for a vector field F.

More precisely, these modified correctors coincide with {¢™°},>0 in the sense that we
have for alln >0 and £ € R?,

PO =gmoe, (@0 = @ o 0
Proof. We refer to [17] or [15] for the construction of the skew-symmetric flux correc-
tor 0™, based on the compatibility condition V - (j;ll’f)__jn = 0, and we now turn to the

equivalence of ¢™0 and ¢™°. Setting

~n,0 _ n—1,0 —n,0 n—1,0
q]l Jn a(v¢ ~Jn +¢J1 Jn— 1€Jn) _aJ1 Gne1Cin T Oy 1Cins (3'1)

the equation for ¢™Y in Definition 3.1 for n > 1 can be written as

~V-ave!? . =V (ad) ) e, (@0 ol E ). (32)

J1--Jn— 1Ein J1---Jn— 2€in—1
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Symmetrizing indices ji, ..., jn, the skew-symmetry of ¢” =20 allows us to drop the

corresponding right-hand side term, and we may conclude by induction that om0
coincides with its modified version ¢™° up to symmetrization as stated. O

An iterative use of the Poincaré inequality on the unit cell @ ensures the well-
posedness of the above objects and further provides the following a priori estimates.

Lemma 3.4. In the periodic setting, the above quantities {¢™™, ™™, a™™),, m are
uniquely defined and satisfy for all n,m >0,

1™, o™ ™) lmr () + la™™] < C™F™. %

We conclude this paragraph with some important vanishing property of the higher-
order hyperbolic homogenized coefficients, which extends the corresponding elliptic
result [15, Lemma 2.3|; see also [5, Proposition 1], [3, Theorem 2.13], and [1, Theo-
rem 3.5]. The proof is postponed to Section 3.5.

Proposition 3.5 (Symmetry of homogenized coefficients). For alln > 1 and m > 0,
there holds for any ji,...,Jn+1,

. L am . _ (_ n+1 .. aHm .
€osr g€, = (Z1)" ey -agpl e,
In particular, whenever n is even, we have
E-(@meem e =0,  forall € e R O

3.2. Geometric two-scale expansion. Given a smooth function w, we consider
its two-scale expansion associated with the above-defined hyperbolic correctors, as
n (1.36),
¢ £L—n

Z Z €n+m¢nm )®vn8m— (33)

n=0m=0
and we show that it is well-adapted to describe the local behavior of the solution
to the hyperbolic equation in the following sense: as explained in (1.38), the het-
erogeneous hyperbolic operator applied to H:[w] is equivalent to some higher-order
effective operator applied to @ (up to O(e’) error terms). The proof is postponed to
Section 3.6.

Proposition 3.6 (Geometric two-scale expansion). Let £ > 1, € > 0, and let w, f be
smooth functions satisfying

l f—n

(Z Do anm o (V)" T o)™ ) = f. (3.4)

n=1m=0

Then, the associated geometric two-scale expansion of order ¢, defined in (3.3), satis-
fies the following relation in the distributional sense in R x RY,

(07 = V-a(3)V)HL[w]

J4
= 1= 30V (@05 - TNV ,00 )

n=0

J1--Jn—1

+€/Za( 71[ n )Qvna€+l n—_o_n 1,0+1— n() VQVn 1 laffnu—}). <>
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Remark 3.7. Note that the last two right-hand side terms in the above equation for
the two-scale expansion H'[w] are total derivatives (with respect to time or space):
this is not a trivial fact for the last term, as it is based on the possibility of constructing
skew-symmetric flux correctors {o""},,. This happens to be crucial when applying
Lemma B.1 in order to deduce an optimal L? error estimate. This slightly refines the
analysis of [3]. O

3.3. Homogenized equations and secular growth problem. As motivated in
Proposition 3.6, cf. (3.4), we consider the following formal homogenized equation, for
0>1,

{ PWL -V (T X am™ o (eV) L (ed)™) VWL = f, in R xRY,
Wt =f=0, for t < 0.

(3.5)
However, this equation mixes higher-order space and time derivatives, and its well-
posedness is problematic. To avoid the secular growth problem described in Sec-
tion 1.3, we follow [3] and first show that the differential operator in (3.5) can be
rewritten in such a way that it does no longer mix space and time derivatives. This is
achieved by iteratively using the equation to eliminate time derivatives up to higher-
order terms, which is referred to as the ‘criminal method’ in [3]. The proof is post-
poned to Section 3.7. Note that the new homogenized coefficients {b"}, in this
reformulation automatically coincide with the coefficients given by the spectral ap-
proach: this can for instance be deduced a posteriori by comparing the corresponding
homogenization results, Theorems 1 and 2; this allows us to use already here the
same notation {b"},, as for spectral homogenized coefficients. Note that by definition
b' =a'’ =a.

Lemma 3.8 (Revamped homogenized equation). Given £ > 1 and ¢ > 0, if W., f
are smooth and satisfy the formal homogenized equation (3.5), then we have

Q2w — (an ® (V)™ 1)VWf - f+e2v-(%a"@(eD)"—l)Vf+v-E’
n=1

where the coefficients {b",e"},, and the remainder E* are as follows:

o We define the matriz-valued symmetric tensor b? = (6?1_”jp_l)lgjl,‘..,jp,lgd for
p > 1 such that for all £ € R?,

- (51) o §®(p71))§ — Z Z Z Hf gnimi @§®(nﬁl))§’

k>1 (mq,....,mg)EI n1s--np21 j=1
k+|n|=p+1

in terms of the index set

I = {m: (m1,...,mg) : m; >0 Vj, ij >2s Vs <k, |m|=2(k— 1)}
j=1
o We define the matriz-valued symmetric tensor P := (éé)l___jp71)OSjla---,jp_lgd for all
p > 1 such that for all € = (&,€) € R x R,

SCESUIS) SRS DI DR %Hg a0

k>1(my,....mg)EJE  M15o np =1
[n|+|m|=p+k+1
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in terms of the index set

Ji = {m: (ma,...,mg) :m; >0 Vj, ij > 25 Vs < k}
j=1
e For ¢ < 1 small enough, the error term EY satisfies pointwise, for all >0,
(D) EY| < (ece)f(\<D>T+f<gcp>ﬁpv‘vf\ + (D) O D) f\)

In particular, Lemma 3./ implies for all p > 1,

67| + |e”| < CP, (3.6)
and Proposition 3.5 entails, whenever p is an even integer,
E- (BP0~ Ne =0,  forall & € RY O

The above thus leads us to considering the following modified version of the formal
effective equation (3.5),

OBV =V (@+ iy B 0 (V)1 VT
_ =f+e2V- (T Z1e* 0 (D) )V, mRxRY, (3.7)
Vi=f=0, for t < 0.

