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ABSTRACT. Motivated by the long-time transport properties of quantum waves in weakly
disordered media, the present work puts random Schrédinger operators into a new spec-
tral perspective. Based on a stationary random version of a Floquet type fibration, we
reduce the description of the quantum dynamics to a fibered family of abstract spectral
perturbation problems on the underlying probability space. We state a natural reso-
nance conjecture for these fibered operators: in contrast with periodic and quasiperiodic
settings, this would entail that Bloch waves do not exist as extended states, but rather
as resonant modes, and this would justify the expected exponential decay of time cor-
relations. Although this resonance conjecture remains open, we develop new tools for
spectral analysis on the probability space, and in particular we show how ideas from
Malliavin calculus lead to rigorous Mourre type results: we obtain an approximate dy-
namical resonance result and the first spectral proof of the decay of time correlations on
the kinetic timescale. This spectral approach suggests a whole new way of circumventing
perturbative expansions and renormalization techniques.

1. INTRODUCTION

1.1. General overview. We consider random Schrédinger operators of the form
HA,UJ = —A+ AV,

on L2(R%), where V, : R? — R is a realization of a “stationary” (that is, statistically
translation-invariant) random potential V', constructed on a given probability space (2, P),
and we study the properties of the corresponding Schrédinger flow on R¢,

. [e]
10pu o = H oUx Up wlt=0 = u°,

with initial data u® € L*(R%). This well-travelled equation models the motion of an electron
in a disordered medium described by the potential V,,, where the coupling constant A > 0
stands for the strength of the disorder.

For comparison, let us first recall transport properties in the simpler case of periodic
or quasiperiodic disorder. If V is periodic, the energy transport is well-known to remain
purely ballistic as for the free flow uy—g, cf. [3]. The proof relies on the absolute continuity
of the spectrum of the periodic Schrédinger operator on LQ(Rd), and more precisely on
the existence of so-called Bloch waves, which are extended states constructed by means
of standard perturbation theory as deformations of Fourier modes, z e"k'xwk’ A(z) with
¢k,» periodic. In case of a quasiperiodic potential V', the problem is more involved and
depends on the strength of the disorder: energy transport is expected to remain ballistic

x. mitia.duerinckx@Qu-psud.fr
t. christopher.shirley@universite-paris-saclay.fr



2 A NEW SPECTRAL ANALYSIS OF RANDOM SCHRODINGER OPERATORS

only at weak coupling 0 < A < 1 or at high energies. This is rigorously established in
dimension d = 1 [54]. In higher dimensions d > 1, for a specific class of quasiperiodic
potentials, it was recently shown that there exist initial data at high energies that indeed
display ballistic transport |25, 26] (the analysis of the discrete setting is more complete [6]).
Inspired by the periodic case, the proof relies on the existence of corresponding Bloch
waves as extended states of the form x +— eik'xcpky,\(:p) with ¢ ) quasiperiodic, but their
construction is more intricate since standard perturbation theory no longer applies. In [13],
we provide a simple method to construct “approximate” Bloch waves and deduce ballistic
transport for all data at least up to “very long” timescales both at weak coupling and at
high energies. These results in the periodic and quasiperiodic settings show how Bloch
waves are crucial tools to infer transport properties of the Schrodinger flow.

The present work is concerned with the more general stationary random setting in the
weak coupling regime 0 < A < 1. In case of a random potential V' with short-range corre-
lations, in stark contrast with the periodic and quasiperiodic cases, a celebrated conjecture
by Anderson [2] states that in dimension d > 2 every initial condition can be almost surely
decomposed into two parts: a low-energy part that remains dynamically localized and
a bulk-energy part that propagates diffusively. Despite the great recent achievements of
rigorous perturbation theory in some asymptotic time regimes, e.g. [51, 18, 17, 16, 9|, suc-
cessfully describing the emergence of irreversible diffusion from the reversible Schréodinger
dynamics, the full justification of this quantum diffusion phenomenon remains a major
open problem in mathematical physics [49, 15]. More precisely, the ensemble-averaged
Wigner transform of the quantum wave u) is known to converge to the solution of a linear
Boltzmann equation on the kinetic timescale t ~ A2, and of a heat equation on longer
times, but the justification is limited to a perturbative time regime t < A=2~" for some
small n > 0. A simplified question concerns the behavior of time correlations in form of
the averaged wavefunction E [uf\], which is expected to display exponential time decay:
more precisely, in Fourier space, on the kinetic timescale t ~ A72, as A | 0,

B[ (k)] ~ e [ (k) (1.1)

where the decay rate ap > 0 would coincide with the total scattering cross section in the
corresponding Boltzmann equation, and where corrections are added on longer times. A
proof of this exponential decay on the kinetic timescale is given in [9] based on a perturba-
tive expansion of a Feynman-Kac type formula. The perturbative analysis of |18, 17, 16]
would further yield an improved result, but still restricted to limited timescales.

Motivated by these open questions, rather than trying to improve on perturbative ex-
pansions and renormalization techniques, we aim at developping an alternative spectral
approach to describe the long-time behavior of the system beyond perturbative timescales.
More precisely, we take inspiration from the periodic and quasiperiodic cases, although the
behavior radically differs from the present random setting, and we investigate the role of
a corresponding notion of Bloch waves. It appears that these Bloch waves are no longer
extended states associated with absolutely continuous spectrum: they are expected to be
only defined in a weak distributional sense in probability and to play the role of resonant
modes associated with some kind of “continuous resonant spectrum”. Exploiting ideas from
Malliavin calculus, we manage to appeal to perturbative Mourre’s theory, cf. Theorem 4,
which leads to the construction of approximate dynamical resonances and constitutes the
first spectral proof of (1.1), cf. Corollary 5. Non-perturbative refinements to reach longer
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times are postponed to future works, as well as the investigation of other possible dynamical
consequences in closer connection with quantum diffusion.

1.2. Summary of our approach and results. We briefly describe the framework of our
new approach to Schrédinger operators Hy ,, = —A + AV,,. First, we change the point of
view and rather consider the operator Hy := —/A + AV as acting on the augmented Hilbert
space L2(R? x ), then studying the corresponding Schrédinger flow on L2(R% x ),

i0ruy = Hyuy, up|i=0 = u°, (1.2)

with deterministic initial data u® € L2(R?) ¢ L2(R¢ x Q). This can be viewed as including
stochastic averaging conveniently into the functional setup; see also [45, 24]. (Note that H)y
on L2(R? x Q) has absolutely continuous spectrum as a consequence of Wegner estimates
when H)y ,, on L?(R?) has almost sure pure point spectrum.)

As we have shown and already used in [13], see Section 3 below for details (also [4, 24]),
the operator H) on Lz(Rd x 1) can be decomposed via a Fourier-type transformation as a
direct integral of fibered operators { H Zt)\} » acting on the elementary space L?(€2), which
is viewed as the space of stationary random fields,

@ .
(H\, L2(R? x Q)) :/ (H' + k2 L2(Q) ep dl,  ep(x) =™ (1.3)
R4 ’
The (centered) fibered operators take the form
H]Z?)\ = HZEO + )\Vv
HYy = —(V*'+ik) - (V* +ik) — |k]* = =A% = 2ik - V™,

where V** and A% denote the stationary gradient and Laplacian on L%(£2); see Section 3.2
for proper definitions. In particular, the Schrodinger flow u) is decomposed as

ug\(m,w) _ / ao<k) eik-x—it\kF (e—itH/Sgt,Al) (.%',L«J) d‘k’ (14)
R4

in terms of the fibered evolutions {efi’tH’S@fA 1} on L%(Q). This partial diagonalisation via
Fourier is henceforth referred to as the stationary Floquet—Bloch fibration, in analogy with
the well-known corresponding construction in the periodic setting, e.g. [32, 33].