As with the spectral approach, the symbol of the operator —V - (d + Zi:g b"
(5V)k*1)v lacks positivity, so this equation is ill-posed in general. To cure this
issue, we argue exactly as in Section 2.3: we can consider several well-posed higher-
order modifications of this equation, either by high-frequency filtering, by higher-order
regularization, or by the Boussinesq trick, and we denote by vgl) é, *én) ¢ *(HI) the
corresponding solutions, respectively. We refer to Lemma 2.10 for the detalls (up to
replacing the impulse f in (2.16) by the specific right-hand side in (3.7)).

Next, we show that the above modification procedure W* ~ V£ for the formal
effective equation can be inverted: more precisely, the solution v( ¥ of any of the
well-posed modifications of (3.7) is an approximate solution of the formal effective
equation (3.5) up to an O(g) error.

Lemma 3.9 (Inversion procedure). Given £ > 1 and € > 0, if o is the solution
of one of the well-posed modifications of equation (3.7) as given by Lemma 2.10, then
we have

4
8?@£*),f -V (Z Z arm™ o (Ev)n l(é_at) ) ﬁé*),é _ f+V .Fs(*)’g’

~

where the error V - FE(*)’ satisfies for all r > 0,
2
[(D)"F. ®ey < (eCO (DY TUeCD)” fllLa (0,012 ma)s

where the constant C further depends on the choice of a in case (x) = (I). O

3.4. Proof of Theorem 2. Applying Proposition 3.6 with w = @é*)’e, appealing to

Lemma 3.9, and comparing with the solution w. of the heterogeneous wave equa-
tion (1.2), we find

(0F = V- a(2)V) (ue = Hp]) = =V - FL

0+1
£ 3 ((agh K g L (UL g

J1--Jn—1 J1e--Jn—1 J1--Jn—1
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1

_E[Za( n+1€ n— 1€]®€Z—0'n 1,6— n+1)( ) v2vn 1Jn

~Jn—1J1 J1e-Jn—1

85 n *)e)

By the a priori estimates of Lemma B.1, using corrector estimates of Lemma 3.4, and
using the Sobolev embedding to estimate products with correctors as in (2.39), we
get for a > g,

lug — Hf[‘(*”;tiHLz(Rd) + D (ut — HI B 5) |2 e

< (D) F! (0.0:12(Ray) + (ECYIDYFFEDEI | (0 112 (may) -

Combining this bound with the estimate of Lemma 3.9 on the remainder Ff, and

with the a priori estimates of Lemma 2.10(ii) for T)g*)’é, the conclusion follows. O

3.5. Proof of Proposition 3.5. We split the proof into two steps.
Step 1. Migration process: proof that for all n,m,p,q > 0,

]E[(v B, Aol T e, adl T e

J1---Jp < Jp— 1 Jp 1. lp—1 n

i(wp*“’ AVl = e a2 e )|

Jpin 21---tn—1 Ji---Jp 'n dp—2 tn-1

_E [( @ gpmet g ¢p+1ﬁzf¢$iﬁl)] ., (3.8)
and in addition, for all n,m,q > 0,

n

n—k+1,m _ k +2 n—k+1,m—2
Z { Jln 'Ln—k+2¢i1»--in—k+1:| - Z( ) E {(bjlz Zn7k+2¢7;1---in—k+1 }
k=1 k=1
( )nE [v¢n q+2 av¢0 mel1 + (;Sn 1 q+2 e, - a(bO,meil} . (39)

.2

The equation for ¢™™ in Definition 3.1 yields

Ji---Jp 21
VR[0T, cr, (VoL 4 oA e, )| B [0, 0mmi)

while the equation for ¢P+14 leads to

E [V pa -aV¢T‘L’.7.7.liw} =k [V (s 'aq&Zi-li’:l—lei"i

E[?’q, L aver” 1m}_—E[V¢p+1’q ave!” 1m:|

VARRV)
+E {(V i ngl 1]3, 16317) a¢n 1z:n1 “:} [¢p+1,q 2¢7 11”7;1] :

Jpzn

Summing these two identities, the claim (3.8) easily follows. Next, using (3.8) in form
of

k,q n—k+l,m | _ k—1,q+2 n—k+2,m—2
E |:(z)jin-~infk'+2¢il---in7k+11| =-E |:¢jin-~~in7k+3¢il---in—k+2 :|
k 1,q+2 n—k+2,m k 2q+2 n—k+1,m
—-E |:(V¢Jln n— k43 'av¢i1~~in7k+2 _d)jin Jn—kt4 Cin—k+3 a(b kg1 Cip k+2)}
,q+2 n—k+lm k—1,q+2 . n—k,m
|:(V¢jzn Sy — k42 U/V¢ k41 ¢jzn Ap— k+deln k+2 a¢zl Ap— keln k+1) )

and summing this identity for 1 < k < n, we find after straightforward simplifications

n
¢n7k+1,m _
z: Jln Ap—kt2 e dn—kt1 |

k=1 k=1

NE

Jin--ln—k4+3 7 1. ln—k42

(—)'E gl her?, | on k]
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— (SR [(V5072, - aVol™ — o5 1 e, - ag ey, ) |

Un .12 11 Jin...13
Using the equation for ¢>™, the second claim (3.9) easily follows.

Step 2. Conclusion.
For n > 1 and m > 0, the definition of @™ and the equation for ¢° yield

ej-al, e, = —E (Vo) avel, —e;-adl " e

i1 .eln—1 i1...0n 1. ln—1
Iterating identity (3.8) then leads to

—n,m

n,0 1,m n—1,0 0,
€5 Qi iy Cin = (-1)"E {(V(rbjin...ig ~aVe; T — ¢jz‘"4..1‘3€iz cap meil)]
n—1
k k,0 n—k+1,m—2
B Z(_l) E |:¢j7;n~~~in—k+2¢i1~~in—k+l ] ’
k=1
hence, using the equation for ¢'™,

ej-ar™ e, = (—1)"TE [(Vfﬁn’o Lol e) 'afbo’meil}

Jin .. Jin...13
n
k k,0 —k+1,m—2
~ S (-1)'E [qﬁjin,__infm¢?1_”1.H"+‘1 } . (3.10)
k=1
For m = 0, this already yields the conclusion

ej'dn’o e = (71)7’L+1]E |:(v¢;ll,glz +¢7,7’,71’0 €i2) ‘a€i1:| — (71)n+16i1'dn’0 i €ige

11.ein—1 'n Jin...13 Jin...13

For m > 2, identity (3.10) rather takes the form

n

—n,m _ k k,0 n—k+1,m—2

€5 Qg gy Cin = _Z(_l) E [ijin..Ain,kﬁﬁbil...in,kﬂ } ) (3.11)
=1

which we shall combine with an iterative use of identity (3.9). More precisely, in case
m = 4m’ + 2 with an integer m’ > 0, iterating identity (3.9) (starting from ¢ = 0
with m replaced by m — 2 = 4m’), and recalling ¢*' = 0 for [ > 1, we find
n n
k k,0 —k+1,m—2] _ k k,2m’ —k+1,2m’
pI(Ce Dt i B S G Vi o A el B
k=1 k=1

and thus, combining this with (3.11), and replacing k£ by n — k + 1 in the sum,

n
— _ k k,2m’ n—k+1,2m’ _ n+l —n,m )
€@ i, G = — E :(_1) E [d)jin...in,k”d)z'l...in,Hl = (=1)""e; TQi iy Cin

!

4m’ with integer m’ > 1, we find

Similarly, in the case m

—n,m
€;-a

-

(_1)kE [(bkzm/ ¢n—k_+1,2m’—2}

R . e; 2 .
11 tp—1 tn Jln o bn—k42 7 01 by — k41

=~
Il
—

|
M-

(1B @22, Lo ]

Jin o n—k+2 7 41 in—k41

E
Il
-

n+1 . —n,m X
Ciy " Qji,,..i5 2>

= (-1

~—

and the conclusion follows. O
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3.6. Proof of Proposition 3.6. We focus on the case ¢ = 1 and drop it from all

subscripts in the notation, while the final result is obtained after e-rescaling. Since the

correctors qﬁ?lmjn do not depend on time, a direct calculation yields for all n,m > 0,

(07 =V -aV)(¢™™ o V"o'w) = ¢™" o VO P

+(=V-aVe"; Vi 00w =V (ad) Jn+1)vnJr juga O 0
- (ejn+1 ’ anb )anrljnHamw - (ejn+2 'ad)?lmjn Jn+1)vn+21n+2atmw'

Inserting the defining equation for the hyperbolic corrector ¢™™, cf. Definition 3.1,
we get for all m > 1 and m > 0,

(02 -V - aV) (p™™ ®

vnamw) _ d)n,m Vnam+2 - d)n ,m— 2 vnatmw
n—1m — n,m +1 _
(a¢ ~Jn—1 Jn)vn —J aznw -V (a¢71 jn63"+1)vn ]n+187;mw
1, _
+ (ea‘n LAV IV g 00D = (e - aVOLT VT O
n—2m _ n,m +2 _
+ (e]n ’ a¢]1 Jn—2 ]" l)vn ~~-j7zat w= (ej7l+2 ’ a('b]l Jn j“+1)vn ]n+2amw
—n—1lm  72vn—2 m —
@ sV V0 W

and thus, after summation over 1 < n < £ and 0 < m < £ — n, recalling the defini-

tion (3.3) of the geometric two-scale expansion, and using ¢ = 1 and ¢>™ = 0 for
m > 0,

l—n
_ —n—1m n— m —
(07 = V-aV)H'w] = fw—Y_ > al " VI ot
n=1m=0
¢
+ Z <¢n,2—n—l ® V"@f“‘”w + ¢n,£—n ® Vnaf-&-?—nu—])
n=1
¢
n@ n n,l— n n l—n —
-2 (V . Cintr) F Cinga - AV )V a0
n=1

—

n=

n—1,4—n n+1 —n — nd—n n—+2 —n —
2:(6%14rl aqﬁ e jn)V i H@ w(ej, . ad: )V jn+28 w)

31.e.5in Clint1

As a®™ = 0 for all m > 0, the second right-hand side term can be rewritten as
L f—n {—14—1—n
= 1m 2vn—2 mo— —n,m . 2vn—1 m,—
Z Z ins PV VG 00w = Q5 s PV Vg, O 0
n=1m=0 n=1 m=0
l—n 14
, 1 _ _n,0 ) 1 (—n -
=> Y v-@mevrlomve -y artr vevEL o .