At vanishing disorder A = 0, as the constant function 1 € L?(Q) is an eigenfunction
with eigenvalue 0 for the unperturbed fibered operators {HZEO};C, the associated spectral
measure coincides with the Dirac mass at 0, and the decomposition (1.4) then reduces to
the usual Fourier diagonalisation of the free flow,

h_o(z) = /R (k) e (1.5)

When the disorder is turned on but small, 0 < A < 1, the description of the Schrédinger
flow wy is reduced to a family of (hopefully simpler) fibered perturbation problems for the
spectral measures. In case of a periodic potential V (that is, Q = T¢, cf. Remark 3.4(a)),
the fibered operators {H,ito}k have compact resolvent in view of the Rellich theorem, and
thus discrete spectrum. The eigenvalue at 0 is then typically simple and isolated, which
allows to apply standard perturbation methods, e.g. [32, 3|, showing that it is perturbed
into isolated eigenvalues {zj\ = A2z (k)}r. In other words, Fourier modes {e;}s are
perturbed into so-called periodic Bloch waves that diagonalize the Schrédinger flow and
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are associated with perturbed generalized eigenvalues of the form {|k|? + A2z (k)}s. This
entails that the flow is approximately conjugated to the free flow (1.5) in the sense of

ul(z) = /R @ (k)RR gk O, 2 € OF(RER),

and in particular the energy transport remains ballistic forever. The same conclusion holds
in fact for all A, cf. [3]. In case of a quasiperiodic potential V' (cf. Remark 3.4(a)), the
situation is expected to be similar at weak coupling, but the existence of corresponding
Bloch waves is a more subtle question: quasiperiodic fibered operators {Hzto}k are degen-
erate elliptic operators, for which compactness fails, and the simple eigenvalue at 0 is no
longer isolated but embeds in dense pure point spectrum, so that no standard perturbation
theory applies; see |25, 26, 13].

In case of a random potential V' with short-range correlations, the situation differs dras-
tically in link with the expected diffusive behavior. We show that 0 is typically the only
eigenvalue of the fibered operators { H' }x, is simple, and embeds in absolutely continuous
spectrum, cf. Proposition 1 below. Accbrding to Fermi’s Golden Rule, whenever the disor-
der is turned on, this embedded eigenvalue is then expected to dissolve in the continuous
spectrum, cf. Proposition 3, and to turn into a complex resonance at

zix = A 2a(k) = NE [V(i0 — Hi))"'V] + Ok(N?),

in the lower complex half-plane. In particular, this provides a spectral explanation why
approximate Bloch wave analysis leading to ballistic transport as in [13] breaks down on
the kinetic timescale t ~ A\™2. For the averaged wavefunction, this leads to expect

E [uf(z)] = / @° (k) eF e tFP 2 ®) g 4 O(X), 2y, € C°(R% C\ R),
Rd

which would indeed agree with the exponential decay (1.1) on the kinetic timescale, with
Sz (k) ~ —ag < 0, and a finer resonance analysis would yield a more accurate expansion.
From a spectral perspective, fibered resonances are transferred via the fibration (1.3) to
kind of a “continuous resonant spectrum” for the full operator Hy on L?*(R? x Q), cf. Re-
mark 2.1 below.

General spectral tools are however dramatically missing to rigorously study these fibered
perturbation problems on L?(Q), in particular due to the lack of any relative compactness
of the perturbation. We start by performing a detailed study of rudimentary spectral
properties of fibered operators, cf. Propositions 1-3, emphasizing the strong dependence
on the structure of the underlying probability space (£2,P). Next, we appeal to Mourre’s
theory [37, 1] as a rigorous approach to fibered perturbation problems. More precisely,
we start by constructing Mourre conjugates for the unperturbed operators {H{',},. The
construction requires a surprisingly nontrivial work and relies on a deep use of Malliavin
calculus, which constitutes the core of our contribution, cf. Section 5. This construction
is however not compatible with the perturbation V in the sense that AV cannot be con-
sidered as a small perturbation of {H}}) in the sense of Mourre’s theory, in link with
the infinite dimensionality of the probability space. For this reason, we only manage to
apply perturbative Mourre’s theory under a suitable (weak) truncation, cf. Theorem 4. As
a direct consequence, the decay law (1.1) is recovered at least on the kinetic timescale,
cf. Corollary 5. Finally, we give a relevant formulation of resonance conjectures for fibered
operators, cf. Conjectures (LRC) and (GRC), which are motivated by our partial results
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and are shown to imply the expected decay law (1.1) to finer accuracy on all timescales,
cf. Corollary 6. These conjectures are further illustrated in Section 7, where we display a
toy model that shares various properties of Schrédinger operators and allows for a rigorous
resonance analysis. Although these conjectures are left open, the present work sheds a
new light on the study of random Schrédinger operators, in particular providing the first
spectral proof of (1.1); our results will be strengthened in future works and hopefully serve
as a starting point for a new line of research in the field.

Notation.

e We denote by C > 1 any constant that only depends on the space dimension d and on
the law of the random potential V. We use the notation < (resp. 2) for < C'x (resp.
> %x) up to such a multiplicative constant C'. We write ~ when both < and 2 hold.

e add subscripts to C, <, 2, ~ to indicate dependence on other parameters. We denote

I AN T

by O(K) any quantity that is bounded by CK.

e We denote by f(kz) = Ff(k) := [gae *7f(z)dz the usual Fourier transform of a
smooth function f on R? The inverse Fourier transform is then given by f(z) =
Jga €7 f(k) dk in terms of the rescaled Lebesgue measure dk := (27)4dk.

e The ball centered at x and of radius r in R? is denoted by B,.(x), and we write for
abbreviation B(x) := Bj(z), B, := B,(0), and B := B;(0). Without ambiguity, we
occasionally also denote by B the unit ball at the origin in the complex plane C.

e For a set E C R? we denote by conv(FE) its convex envelope, by int(E) its interior, and
by adh (E) its closure.

e We denote by B(IR¥) the set of Borel subsets of R¥, and for E C R¥ we let P(E) denote
the set of Borel probability measures on E.

e For a vector space X, we write X®P for its p-fold tensor product, and X P for its p-fold
symmetric tensor product.

e For a,b € R, we write a A b := min{a, b} and a V b := max{a, b}.

2. MAIN RESULTS

This section is devoted to a brief description of our main results, while proofs and
detailed statements are postponed to the next sections.

2.1. Framework. We refer to Section 3 for a suitable definition of stationarity as statisti-
cal invariance under spatial translations. Throughout, the stationary random potential V'
is assumed real-valued and centered, E [V] = 0. As we show, fine spectral properties cru-
cially depend on the structure of the underlying probability space. We therefore mainly
focus on Gaussian or Poisson settings, where Malliavin calculus is available and provides
a useful Fock space decomposition of L(€2). More precisely, we consider the following:

o Gaussian setting: V = b(V) for some Borel function b : R — R and some stationary
centered Gaussian random field Vy with bounded covariance function

Co(z) :==E [Vo(z +y)Vo(y)] -
Equivalently, the field V{ can be represented as

Vo) = | il +y)az(y) 2.1)
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where dZ is a standard Gaussian white noise on R% and where the kernel C; is the
convolution square root of the covariance function, Cy = Cj * Cg.

e Poisson setting: V = b(Vp) for some Borel function b : R — R and some Vj of the

form
Vo(z) = Y Ci(z+y), (2.2)
y€Po
where Py is a standard Poisson point process on R? and where Cg is the single-site
potential.