Jn 1

Further rearranging the terms, and noting that

n,d—n +1 l—n — n,d—n +2 {—n —
V- (agy g i)V g0 "Wt (€, - ady e, )V 0w

we are led to

(0 =V -aV)H @] =

J1i---Jn

= V- (ag}! Vg, 00 w),

V- (@™o Vvrior) v
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¢
+Z <¢n,£—n 1 Vna@-&-l n +¢nﬁ n Vnaf-‘rQ—nu—})

n=1

- EZ: V- (ag) vV 0 )

n=1

J1eJn—1 In wJn—

The last rlght—hand side terms can be reformulated in terms of fluxes, cf. Definition 3.1,

nd—n n—14—n —n,l—n . n (— "o
Z( Vgi) Jn+¢]1 Jn— 1eﬂn)_aj1mjn 1 n) VV Jna

n=1
4 -1
_ Zq;zllj': vv;zl 8( n +Z¢n+ll n— 2®vn+1aé .
n= n=1

Further noting that we can write

GO et =g VY,

Djy...je g1deW = Gy, J1e-de
in terms of the modified fluxes of Lemma 3.3, and then inserting the definition of
hyperbolic flux correctors and using the skew-symmetry of 0’ _jg» Cf. Definition 3.2
and Lemma 3.3, we deduce

J1---Jn—1 ej"

L
Z(a( nf n+¢n 1,4—n ) dnf n 6%) 'Vvyl_,,jnaf_n@

JIn J1-Jn—1
0 -1
_ nl—ny n+1 l—n — n+1,4—n—2 n+19f— .
- Z Vi (Uﬁ Jn )Jﬂnﬂv Jn+16 w+ Z ¢ OV
n=0 n=0

Rearranging the terms and further using the skew-symmetry of Ufiom jo» We get

4
nf n n—1,4—n —n,l—mn n (—n —
Z ( v¢ + ¢Jl Jn—1 ej‘") B a . Jn 16.771/) : vv]l]nat w

¢
_ n,l—n n —n — n, é n 2yvn —n —
= =YV (Y, o ) + Za L VIVE O
n=0
-1
+ Z ¢n+1,ffn72 o Vn+laffnw'
n=0
Inserting this into (3.12) yields the conclusion. O

3.7. Proof of Lemma 3.8. We split the proof into three steps.
Step 1. Proof that for all p > 1 there holds

WY — Zsﬂk vy Y (Hv @™ & (V)" )V ) W

nell)k mel}  j=1

- k
= f+z >3 IV @ o vy vy

k=1 ne[f)k meJp 7j=1
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+ 3 Y (HV @  (e9) )V )R, (3.3

nel)r m,EJ;‘

where we have defined the following sets of indices, for allk > 1 and n = (ny,...,ng) €

(8 = {1,.... 0%,

I = {m: (mi,...,mg):0<m; <l—n;Vj, ij > 2s Vs <k, |m| =2(kz—1)},
j=1

Jp = {m: (ma,...,mg):0<m; <l—n;Vj, ij > 25 Vs < k}
j=1

We argue by induction. For p = 1, the stated identity (3.13) reduces to
4

WLV (z[: (V) 1)VW‘Z — f1V. (Zf OEV) L (e,)™ )va,

n=1

which is a simple reformulation of (3.5), keeping in mind that a™™ = 0 whenever
m is odd, cf. Definition 3.1. Next, we assume that the claim (3.13) holds for some
p > 1 and we prove that it then also holds at level p+ 1. Let n € [{]? and m € Jy be
momentarily fixed. As by definition |m| > 2p, we may use (3.5) in the form

. ,
plmI=2p=Lype _ glml=2 (f +V- ( Z Z a”m o (év)nl_l(ﬂ?t)m/)VWf)'

Note that for 1 < n’ </ and 0 < m’ < ¢ —n’ we have the equivalences

I(n n ) — 2 li —
(m’ ml) c p(;ln ) — |m| p? m 07
ot <~ |m|+m >2(p+1).

Using these observations, the last term in (3.13) can be decomposed as

E\m\ \v& n],mJQ eV njfl a|m|—2(1)—1)W€
> ¥ (] R LR
nel]P meJy

Ry ———

nele]r meJp j=1
p+1

+ g% Z Z ( V- (a™™ o (V)T )V)Wf

nelfptt mEI;LJrl j=1
+ —
4 Z Z glml ( H avimi @ (ev)m*l) )6lm|_2pW5£~
nellp+i meJr, j=1
Inserting this expression into the induction assumption (3.13) yields the conclusion.

Step 2. Reformulation. -
The definition of the coefficients {b"},, in the statement leads to

(zi: © (V)" 1)V
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¢ [r/2]
B ) SIS DD ol | LT TR O
r=1 k=1 nelek m,GI"j 1
ookl =r+
[¢/21
S SECUID VD o | TR
k=1 gk melr j=1
|n\<z k+
(Here we have used the following observation: for m = (mq,...,my) and n =
(n1,...,ng) with m; > 0 and n; > 1 for all j, the restrictions |m| = 2(k — 1)

and k + |n| = r + 1 entail m; + n; < r, thus showing that the index set Ij in the
definition of the coefficients {b"},, is indeed interchangeable with I7* here.) Choosing
p:=[£] in (3.13) and inserting the above, we find

PRW! ~ (Z[: © V) VIE = V- QL

k
+f+z oy e‘m'(H a" i o (V) )V )81’"‘*2’%, (3.14)

k=1 ne[fk meJy

where the remainder V - Qﬁ is given by
Qf =
p —
Z Z |m| anum @ EV ny— 1 (H ani’mi o (Ev)nj—l)v>8t\mlf2(p*1)wee

nell]p meJp

P k
+Z £2(k=1) Z Z a™ M e(Ev)m 1 (H ”J’m9® EV)nj_l)V) W;
k=1 J=2

nefelk  melp
In|>e—k+2

(We use the standard convention Hle = 1ifl > k.) In order to estimate the

remainder Qﬁ, let us first examine the e-scaling and the number of derivatives of WEZ

appearing in each of the two contributions in its definition:

— In the first contribution in the definition of Q%, the terms have scaling glnl+lmi—p
and involve |n| + |m| — p + 1 space-time derivatives of W/, while the condition on
m,n in the sum ensures the lower bound |n| + |m| —p > |m| > 2p > ¢ and the
upper bound || + m| — p < |n| + pt — [n| - p = p(£ — 1) = [£](¢ — 1) < £2.

— In the second contribution in the definition of Q*, the terms have scaling e/"I++=2
and involve |n|+k — 1 derivatives, while the condition on n,m in the sum ensures
the lower bound |n| + k — 2 > ¢ and the upper bound |n|+k -2 <kl +k—2 =
[L1(e+1)—2< 2

Hence, in view of Lemma 3.4, we deduce for ¢ < 1, for all » > 0,
(D) QY| < (eCOY (D) (eCDY* DW).

Likewise, the definition of {€"},, in the statement leads to

(zj © (eD)"~ 1)V
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[¢/21-1 k
S X X (I @ e e et
k=1 ne[gr  meJy j=1

Inl+lm|<E+k—1
which, inserted into (3.14), yields
) ¢ ) (-2
afwf—v-(an@(EV)"*l)vwf = f+52V~< é"@(sD)”*l)Vf—i—V-(Qﬁ—i-Rﬁ),
n=1 1

n

where the additional remainder V - R (which is not zero only for £ > 3) is given by

SO D S

k=1ne[()k meJpt
[n|+|m|>e+k

(f[ @ & (V)" )V ) ol g,

Again, in order to estimate this remainder, we first check the e-scaling and the number
of derivatives of f: the terms have scaling ¢/™1*!™I=F and involve |n| + |m| — k — 1
derivatives, while the condition on n,m in the sum ensures the lower bound |n| +
|m| — k > ¢ and the upper bound |n|+ |m| —k < k({ —1) < ([§] = 1)(£ —1) < 2.
Hence, in view of Lemma 3.4, we deduce for ¢ < 1, for all » > 0,

(D)"RY| S (eCO D)™ (CD)" f.
The conclusion with the remainder estimate follows upon setting EZ QZ + RZ
Step 3. Growth of the revamped coefficients: proof of (3.6).

We focus on b”, while the estimation of & is obtained similarly. By definition of b”
in the statement, together with Lemma 3.4, we find

B <) Z Yo o,

k>1 (ma,...,mp)EI, ™15 np 21
k+|n|=p+1

For all admissible indices in the above sum, we have |n| > k, and thus p + 1 =
k + |n| > 2k, hence k < %. Moreover, any m € Ij, satisfies |m| = 2(k — 1), hence
p+1=k+|n| = |n|+|m|—k+2. The upper bound for k then yields |n|+|m| < 221,
which leads us to the bound

6P| < C’pﬁ{r e NPT, Ir] < 3;;1

and the conclusion |b?| < CP follows from a simple counting argument with the balls
in bins formula. |

3.8. Proof of Lemma 3.9. Let Ug*) *

of (3.7). In terms of

be the solution of a well-posed modification

{ f—n

fé*)7£(x) — 6?17§*),€ (Z Z anm o Ev n— 1(86) )vﬂé*),é’ (315)

n=1m=0

we aim to decompose fg(*)’(g =f+V. FE(*) * for some remainder F( )t satisfying the
claimed estimates. We split the proof into three steps, separately considering the
cases (x) = (I), (IT), (II1).
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Step 1. High-order filtering: (x) = (I).
Applying Lemma 3.8 to (3.15), we find

925 ~<a+2bk ® (eV)F~ 1)%“”

-2
= [0+ 2V (Y@ o D)) Vi + v EDY
n=1

where the remainder satisfies for ¢ <« 1, for all r > 0,

(D)" < (C0(|(D)(eCD) DoD| + (D) M eC D) 1)), (3.16)

As 57 is the solution of the well-posed modification of (3.7) obtained by high-order
ﬁltermg in the sense of Lemma 2.10, we deduce

~
no

X(£9V) (f +E2V . ( & o (ED)”I)Vf)

n=1

= f 4 2y ( ® (D)™™ 1) ViDL Ly . BOL,

HM&

or equivalently,

fE(I),Z + €2V . ( " ® (ED)n—l)va(I),e
1

~
[ V)

n

-2
= f+ev- (Z & o (eD)”*l)Vf +V.EDL (3.17)
n=1
with modified remainder
—2

EWe = _EOL_ (1 —x(sO‘V))A_IV(f+52V- (Z © (D)™~ 1)Vf> (3.18)

In order to estimate fE(I)’Z7 it remains to invert the differential operator
-2
1+e2V- (Zé" ® (eD)”*l)V (3.19)
n=1

in the left-hand side of (3.17). Although it is not invertible in general, we may invert
it approximately using a Neumann series truncated at order O(g%). More precisely,
we set

L¢/2]

Of =1+ Z(— 3 H( ' © (D)5 )V,

nele—2]k j=1
In|<t—k

By a simple counting argument with the balls in bins formula, the number of terms
in this sum defining O% can be bounded by

Le/2]

dt{nelt—2F:nf<e—k} < C,
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and therefore, combining this cardinality bound with the bound |e"| < C™, we easily
deduce for any function g, for all r > 0,

[(D)"Ozg] < C*[(D)"(eCD)*g|. (3.20)

Next, we check that O is indeed an approximate inverse for the differential operator
n (3.19): by definition of Of, working out cancellations, we find for any function g,

£—2
oﬁ(us?v (Zc"@(f—:D)“)V>g = g+V Hig,

n=1

where the remainder is explicitly given by

L£/2] k
DI LD S | L RIL
k=2 n6[2—2]k =
L+1—k<|n|<np+L4+1—k
le/2]+1

— (—e?)le21h Z H (V ® (eD)~ )V)g,

nefe—2)L£/2]+1
In|<np+e—1/2]

and can be estimated as follows: for all r > 0, using |¢"| < C", we have that

(D) Hig| < (£C) (D) g]. (3:21)
Applying Of to both sides of (3.17), we then get
pplymg g
S = f v B FO = (S - S0 + OLED

and the desired remainder estimate follows by combining (3.15), (3.16), (3.18), (3.20),

and (3.21), together with the a priori estimate of Lemma 2.10(ii) for 179”. Note that
the remainder term that is local with respect to f can also be bounded with an
L' (0, t)-norm instead of an L°°(0,¢)-norm up to loosing a time derivative.