We say that the random potential V' is short-range if it has integrable decay of correlations:
in the above settings, this amounts to choosing C§ € L!(R%).

For shortness, in the sequel, we shall mainly restrict to the Gaussian setting, although
the same results can be transferred mutatis mutandis in the Poisson case (using the cor-
responding version of Malliavin calculus, e.g. [44]). For simplicity, we occasionally further
restrict to a random potential V' = Vj that is itself Gaussian: although unbounded, such
potentials have a simpler action on the Fock space decomposition of L%(Q).

2.2. Basic spectral theory of fibered operators. We refer to Section 3 for the con-
struction of the stationary Floquet-Bloch fibration (1.3). Next, we start with a detailed
spectral analysis of the unperturbed operators

Hyly = - —2ik -V, keR%

Although the stationary Laplacian —AS* is a natural operator on L?(Q) and has been
introduced in various settings (e.g. in the context of stochastic homogenization [42, 23]),
its spectral properties have never been elucidated before, and we close this gap here. Note
that some preliminary remarks on its spectrum have been made in |7, Section 3.1], see
also [34, Section 2.C|, namely that it is discrete if € is a finite set, that there is in general
no spectral gap above 0 in contrast with the periodic setting, and that it coincides with
[0,00) in case of an i.i.d. structure. Interestingly, the spectrum depends crucially on the
structure of the underlying probability space (2, P), as precisely formulated in Section 4.1
below in terms of a notion of “spectrum” of the probability space. In the model Gaussian
setting, our result takes on the following simple guise.

Proposition 1 (Spectral decomposition of H',). Giwen a stationary Gaussian field Vy

on R? with covariance function Co, denote by 50 the (nonnegative measure) Fourier trans-
form of Co, and assume that the probability space (2,P) is endowed with the o-algebra
o({Vo(2)}pera) generated by V.

(i) If Cy is mot periodic in any direction, then o(H}',) = [—|k|?, 00).

(i) If the measure Co is absolutely continuous (in particular, if Cy is integrable), then the
eigenvalue at 0 is simple (with eigenspace C) and

opp(Hio) = {0}, ow(Hiy) = @, o(H}) = ouc(HRy) = [=|k[?, 00). %

We turn to the perturbed fibered operators {H}', }; and start with a characterization of
their spectrum. While we focus here on the Gaussian setting, a more general statement is
given in Section 4.2. In case of an unbounded potential V', the essential self-adjointness of
the perturbed operators {H}'y }1, is already a delicate issue, for which an (almost optimal)

criterion is included in Appendix A, requiring V' € LP(Q2) for some p > %, in line with
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the corresponding celebrated self-adjointness problem for Schrédinger operators on L2 (R9)
with singular potentials, cf. [27, 19, 28]|; see also Proposition 5.16 for the simpler case when
V =V} is itself Gaussian.

Proposition 2 (Spectrum of H;',). Consider the Gaussian setting V = b(Vj), where Vj
is a stationary Gaussian field, and assume that Vy is nondegenerate and that E[|V|P] < oo
holds for some p > %. Then H3'\ is essentially self-adjoint on H?2NL>®(Q) and

U(H]if)\) = [—\k|2 + Ainfessb, 00). o

The nature of the spectrum of the perturbed operators {H,it)\}k is a more involved
question and is a main concern in the sequel. In view of the fibration (1.4), the perturbation
of the eigenvalue at 0 for the fibered operators {Hzto}k is of particular interest. According
to Fermi’s Golden Rule, e.g. [48, Section XII.6|, this eigenvalue embedded in continuous
spectrum is expected to dissolve when the perturbation is turned on. The simplest rigorous
version of this key conjecture is as follows. It is based on observing that the formula for
the second derivative of a hypothetic branch of eigenvalues at A = 0 would be a complex
number, cf. Section 4.3.

Proposition 3 (Instability of the bound state). Let k € R\ {0}, let V be a stationary
random field, denote by C the (nonnegative measure) Fourier transform of its covariance
function, and assume that C does not vanish identically on the sphere GBW(—/{), in the

sense that lim, %CA(BWHE(—k:) \ Bjgj—(—k)) > 0. Then there exists no C* branch
[0,6) = R x L2(2) : A= (B, ¥r,0)
with
Hi\ V) = Epatpa, (B Yra)r=0 = (0,1). 0

This basic instability result is however quite weak: for k € R?\ {0}, the operator Ht,
is in fact expected to have purely absolutely continuous spectrum in a neighborhood of 0
for 0 < A < 1. In addition, in view of the resonance interpretation of Fermi’s Golden
Rule, which originates in the work of Weisskopf and Wigner [53], the perturbed eigenvalue
is expected to turn into a complex resonance. Relevant conjectures are formulated in
Section 2.4 below.

2.3. Perturbative Mourre’s commutator approach. The perturbation problem for
an eigenvalue embedded in continuous spectrum, in link with Fermi’s Golden Rule and
resonances, is an active topic of research in spectral theory. Various general approaches
have been successfully developed, see e.g. [14] and references therein, but none seems to be
available in our probabilistic setting: a key difficulty is that the random perturbation V is
never compact with respect to the unperturbed operators { H Zfo}k on L%(Q) (unless it is
degenerate). This calls for the development of robust techniques for the spectral analysis
of stationary operators on the probability space. In the present contribution, we appeal to
Mourre’s commutator theory [37, 1], cf. Section 5.1, which is reputedly flexible and requires
no compactness. Although not allowing to deduce the existence of resonances in any strong
form, Mourre’s theory would ensure similar dynamical consequences, e.g. [41, 21, §|.

More precisely, we start with the construction of a natural group of dilations {Us'}icr
on L%(Q) in the model Gaussian setting, cf. Section 5.3: heuristically, it amounts to di-
lating the underlying white noise in the representation (2.1), which constitutes a unitary
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group since dilations preserve the law of the white noise. The generator AS' of this group
is then checked to be a conjugate operator for the stationary Laplacian —/\5" in the sense
of Mourre’s theory, cf. Proposition 5.7(i). In Section 5.6, by means of suitable defor-
mations, we further construct corresponding conjugates for the whole family of fibered
operators {H;',};. This appears to be surprisingly more involved than for k& = 0, in link
with the infinite dimensionality of the probability space: our proof makes a deep use of
the Fock space structure of LZ(Q) as provided by Malliavin calculus, thus emphasizing the
interplay between spectral theory and the functional structure of the probabilistic setup.
Next, we turn to perturbed operators {H,f‘f)\}k It appears that the perturbation AV is not
compatible in the sense of Mourre’s theory, cf. Proposition 5.7(iii), again in link with the
infinite dimensionality of the probability space. Perturbative Mourre’s theory can therefore
not be applied unless we introduce a suitable (weak) Wiener truncation.

Theorem 4 (Perturbative Mourre’s theory up to truncation). Let V = Vj be a station-
ary Gaussian field with covariance function Cy € CSO(Rd), let L denote the Ornstein—
Uhlenbeck operator for the associated Malliavin calculus, cf. Section 5.2, and for a given
constant Lo > 0 consider the truncation Qx := Ly r,1)-2](£) onto Wiener chaoses of or-
der < (LoX\)™2. Then, for any k € RY, there exists a self-adjoint operator Cst on L%(Q)
and an ezplicit core P(Y), cf. (2.4), such that the following properties hold:

i) For all ¢ > 0, the truncated operator Q\H:'\Qx satisfies a Mourre relation on the
k,0
interval J. := [ — 3|k|?, 00) with respect to C3t. More precisely, its domain is in-
variant under the unitary group generated by CS', and its commutator with %C’Zt 18
well-defined and essentially self-adjoint on P (), is Q,\HEEOQA-bounded, and satisfies
the following lower bound,

1y (QaHY Q) [QAH Qs 1OV L (QAH;Qx) > el (QaH}HQN) — §IKIE.

(i) The truncated perturbation QuAV Q) is compatible with respect to C5 in the sense that
its iterated commutators with +C5 are well-defined on P(2) and bounded by O(Ly™).

In particular, the truncated perturbed operator QAHI??AQ/\ satisfies a corresponding Mourre
relation on [e + CLy* — 3|k|?, 00) with respect to C3. O

Based on this perturbative Mourre result, an approximate dynamical resonance analysis
can be developed for truncated fibered operators in the spirit of [41, 21, 8| and leads to
the exponential time decay of the corresponding averaged wavefunction. Further noting
that the truncation error is easily estimated on the kinetic timescale, we can get rid of the
truncation and rigorously deduce the validity of the exponential decay law (1.1) as stated
below; the proof is postponed to Section 5.7.

Corollary 5 (Exponential decay law on kinetic timescale). Letu® € L%(R?) have compactly

supported Fourier transform, let V. = Vy be a stationary Gaussian field with covariance
function Cy € C(RY), and define oy, By € R by

ap + b = Iiﬁ)l 1E[V (H}Y — ie) "'V,
€.
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that is, more explicitly,

o = 7 [ Galy= k8o = k) dy =

T ~

—_— Co >0, 2.3
227V S, b (23)
* 1 1 ~
Br = —(2m)7 p.v./ ( Co) dr,
k2 T N2V R 47 JOB (k)
Then there exists sop ~ 1 such that the Schridinger flow satisfies for all 0 < s < s,

lim sup
MO peRrd

Efu} (z)] - / T° (k) et oA sl o s(antish) d‘k‘ = 0. 0
Rd

Although our truncation argument could be compared with the truncation of the Dyson
series in the perturbative analysis of [51, 18, 17, 16|, it only requires to estimate a trun-
cation error, which is often a simpler matter, while the truncated evolution is intrinsically
analyzed by means of Mourre’s theory, avoiding any Feynman diagram analysis or any
renormalization to handle the truncated Dyson series. In addition, formal computations
indicate that the truncation of the evolution at time ¢t on Wiener chaoses of order < K
should be accurate provided K >> A\%t. Since our truncation @y in Theorem 4 amounts to
projecting onto chaoses of order < (LoA)~2, which is a particularly high order compared
to truncations of Dyson series in [51, 18, 17, 16], the accuracy in Corollary 5 should thus
follow in fact up to times t < A\~*. Non-perturbative approaches to fibered resonances and
accuracy on even longer timescales are postponed to future works.

2.4. Exact resonance conjectures. The above results provide partial indications that
the eigenvalue at 0 of the fibered operators {H};' }, should dissolve in the continuous
spectrum upon perturbation and turn into complexyresonances. In particular, in agreement
with Fermi’s Golden Rule, Corollary 5 is consistent with resonances at

2y = N (Br, — i) + 0p(\?), ke R4\ {0}.

As resonance theories have never been constructed for operators on the probability space,
we formulate relevant conjectures that will be investigated rigorously in future works. To
emphasize the relevance of our formulation, we further consider in Section 7 an illustra-
tive toy model that shares many spectral features of Schrodinger operators and for which
resonances are explicitly shown to exist in a similar sense, cf. Theorem 7.1(iii).

According to the usual definition, the operator Hj,  has a resonance at zj » in the lower
complex half-plane if the resolvent (Hj', — 2)~! on the upper half-plane Sz > 0, when
viewed in a suitably weakened topolog};, extends to a meromorphic family of operators
indexed by all z € C (or at least in a complex neighborhood), and if this family ad-
mits a simple pole at z = 2 x. In the usual case of operators on LQ(Rd), the suitable
weakening of the topology typically consists of viewing the resolvent as a family of linear
operators C2°(RY) — D'(R?) rather than L*(R?) — L*(R?). In the present setting on the
probability space, the role of C°(R?) c L?(R?) can be played for instance by the dense
linear subspace P(Q) C L%(Q) of V-polynomials,

n mg
P(Q) = {Zaj HV(Z‘U) tn>1, a;j € C, mj > 0, Ty € Rd}, (2.4)
j=1 =1
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and the dual D’(R?) is then replaced by the dual space P’(Q) of continuous linear function-
als on P(Q2). In these terms, we formulate the following resonance conjecture. The linear
functionals \IJZ y and ¥, , below are referred to as the resonant and co-resonant states,
respectively. Since the 7imaginary part of the expected branch of resonances Szp )\ =
—AX2qy, + Ok (A\3) vanishes to leading order both as k& — 0 (in dimension d > 2) and as
|k| 1 oo, cf. formula (2.3), we henceforth restrict to k in a compact set away from 0.

Conjecture (LRC) — Local resonance conjecture.

Given a compact set K C R\ {0}, there are Ao, M > 0 such that for all k € K and
0 < X < A the resolvent z (HZ?/\ — 2)7! defined on Sz > 0 as a family of operators
P(Q) = P'(Q) can be extended meromorphically to the whole complex ball |2| < 2 with
a unique simple pole. In other words, there exist continuous collections {zpx}rx C C and
{\IJZF,)\};C’,\, {Whatea CP(Q) such that for all ¢,¢" € P(Q) we can write for Iz > 0,

(W )P ) (e D) pi) P@)

(¢, (Hily = 2)7'6) 20 = +30),  (25)

Z’ky)\ —Z
where the remainder C,flid) is holomorphic on the set {z : Iz > 0} | ﬁB and has continuous
dependence on k, \. %

Next, we state a global version of this resonance conjecture in the case of an unbounded
potential V' with o(Hj}'y) = R (see e.g. Proposition 2). A direct computation shows that
the spectral measure of H,ffo associated with V is typically supported on the whole half-
axis [—|k|?, 00) and is only d?-times differentiable at —|k|? in dimension d > 2, cf. proof
of Lemma 4.2; this suggests that the band on which the meromorphic extension of the
resolvent exists must shrink as A | 0 close to z = —|k/|?.