Step 2. Higher-order regularization: (x) = (II).
As @én),z is the solution of the well-posed modification of (3.7) obtained by higher-
order regularization in the sense of Lemma 2.10, we get instead of (3.17),

FADL 4 22y (ZC ® (D)™™ 1)Vf(n

~
[\

= f+e2V- (D" 0 (D) )V + V- B

n=1

with remainder

Eéll),l — —Eén)’z+H@(E|V|)EV@£H)’€,

where B! satisfies the corresponding estimate (3.16). Now applying the same
approximate inverse operator (9Z to both sides of this identity, we get

M = 4y . FADL FIDE = 3t (f — fD4) 4 OGN
and the desired remainder estimate follows similarly.

Step 3. Boussinesq trick: (x) = (III).

By definition, ’ém)’ is the solution of the well-posed modification of (3.7) obtained
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by Boussinesq trick in the sense of Lemma 2.10, that is,

l
0 (1+ 3 mle V)~ ol

Wlth gt = = f =0fort < 0. We recall that the coefficients {x;}; are defined

n (2.21) and that well-posedness is indeed ensured by Lemma 2.10(ii). Using the
identity

n—1

ZZ: (kna+ > mb™ o ()" ) (o9
n=1 =1
_ (1+Zm(am)l*1) (miz‘;’f © (EV)’H)
-3 (X m e @) eV

the above equation (3.22) can be alternatively written as

~

-2

4
afﬁgﬂw—v-(a+26’“@(5V)’“*1)W§HW - f+52V~( ék®(5D)k*1)Vf—V-Gﬁ,
k=2

k=1

in terms of
201 ¢ ,
-3 3 bl O ") ) (14D rael V) H) vl
n=0+1 I=n+1—4¢ =2

where the inverse operator is obviously well-defined as x; > 0 for all [. We then get,
instead of (3.17),

fE(III),Z L2V ( ® (eD)"~ 1) fE(III),Z

HtﬂN

=f+52V~(Z © (D)) U + V- EADL,
k=1

with remainder
pUIe . —E! (111),6 Ge
N :
II1),¢

where Eé " satisfies the corresponding estimate (3.16). The conclusion then follows
similarly as in the first two steps. |
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4. RELATING SPECTRAL TO HYPERBOLIC CORRECTORS

This last section is devoted to the proof of (1.12). It relies on an algorithmic
procedure to relate spectral and hyperbolic correctors. We split the proof into two
steps.

Step 1. Reformulation of the hyperbolic two-scale expansion: for ¢ < 1, we have for
all /> 1,

4
|ta = Y- enipy 0 9o
n=0

-3 4—n—3
3 n+2m Sn,2m - n+192m pt
—€ E E € G (g) VoM f
n=0 2m=0 H(R4)

< () DY fllnr 0,02 ey,  (4.1)

where for each n, m the correctors z/?? and 5’?’"’ are suitable linear combinations of
hyperbolic correctors {¢™ ™ },.s s with coefficients involving ¢ and (", e 1.

Comparing the effective equation in the spectral and in the geometric approach,
cf. (2.16) and (3.7), and using the well-posed modification by high-order filtering, we
get

~

-2

o0 = a2y (Yo (ep)F ) vl (42)

>
Il
—

Inserting this into the definition (3.3) of the geometric two-scale expansion H’ [179)74],

and rearranging terms, we get
¢ £—n
HLpO) =3y et () o vroraldt + RE[a ), (4.3)
n=0m=0
where for each n, m the corrector z,”™ is some linear combination of hyperbolic correc-

tors {¢" ™ } s s with coefficients involving £ and {€" },,/, and where the remainder
term is given by

Rﬁ,l[ﬂ(l)’q =
¢ f—n 02

D020 D Dnpmeze eI, () 0 DFY VEVE S g alde,

n=0m=0 k=1
By construction, we note that zg’o =00 =1, zg’m = ¢%™ =0 for all m > 1, and
that z,”™ does not depend on ¢ provided n +m < £. We emphasize that the z,”"™’s
do a priori not have vanishing average. Using Lemma 3.4 together with (3.6), and
using the Sobolev embedding in form of (2.39) to bound products with correctors,
the remainder can be estimated as follows, for a > g,

HRﬁ,l[ag)’é]HHl(Rd) < (eC)*||{D)* e~ DaD* L2(R%)>

and thus, by the a priori estimate of Lemma 2.10(ii),

IRE 1 [aD 5| 1 ray < €OV (DY Fllns (0,02 RaY) - (4.4)
Next, using the equation (2.16) for ﬁ@’{ we shall proceed to remove the time

derivatives appearing in the geometric two-scale expansion (4.3). For that purpose,
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arguing by induction and successively separating terms of order ! or higher, we

show that the equation for a?” yields for all m > 1,

oFmad-t — Z elfl=m B8 (v)a -
1<B1,. s Bm <t
|1Bl|<m+e

m—1
=XEVIRTT XV Y Y B g

k=1 1<B1.....Bp <t
18] <k+t

+ 30N PR pA () aME (4.5)
k=2 BeLy

in terms of the index sets

Lii= {B= (81, B) 1S B S 0V5, D5 <s+0Vs <k, |B] > k+ 0],
j=1
where for all k > 1 and 5 = (B, ..., k) we use the short-hand notation
k

BY(V) =[]V - 0% o Vi V. (4.6)

j=1
We prove identity (4.5) by induction. First, for m = 1, it simply coincides with (the
filtered version of) equation (2.16) for a*. Next, assuming that (4.5) holds for
some m > 1, applying 8? to both sides of the identity, and using the equation for
a""" to replace F TS i in the left-hand side, we find

L
it~ N By (Y e (5" 0 VIV i
1<B1,....Bm <t n—=1
1B|<m+e

= XV [ + x(e*V) i ST IEpA(g)a T f

k=1 1<B1,....B, <t
18] <k+t

+ 303 PR pA (v gL,
k=2 BELs

After suitably splitting powers of € in the left-hand side, this indeed proves iden-
tity (4.5) with m replaced by m + 1.

Now inserting (4.5) into the two-scale expansion (4.3) in order to replace time
derivatives, and again separating terms of order e/*! or higher, we are led to

Zgn n0(-) o vrgie

¢t L—n

153D M SR E LBy T

n=02m=2 1<81,..., Bm <t
n+m+|B|<e

+> Z eI (1) @ x (V) VY f

n=02m=2
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2 So e o (V) BV Vo
" nt2m (B <j+e

+ R [0 + RO, [al ] + RES[f], - (47)
where the last two remainder terms take the form

¢ £L—m m
Reolal] = 30 30 30 3 emtamtInipin (1) o B (v)vropul

n=02m=2 j=2 BeL,

Jrz Z Z €n+m+|5\zzl,2m (E) @Bﬁ(v)vnﬁgl),ﬁ’

n=02m=2 1<B1,e0s Bm <t
[B]|<m+L,n+m+|B|>¢

Z Z €n+2m+|ﬁ\fj22h2m(é)
— 4

Ox(e*V) B (V)vromiTly,

Equivalently, in view of (4.6), this can be reformulated as

L) =
4 . -3 £—n—3 .
Zgnwg(g) ® Vnﬂgl)’é + <C:3 Z Z En+2m<?,2m(é) o X(Eav)vn+18t2mf
n=0 n=0 2m=0

+ RE[l] + RE[ul] + RES[f], (4.8)

where for each n, m the correctors w? and CC'ZL’Qm are suitable linear combinations of
{272} with coefficients involving £ and {E"I}n/. We emphasize that wz and
é;’Qm do a priori not have vanishing average.

We turn to the estimation of the last two remainder terms in (4.8). Recalling the
way that 2™2™ depends on {gb"/’m'}n/,m/ and on {c"/}n/, using Lemma 3.4 together
with (3.6), and using again the Sobolev embedding in form of (2.39) to bound products
with correctors, we find for ¢ < 1 and a > g,

IR (8 ey < () I(DY* 7 D12y,
and thus, further combining this with the a priori estimate of Lemma 2.10(ii),
IRE 5[0 || g1 may < (C) DY 7 Fllna (0,012 Ray)-
Similarly, we find for ¢ < 1 and a > %,

1R sl 1 ey < (€C) DY fll1z(ray.

Finally, we recall that the cut-off x(¢*V) can be removed in the right-hand side
of (4.8) up to higher-order errors: for a > 4,

{—3 £L—n—3

53 Z Z €n+2mé;,QM(é) o (1 _ X(gav))vn+1at2mf“

n=0 2m=0

H!(R?)
@ a— Ll4ra—
< S0 (1 = x(EVI)UDY T flliegay < (€C) DY FTTETT f| 2 ra)
e
< (eO)IUDYHTEIT £l (0,2 (ma) -
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Inserting these bounds together with (4.4) into (4.8), the claim (4.1) follows.

Step 2. Conclusion.
In view of (4.1), the result of Theorem 2 yields

¢ -3 6—n—3
ul — Z e"Py(2) © vradbt — g3 Z Z 5”+2mgl’2m(g) o vrtigm ft
n=0 n=0 2m=0 H1(RY)

< (eCOYE) (D) FllLa 0,002 (ray)-

Now we compare this with the result of Theorem 1: using (2.7) to expand ~¢(eV)
in the spectral two-scale expansion (1.4), discarding terms of order O(g), and using
Lemma 2.10(ii) to estimate the latter, the result (1.6) of Theorem 1 leads us to

4 -3 4—n—3
Z 5”¢?(g) ® vnﬂg)l;t 43 Z Z €n+2mgg’2m(é) o) anrlatmet
n=0 n=0 2m=0 H1(R)

S (ECO BIDYE Fller oy m2may, (4.9)

in terms of the corrector differences

n n
o - 7 n,2 —k, in,2
P =) A @R =g, P = @, R -
k=0

k=0 =

where ®; stands for symmetric tensor product. We claim that (4.9) entails {/;? =0
foralln <¢—1, C?’zm =0for all n+2m+3 < ¢—1, and V¢, = 0 and VC;’zm =0
for n + 2m + 3 = £. We argue by induction and prove:

{ forall j<C—1 : 4] =0and (" =0 for n+2m+3=j, (4.10)

for j =/ : V'[/;f:()andV@l"Zm:OfornJerJr?):E.

Assume that this result is known to hold for j < jg, given some j, < ¢ — 1. Us-
ing the a priori estimates of Lemma 2.10(ii), first note that we have a?” — @ in
C.(R; H(RY)) as € | 0, where @ is the solution of the standard homogenized wave

equation (1.3). Given h € O3, (Q), multiplying the expression in the left-hand side

per

of (4.9) by e 7h(<), and passing to the limit € | 0 in the L%-norm, we then get

EhgP] o Via+ Y BRG] o viriomf = 0.
n+2m+3=jo

As 1 satisfies the homogenized wave equation (1.3), applying the wave operator 97 —
V - aV to this pointwise identity leads us to

Eppiloviof+ Y E[hGP o ViHepm (0 — V-av)f = 0.
n+2m+3=jo

Choosing for instance f'(z) = exp(—(t* + |z|?)) for ¢t > 1, it is easily deduced by
induction, by a linear independence argument, that E[h{/;zo] =0 and E[hg? ’Qm] =0
for all n,m with n+2m+3=jo. As h € C.(Q) is arbitrary, we deduce that
the claim (4.10) also holds for j = jo. The same argument can be adapted to the
case jo = ¢, rather starting from the estimate on the H'-norm in (4.9). This ends the

proof of (4.10).
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In other words, we have thus proved that, given £ > 1, for all j < ¢ — 1 and for all
n,m with n +m + 3 < /£ — 1, we have