Conjecture (GRC) — Global resonance conjecture.
The same decomposition (2.5) holds with a remainder C,f/’\(ﬁ that is holomorphic on the set

{z : Sz > —ﬁ)\p}UﬁB for some exponent p < 2, has continuous dependence on k, X,
and satisfies a uniform bound of the form

sup ¢ (=)] < A 0

RERS 2%

Remark 2.1 (Continuous resonant spectrum). When integrated along the Floquet—Bloch
fibration (1.3), in dimension d > 2, the conjectured fibered resonances would yield a
hammock-shaped set in the lower complex half-plane, connecting some point O(A?) on the
real axis to 400,

This set is increasingly thinner at infinity and can reach a thickness O(A?) in the middle,
but it reduces to a curve for instance when the covariance is radial. This set can be viewed
as a kind of “continuous resonant spectrum” for the Schrédinger operator Hy = —A + AV
on L2(R?x ). While to the best of our knowledge such a notion has never been introduced
in the literature, it is made rigorous for the illustrative toy model that we introduce in
Section 7, cf. Theorem 7.1(iv). O

We show that the above conjectures imply the expected exponential decay law (1.1) for
the averaged wavefunction to finer accuracy, thus providing a strong improvement and a
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very first workaround for the available perturbative methods [51, 18, 17, 16, 9]. Under
Conjecture (LRC) an accurate description of the decay law is deduced only for times
t < A7 2%|log A|, but accuracy is reached on all timescales under Conjecture (GRC). The
result is expressed as a resonant-mode expansion of the Schrodinger flow in the weak sense
of P'(€2), and the description of the averaged wavefunction follows as a particular case; the
proof is quite standard and is postponed to Section 6.1.

Corollary 6 (Consequences of resonance conjectures). Let u® € L*(RY) have Fourier
transform supported in the compact set K C R\ {0}, with [ullp2(may = 1.

(i) Under Conjecture (LRC), there holds in L°(R% P'(Q)), for all 0 < X < Ao,
~0 ik-x—1 242 — 3T
ol (z) = /Rdu (k) =it M40 (W 1) 5000 iy UEE b + Oat(V),  (2.6)

where we have set <\I/;:7;§;7¢>'p/(9)7p(g) = <\If;;>\,(;5(—$, Np@)p@) for ¢ € P(Q).
More precisely, this means for all ¢ € P(R),

n ~o0 ik-x—1 242 T —
sup ‘E[cbu?(xﬂ —/Rdu (k) em o= B2 (W 6) 1 ) piay (Vg v D priy, p(e) dk

x
Sek,m AlluC |2 gy
In addition, the averaged wavefunction satisfies the following improved estimate,

sup
X

(i) Under Conjecture (GRC), the same holds as in (i) with the errors O(\) and O(A\?)
improved into O(AefﬁAp) and O(A%ﬁﬁ)‘p), respectively.

E [’Uf\(l’)] - / ao<k) eik.x—it(|k;|2+zk7/\) dk ,SK,M )\2.
Rd

Moreover, for k € K and 0 < X < A, the restriction of the spectrum of H'\ to (—ﬁ, %)
is absolutely continuous under Conjecture (LRC), and the whole spectrum is absolutely
continuous under Conjecture (GRC). O

In order to make the above resonant-mode expansion (2.6) more striking, we note
that resonances and resonant states can be computed explicitly in form of a perturbative
Rayleigh—Schrodinger series. In particular, in agreement with Corollary 5, the resonance is
checked to coincide to leading order with A?(B; —icy); the proof is included in Section 6.2.

Proposition 7 (Approximate computation of resonances). If Conjecture (LRC) holds and
if for all k € K and ¢,¢" € P(Q) the map

[0,20) = € x P'(Q) x P'(Q) x L% (5 B) : A= (5, U0 0,0 G030 (27)
is of class C?, then up to a gauge transformation there hold as X\ | 0, for all k € K,
zea = AN(Bp —iag) + op(\?),
Uiy = LR+ NT 4o (10),
where ag, By, are defined in (2.3) and where <I>,1€’i and @i’i are given by
O = —(H,Fi0)7V,
OpT = (HyY, Fi0) IV (HY, Fi0)7V,



12 A NEW SPECTRAL ANALYSIS OF RANDOM SCHRODINGER OPERATORS

in terms of the projection II := Id —E onto L?(Q) © C. More precisely, the latter formulas
are understood as follows, for all ¢ € P(R2),

(@5 Bpaype) = - e [V(HE, £ ie)7¢],
(@3, )Py p@) = lim E [V(Hfp + ie) 'V (Hp + ie)TIg] 0

Remark 2.2 (Full Rayleigh—Schrédinger series for resonances). The proof of the above is
easily pursued to any order. For n > 1 and ¢ € P(Q), if the map (2.7) is of class C", then
there hold as A | 0, for all k € K,

n—1 n
e\ = Z )\erly]Zn + ok()\n)7 \Ill::::,)\ = Z )\m(I)ZL’i + Ok()\n), (28)
m=1 m=0

where the coefficients are explicitly defined and can be checked to coincide with those of the
formal Rayleigh—Schrédinger series for the perturbation of a bound state. This asymptotic
series makes no sense in L2(Q) (in link with the dissolution of the bound state), but can
be constructed in the weak sense of P’(€2); this partially answers in our setting a question
raised in [21, p.179]. More precisely, for all ¢ € P(Q), we can write

vt = (0 Vpra)p) = 15118151 [Vﬁbrkn’s’*] ;

m,+ N B ame,E
(2%, 6) (@) pio) = ImE [ 607

where the limits indeed exist and where for all £ > 0 the sequence (qb;n’s’i)m C L3(Q) is
defined iteratively as follows: we set (b%e’i =1 and for all m > 0 we define ¢?+1’€’i as the

unique solution of the regularized Rayleigh—Schrodinger recurrence equation,
m

(Hlifo - i€)¢Zz+1,s¢ _ _V(ﬁzm,a,:t + ZE |:V¢§€,a,:t] ¢Z¢—z,e¢_
1=0

The Rayleigh—Schrodinger series (2.8) is not known to be summable, hence cannot be used
to actually construct resonances, which constitutes a reputed difficulty in this problem; see
also [51, 18|. Q

3. STATIONARY RANDOM SETTING AND FLOQUET-BLOCH FIBRATION

In this section, we give a suitable definition of stationarity (or statistical translation-
invariance) and we define the associated stationary differential calculus on the probability
space, which was first introduced in [42] and plays a key role in the context of stochastic
homogenization theory, e.g. [23, Section 7|. Next, we generalize the periodic Floquet—Bloch
theory to this stationary setting, establishing in particular (1.3) and (1.4).

3.1. Stationary setting. Given a reference (complete) probability space (€2, P), we start
by recalling the classical notion of stationarity. In particular, a Gaussian field Vj, that is,
a family Vo = {Vo(z,)}epre of Gaussian random variables, is an example of a stationary
measurable random field if the variables {Vy(z,)},cpe have the same expectation and
have covariance Ko(z,y) := Cov [Vp(z,-); Vo(y, -)] of the form Ko(z,y) = Co(z —y) with Co
continuous at the origin.
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Definition 3.1. A random field on R% is a map ¢ : R x @ — C such that for all
z € R? the random variable ¢(z,-) : Q — C is measurable. It is said to be stationary if
its finite-dimensional law is shift-invariant, that is, if for any finite set £ C R? the law
of {¢(x + y,)}ser does not depend on the shift y € R? In addition, it is said to be
measurable if the map ¢ : R? x Q — R is jointly measurable. (In view of a result due to
von Neumann [52], which can be viewed as a stochastic version of Lusin’s theorem, joint
measurability is equivalent to requiring that for almost all z and for all § > 0 there holds

P{we Q:|p(z+y,w) — d(z,w)| >} - 0asy —0.) O

This basic notion of stationarity is usefully reformulated in terms of a measure-preserving
action on the probability space, which draws the link with the theory of dynamical systems
and ergodic theory.