J n
77 k i—k in,2 k —k,2
Bl= At @ G =) ke, R,
k=0 k=0

while for j = ¢ and for all n,m with n +m +3 =/,
o é o n
Vif =D @, Vi ™F, Vit =) @, ViR
k=0 k=0

Inserting this back into (4.1), using (2.7) to reconstruct v,(c¢V), discarding terms of
order O(g%), and using Lemma 2.10(ii) to estimate the latter, we may then recognize
the definition (1.4) of the spectral two-scale expansion, to the effect of

|HE[OO4 — S5, ey S (€C) (D) Fller (0.2 ray)-

Combined with the result (1.6) of Theorem 1, this yields the conclusion (1.12). O

APPENDIX A. CORRECTORS IN THE RANDOM SETTING

This section is devoted to the definition and bounds on spectral and hyperbolic
correctors in the random setting. As in the elliptic case [18, 4, 21, 15|, the main differ-
ence with the periodic setting is that only a finite number of correctors can be defined,
depending both on space dimension and on mixing properties of the coefficient field.
For simplicity, we focus on the Gaussian setting of Definition 1.3. The corrector es-
timates below were first obtained in [19, 20, 18] for the first corrector in the elliptic
setting. A proof of the present statement follows from applying iteratively the an-
nealed Calderon-Zygmund estimates of [15, 11]; see in particular a similar argument
in [15, Proof of Proposition 2.2]. Note that the present result corrects inaccuracies of
the corresponding statement given in [5, Proposition C.4] for spectral correctors.

Theorem A.l. Let a be Gaussian with parameter § > 0 in the sense of Defini-
tion 1.5. We then define {, = [%] and

1 on <Ay,
log(2 + \x|)% : n=/{L,, f>d, d even,
orn=1~{,, B<d, ge€2N,
wh(x) = 10g(12-|- |z]) : n=VL,, B=d, d even, (A1)
(x)2 : n=4L,, B>d, dodd,
(z)2log(2+|z|)2 : n=4, B=d, d odd,
(z)n—% : n={, B<d, B¢2N

(1) Spectral correctors: The correctors {¢", 0™ }o<n<e, and {™™, 7"} iom<t.—3
can be uniquely defined by the corrector equations of Section 2.1 as centered sta-
tionary random fields, and in addition the correctors Y™, o™ with n = {, and
¢mm ™™ with no+ 2m = £, — 3 can be uniquely defined as (non-stationary)
random fields with centered stationary gradient. The homogenized coefficient b"
is well-defined for 0 < n < £,. Moreover, the following moment bounds hold for
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all ¢ < oo and x € RY,

I(£,, 1emnr
(£, (e vonr

)
")

H<7€3<I)<nm o |2) La(9) Sa Hntomis(®),  forn+2m <L -3,
")

(£, 1wcm wmmme

(ii) Hyperbolic correctors: The correctors {¢™™, 0™} tm<e, can be uniquely de-
fined by the corrector equations of Section 3.1 as centered stationary random
fields, and in addition the correctors ¢™" ™™ with n+m = £, can be uniquely
defined as (non-stationary) random fields with centered stationary gradient. The
homogenized coefficient a™™ is well-defined for n +m < {.. Moreover, for
n+m < L,, the following moment bounds hold for all ¢ < oo and = € RY,

(£, 1ermommi)’
(£, 1wam. o)

APPENDIX B. A PRIORI ESTIMATES FOR THE WAVE EQUATION

Nl

La(Q) Sq B (), for0<n</{,,

1, for0<n </,

~q

L1(Q)

N

1
2

Lo NS form+4+2m <{, —3.

Lq(Q) Sq /U‘:H-m('r)a

La(9)

We state the following general a priori estimates for linear wave equations, which
are used throughout; a short proof is included for convenience. In contrast with the
situation in the elliptic setting, we emphasize that putting the impulse in divergence
form essentially only brings an improvement when estimating the L?-norm, and not
the energy norm.

Lemma B.1 (A priori estimates). Let £ be a self-adjoint operator on L*(R%) sat-
isfying the bound —A < L < —CyA for some constant Cy < oo. Given Fy} €
L (RT;L2(RY) and Fp, F3 € Wh!(RT;L2(RY)) with Fali—o = Fsli=o = 0, let z
be the solution of the wave equation

{ (83+£)Z:F1+VFQ+8tF3 iTLRd,
Z|t:0 = 6152“:[) =0.

Then, for allt > 0, we have

2 2y Seo tIFLIL 0,012y + | (F2, F3) L 0.0) 12 (Re)
and
D2 L2y Sco |(F1s 0cFa, 0iFs) |11 ((0,4):12 (R4)) - O

Proof. The assumption —A < £ < —CpA entails that VL defines a bounded linear
operator L*(R%) — H~'(R%) with bounded inverse. We may therefore define F; as the
solution of V/LFy = V - Fy, which satisfies \|13'2||L2(Rd) Sco [1F2l|L2rey- The solution 2
of the wave equation can then be represented in terms of Duhamel’s formula,

t / sin((t - $)VZ)

t
2t = F? + 0, F ds+/sin t — s)VL) F§ ds.
NG (F1 3) ; ((t=s)VL) F;
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Integrating by parts in the integral for Fs, with F3|;—¢ = 0, this can be rewritten as

. /t sin((t — s)\/Z)
0 VL

and the stated L%-estimate follows from spectral calculus. For the energy estimate,
we rather use energy conservation in form of

10, /Rd (|0e2|* + 2Lz +2F, - Vz) = /Rd(ﬁtz) (02 + L)z + 8t/ Fy,-Vz

Rd

F}ds+ /t sin((t — s)VL) Fs ds + /t cos((t — s)VL) F3 ds,
0

0

= / (atz)(F1+8tF3+VF2)+8t/ FQVZ
Rd

Rd

/ (atz)(Fl + 3tF3) +/ O Fs - Vz
]Rd Rd
||Dz||L2(JRd)H(F178tF2a8tF3)||L2(]Rd)v

IN

and the conclusion follows. O
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