Definition 3.2. A measurable action T := (7;)yera of the group (R%, +) on (,P) is a
collection of measurable maps 7, : Q2 — 2 that satisfy

— TpOTy = Tpqy forall z,y € R%:

— P[r,A] = P[A] for all x € R? and measurable A C €;

— the map R x Q — Q: (z,w) — T,w is jointly measurable.
A random field ¢ : R? x Q — C is said to be 7-stationary if there exists a measurable map
¢o : @ — C such that ¢(z,w) = ¢o(7_,w) for all z,w. O

This second definition yields a bijection between random variables ¢, : 2 — C and
T-stationary random fields ¢ : R x Q — C. The random field ¢ is referred to as the
T-stationary extension of ¢o. In addition, given ¢, € LP(Q2) with p > 1, since there holds
E [ [ |¢P] = |K|E[|¢o|?] for any compact K C R?, we deduce that the realization ¢(-,w)
belongs to LY (R?) for almost all w. The Banach space L?() can thus be identified with
the subspace of T-stationary random fields in LY (R%; LP(Q)).

loc
While the notion of 7-stationarity in the sense of Definition 3.2 obviously implies mea-
surability and stationarity in the sense of Definition 3.1, the following asserts that both
are in fact essentially equivalent.

Lemma 3.3. Let ¢ be a stationary measurable random field defined on (2,P) in the sense
of Definition 3.1. Then there exist a probability space (',P'), endowed with a measurable
action T, and a T-stationary random field ¢’ defined on (Q',P') in the sense of Definition 3.2
such that ¢ and ¢’ have the same finite-dimensional law. This extends to a correspondence
between o(¢)-measurable random variables on Q and random variables on €Y. O

Proof. The proof is a variant of e.g. [31, Section 16.1]. Let €’ denote the set of measurable
functions R — C, endowed with the cylindrical o-algebra F’, and consider the map
H:Q — Q:ww ¢(,w). This map is measurable and induces a probability measure
P’ := H,P on the measurable space (€', F'). Next, define 7, : Q' — Q' by (r,w')(y) =
W'(y—x). As ¢ is jointly measurable and stationary, we find that 7 is a measurable action.
Finally, we set ¢ (w’) := &'(0), with 7-stationary extension ¢'(x,w’) := &'(z), and the
claim follows. We omit the details. (|

Henceforth, we focus on the more convenient notion of T-stationarity in the sense of Defi-
nition 3.2: we implicitly assume that the reference probability space (£2,P) is endowed with
a given measurable action 7 and we assume that the random potential V' is 7-stationary.
In the sequel, for abbreviation, T-stationarity is simply referred to as stationarity, and we
abusively use the same notation for ¢ and ¢, (in particular, for V and V5).
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Remarks 3.4.

(a) A standard construction [42] allows to view periodic and quasiperiodic functions (as
well as almost periodic functions) as instances of stationary random fields (with cor-
relations that do not decay at infinity). In the periodic setting, the probability space
(€, P) is chosen as the torus T¢ endowed with the Lebesgue measure, the action 7 is
given by 7_,w = w + 2 on T?, and we set ¢(z,w) = ¢o(w + z). In the quasiperiodic
setting, the probability space is chosen as a higher-dimensional torus TV with M > d,
endowed with the Lebesgue measure, the action 7 is given by 7_,w = w + Fz on TM
in terms of the winding matrix F' € RM*4 and we set ¢(z,w) = ¢o(w + Fz). In both
cases, the construction is viewed as introducing a uniform random shift.

(b) Any Z%stationary random potential (that is, satisfying the stationarity assumption
for an action of (Z%, 4) on Q) can also be seen as a stationary random potential in
the above sense up to considering the random ensemble of shifts. Indeed, assume that
7' := (71),ez4 is a measurable action of (Z%,+) on a probability space (€/,'), and

that ¢ is 7/-stationary, that is, ¢(z + 2, w) = ¢(x, 7 ,w) for all z € R, 2 € Z%, and

w € Q. Endow Q := ' x [0,1)? with the product measure P := P’ x Leb, where Leb

denotes the Lebesgue measure on [0, 1)¢, and define the action 7 := () cga of (R?, +)

on Q= x[0,1)¢ by

re(w,y) = (s y+a—ly+a)),

where |z] = (|z1],..., [24]) for x € R? and where |a] denotes the largest integer < a
for @ € R. The map ¢(z, (w,y)) = ¢(zr — y,w) then defines a 7-stationary random
field on R? x 0. O

3.2. Stationary differential calculus. A differential calculus is naturally developed
on L?(Q) via the measurable action 7 on (€2, P). Indeed, while the subspace of stationary
random fields in L2 .(R%; L%(12)) is identified with the Hilbert space L?(Q), the spatial weak
gradient V on locally square integrable functions turns into a densely defined linear opera-
tor V* on L%(Q), which is referred to as the stationary gradient. Equivalently, V' can be
viewed as the infinitesimal generator of the group of isometries {7} : ¢o — ¢o(T—z") }rcrd
on L?(Q2). The adjoint is (V*')* = —V*' and we denote by —AS* = —V5t . V5 the cor-
responding stationary Laplacian. For all s > 0, we define the (Hilbert) space H*(2) as
the space of all elements ¢, € L2(Q) for which the stationary extension ¢ belongs to
H¢ (R4 L2(Q)), and we denote by H~*() the dual of H*(). Note that H(Q) coincides
with the domain of V*', and that the stationary Laplacian —ASt is self-adjoint on H?(€2).
We refer e.g. to [23, Section 7| for details.

As opposed to the case of the periodic Laplacian on the torus, the stationary Lapla-
cian —A®* on L%(Q) typically has absolutely continuous spectrum and no spectral gap
above 0, cf. Section 4.1. This entails that Poincaré’s inequality does not hold on H'()
and that compact embeddings such as Rellich’s theorem also fail. This lack of compact-
ness is related to the fact that the gradient V' only contains information on a finite set
of directions while €2 is typically an infinite product space.

3.3. Stationary Floquet transform. The usual periodic Floquet transform, e.g. [33], is
a reformulation of Fourier series: given a function v € L?(R%), its Floquet transform is



A NEW SPECTRAL ANALYSIS OF RANDOM SCHRODINGER OPERATORS 15

(formally) defined by

Viert(k, ) = 3 e u(z 4 n),

nezad

which is periodic in z, so that the Fourier inversion formula takes the form

() = / e* Ve u(k, z) dk,
27 Td

thus leading to the following direct integral decomposition, e.g. [48, p.280],
@ .
L2(RY) = / L2(T9) e dk,  ep(x) := 2.
2mTd

This decomposition allows for a simple adaptation to the augmented space L2 (R? x T9):
given u € L2(R? x T9), its Floquet transform is defined by

Voertu(k, q) = /Rd e~ "Vu(y,q —y) dy,

which is periodic in ¢, so that the Fourier inversion formula takes the form

uwq) = [ Voulha +a) dk

and leads to the direct integral decomposition
2
L2(R? x T?) = / L2(T9) ¢y, dk.
R4

We may now mimick this construction in the general stationary random setting: given
u € L2(R? x ), its stationary Floquet transform is defined by

Vau(k,w) == / e*ik'yu(y, Tyw) dy,
Rd

so that the Fourier inversion formula takes the form

u(z,w) = / ethe Vsgu(k, T—pw) dk,

R4
and leads to the direct integral decomposition
@
L2(R? x Q) :/ L2(Q) ey, dk. (3.1)

Rd

This stationary Floquet transform was first introduced in [24, Section 3.2]; see also [4, 13].
Some key properties are collected in the following.

Lemma 3.5. The stationary Flogquet transform Vg is a unitary operator on LZ(Rd x Q),
and satisfies

(i) Vsig = g for all g € L2(R?) c L}(R? x Q);
(i1) Vst(du) = ¢oVseu for all po € L2(Q) and u € L2(R? x Q) with pu € L2(RY x Q). ¢
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3.4. Stationary Floquet—Bloch fibration. In view of (3.1), the stationary Floquet
transform Vg decomposes differential operators with stationary random coefficients (such
as the Schrodinger operator H)) into a direct integral of “elementary” fibered operators
on the stationary space L2(2). First, the Laplacian —A on L%(R? x Q) is self-adjoint on
H?(R% L%(Q)) and is mapped by Vs on

Va[(=D)u)(k,w) = — (V5 +ik) - (VS +ik) Vsu(k,w) = (H,i?o + |/<:]2)Vstu(k,w), (3.2)
in terms of the (centered) fibered Laplacian
HYy = —(V* +ik) - (V' +ik) — k> = =A% = 2ik - V*,

As the stationary Laplacian —AS® is self-adjoint on H?(2) and as —2ik - V¢ is an infin-
itesimal perturbation, the Kato-Rellich theorem ensures that this fibered Laplacian H,ito

is also self-adjoint on H2(Q), and the centering ensures that constant functions belong
to its kernel. Next, if the stationary random potential V' is uniformly bounded (the un-
bounded case is postponed to Appendix A), it defines a bounded multiplication operator on
L?(R? x Q) and the corresponding Schrédinger operator Hy = —/A + AV is thus self-adjoint
on H2(R%12(2)). Combining (3.2) with Lemma 3.5(ii), we find

Ve Haf](k,w) = (Hy + [K[*) Ve f (b, w), (3:3)
in terms of the (centered) fibered Schrédinger operator
HZ?)\ = 121:0 + AV,

which is self-adjoint on H?(Q2). Using direct integral representation, e.g. [48, p.280], we
may reformulate the above as

52
(Ha L2 (R x Q) = / (Hty + K2, L2(Q) e dE. (3.4)
Rd ’
This decomposition of the Schrodinger operator yields a stationary version of the so-called
Bloch wave decomposition of the Schrodinger flow: given a deterministic initial condition

u® € L2(RY) c L2(RY x Q), appealing to (3.3) and to Lemma 3.5(i),

ub (2, w) = (e_itH*uo)(x,w) = / ek TPy [e_itH*uo] (k, T_pw) dk
R4
_ / eik-m—it\k‘z (e_itH’S“t’AVSt’LLO(k, '))(T,IW) dk
R4
_ / ﬂo(kz) 6ik-x7it|k‘2 (e—itHZfA 1)(7'_$W) dk7
R4

that is, (1.4). Alternatively, in terms of the L?*(Q)-valued spectral measure ul , of H3,
associated with the constant function 1,

W) = [ @) [ (o))
R4 R

For vanishing disorder A = 0 the spectral measures take the form d,u,lg’o = ddp and we
recover the Fourier diagonalization of the free Schrédinger flow, cf. (1.5), while for A > 0
each Fourier mode e*7* is deformed into a “Bloch measure” e’k"g”d,u,lC y- In the periodic

setting the measure ,u,lg’ ) is known to be discrete, leading to the deformation of the plane
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wave €*® into a superposition of so-called Bloch waves, cf. [32, 3]. The picture is very

different in the random setting as ,u/,lc ) is rather expected to be absolutely continuous.

4. BASIC SPECTRAL THEORY OF FIBERED OPERATORS

This section is devoted to the proof of Propositions 1, 2, and 3. We consider gen-
eral (non-Gaussian) stationary random potentials V' and discuss the fine dependence on
the probabilistic structure. Note that our results could also be adapted to the random
perturbation of a periodic Schrédinger operator, in which case fibered operators take the
form —Ait + Vper + AV, where the periodic potential Ve models the underlying crystalline
structure.

4.1. Unperturbed fibered operators. We give a full account of the spectral properties
of the unperturbed operators { H;% }; on L?(2). We start with some general definitions.

For ¢ € L*(2), we denote its covariance function by C?(z) = E[¢(-) ¢(7—z-)], which
belongs to L>®(RY) and is positive definite. By Bochner’s theorem, the distributional
Fourier transform C? is then a nonnegative finite measure on R? with total mass c® (RY) =
(27r)d||¢||i2 @)’ and is called the spectral measure of ¢. The set of all such spectral measures

will play an important role in this section, so that we give it a name and notation.

Definition 4.1. The spectrum of the probability space (2,P) endowed with a given sta-
tionarity structure is defined as the subset

Q= {(2m)7C?: ¢ € L2(Q), |6lli2() = 1} C P(R?). O
We show that the spectrum of the unperturbed operators {H,ffo}k can be completely
characterized in terms of properties of Q.

Lemma 4.2. Let V' be a stationary random field and assume that the underlying probability
space (Q,P) is endowed with the o-algebra generated by V. For ¢ € L2(Q) and k € R? we

denote by VZ) the probability measure on RT defined by
v (0.4)) = 2m)~CP(Bi(=k)),  t>0, (4.)

and we consider its Lebesque decomposition

¢ _ & ¢ ¢
Vp = Vk;pp + Vk;sc + l/k;ac
into pure point, singularly continuous, and absolutely continuous parts. Then,
(i) The spectrum U(H,ifo) of the operator H,ffo on L2(Q) is included in [—|k|?,00) and
there is an eigenvalue at 0.

(ii) For x = pp,sc, ac, there holds
J*(H,ifo) = adh < U hy, (supp V,f;*)>, hy(t) == t? — |K|?.
Ccre
(i1i) The density of the absolutely continuous part of the spectral measure oszfO associated
with ¢ takes the form

d,ui’g)_ ﬂ[_‘k‘z oo)(/\) dl/]f.
() = ’ B (VA |k[2). O
d\ A 2/ A+ |k|2 dt ( )
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Proof. First note that the Fourier symbol of HZ?O is given by y — |y + k|? — |k|? > —|k|?,
which easily implies that the operator H,ifo — E has bounded inverse on L%*(Q) for all
E < —|k|?. The spectrum of Hlifo is therefore included in [—|k|?, 00), which already proves
item (i). We now wish to determine the different types of spectrum. For that purpose
it suffices to proceed to the Lebesgue decomposition of the spectral measure ,ud’ @ of H,ifo

associated with any ¢ € L2(€2). We claim that this spectral measure is expllcltly given by
the following formula, for all g € Cy(R),

[odnts = [ o= WPy, (42)
R R+

where l/lf is defined in the statement. The conclusion directly follows from this claim since
it yields for * = pp, sc, ac,

[oans. = [ o rag.o.

b,¢

i’g’ u‘,fg + M ose T uf g_ac the Lebesgue decomposition of uk 0,

)

where we denote by u

and similarly for V,f.

It remains to argue in favor of (4.2). By density, it is enough to prove it for g € C}(R).
Since the Fourier symbol of H,ifo is given by y +— |y + k|> — |k|?, we compute in Fourier
space,

[ adutt = [bato) 0] = 20 [ glly+ K ~ ) dC(0),

and a radial change of variables then yields

/Rgd/ﬁi,’g = (2m)” dlelg]lg/ / Ly i—eztatyrri+e 9y + k2 = [k[?) dC? (y) dt

EPT B e N
= m o [T o = ) [ 1y csicp e )

=0 2¢
_ 16%1 OOO g(t% — |k[?) vi((t —255775"‘5]) dt
= [ s - wryago.
that is, (4.2). O

In particular, the above result implies that the spectrum o(H zfo) can be of any type:
for any measure y € P([—|k|?, o00)) with nontrivial pure point, singularly continuous, and
absolutely continuous parts, we can construct a stationary Gaussian field V' such that the
spectral measure ul‘;’g/ coincides with p, which entails that the corresponding spectrum of
H,ifo admits nontrivial pure point, singularly continuous, and absolutely continuous parts.
Moreover, the eigenvalue at 0 does not need to be simple in general.

In most cases of interest, the picture is however much neater: the spectrum of the
fibered operator H}', coincides with the whole interval [—|k|?, 00) and is made of a simple
eigenvalue at 0 embedded in absolutely continuous spectrum. This is proven to hold below
either under strong structural assumptions (e.g. Gaussian structure) or under strong mixing
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assumptions (e.g. exponential decay of correlations, or integrable a-mixing). We first recall
some terminology: For any diameter D > 0 and distance R > 0, we set

a(R, D; V) i=sup {a(o({V (2, ) baes, ) o({V (@, ) Joess)
S1, Sy € B(RY), dist(S1, S2) > R, diam(S1), diam(Ss) < D}, (4.3)
where Rosenblatt’s a-mixing coefficient is defined for any two sub-o-algebras A;, Ao as
a(Ar, Az) = sup {}IP’ Gy NGy —P[G]P[Gy)|: Gy € Ay, Gy € Ag}.

The random field V' is said to be a-mixing if for any D < oo there holds &(R, D; V') — 0 as
R 1 0co. We may now state the following criterion, which in particular implies Proposition 1
when restricted to the Gaussian setting.

Proposition 4.3. Let V' be a (nonzero) stationary random field with covariance C, and
let the probability space (2, P) be endowed with the o-algebra generated by V.

(i) Assume that one of the following two conditions holds,

(C1) V is Gaussian and C is not periodic in any direction;

(C2) C has exponential decay, that is, |C(x)| < Ceclal for all x.
Then the spectrum U(H,ifo) coincides with [—|k|?, 00).
(ii) Assume that one of the following two conditions holds,

(C3) V is Gaussian and the (nonnegative measure) Fourier transform C is abso-
lutely continuous (this is the case for instance if C is integrable);
(C4) V is a-mizing and satisfies [pq &(|z],D;V)dz < oo for all D < cc.
Then the eigenvalue at 0 is simple (with eigenspace C) and
opp(Hiyg) = {0}, 0we(H}ly) = @, o(Hyy) = ouc(Hiyg) = [-]k[*00). O
Proof. We split the proof into four steps, separately proving (i) and (ii) under condi-
tions (Cyq), (Cq), (C3), and (Cy).

Step 1. Proof of (i) under condition (Cj).
Since V' is Gaussian and centered, a repeated use of Wick’s formula yields for n > 1,

n 2
n —m12
E[V(0)"V(x)"] = ! E(V*™"C(x)™
VOrvers = Som (1) Bvrewr,
hence, taking Fourier transform,

n 2
¢V =3 ml (”) E[V"m]? (€)™,
2 i, ) EVTTO
where (-)*™ denotes the mth convolution power. As all terms in the sum are nonnegative,
the support of CV") therefore contains the support of (5)*”, which coincides with the sum
Yoy suppC. We conclude

S = [j znjsupp(? C adh< U supp5¢> = T. (4.4)

n=1m=1 CoeQ
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As C is nonzero and even, we note that S is an additive subgroup of R?, so that its
closure must be of the form A + B for some linear subspace A and some discrete additive
subgroup B. Since Cis supported in S, if A is not the whole of R%, we would deduce that C
is periodic in some direction, which is excluded by assumption. We conclude A = R?, hence
T = R%. The definition (4.1) of I/;f then implies

adh( U suppwf) = [0, 00),
CoeQ
and o(Hy'y) = [~|k[*, 00) follows from Lemma 4.2.
Step 2. Proof of (i) under condition (Ca).

The exponential decay condition |C(z)| < Ce~c ol entails that the Fourier transform C
extends holomorphically to the complex strip [Sz| < %, and hence its support coincides
with the whole of R?. It then follows from (4.1) that the support of v coincides with the
whole interval [0, 00), and therefore J(Hzfo) = [~|k|?,o0) by Lemma 4.2.

Step 3. Proof of (ii) under condition (Cs).
Recall the definition (2.4) of the set of V-polynomials,

P(Q) = {iaj

j=1 =

mj

V(xg,-) :n>1,a;€C,m; >0,z € Rd},
1

and let Py(£2) denote the subset of elements of P(£2) with vanishing expectation. For
¢ € Po(Q), since V is Gaussian, Wick’s formula allows to express C? explicitly as a linear
combination of products of translated copies of the covariance function C, without constant
term. As the Fourier transform C is assumed absolutely continuous and integrable, we con-
clude that C? is absolutely continuous and integrable as well for all ¢ € Py(Q2). Lemma 4.2
then implies that for ¢ € Py(£2) the spectral measure ,u;i’g) is absolutely continuous. In
other words, the absolutely continuous subspace for Hlifo contains Py ().

It remains to check that Py(Q) is dense in L*(Q) © C. Given ¢ € L3(Q), by o(V)-
measurability, we may approximate ¢ by a sequence ¢, — ¢ in L2(Q) of the form
Gn = hn(V(21,),...,V(2n,)) for some Borel function h, on R" and some (z;); C R<.
Truncating V' and smoothening the Borel functions hy,’s, we find ¢}, — ¢ in L2(Q) of the
form ¢!, := hl, (Vo (z1,+), ..., Va(2n,)) for some h], € CX(R™) and V,, := (V An) V (—n).
For each n, Weierstrass’ approximation theorem then allows to replace the smooth func-
tion k! by a polynomial p,, in n variables. This proves that P () is dense in L?(£2), hence
Po(9) is dense in L3(Q) © C.

Step 4. Proof of (ii) under condition (Cy).
Arguing as in Step 3, it is enough to prove that the spectral measure C? is absolutely
continuous for all ¢ € L?(Q) © C of the form ¢ := h(V(z1,-),...,V(zn,")) with n > 1,
h € C°(R™), and (55]')?:1 C R% Let R := max; |[z;]. Since ¢(7—4) is c({V (¥, ") }yeBr(@))-
measurable, the a-mixing condition for V' yields, cf. [11, Theorem 1.2.3],

C?(x)] = | Cov [6(); d(7—2-)] | < 8l|AFo0 mny @((J2] = 2R) V 0, R; V).

The assumed integrability of the a-mixing coefficient then yields C¢ € L(R?), hence the
nonnegative Fourier transform C? is absolutely continuous and belongs to L' NL>®°(RY). O
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4.2. Perturbed fibered operators. We turn to the perturbed fibered operators and
show that the spectrum of HZE)\ = HZEO—I—)\V typically coincides with [—|k|2+\inf ess V, 00).
The precise statement below is however quite intricate and depends on the structure of level
sets of V. This is to be compared with [43, Theorem 5.33| for the almost sure spectrum of
H), on L?(R%). Combined with Theorem A.1, this implies Proposition 2 in the Gaussian
setting.

Proposition 4.4 (Spectrum of HY,). Let V be a stationary random field. Define the
following two closed subsets of R,

oi(V) == {reR:P[Ve[r—er+e]>0Ve>0},
o2(V) == {reR:P[V(z,-) €[r—¢r+e Vo€ Bg]>0Ve,R>0}.

Assume that V' satisfies the following weak mizing type condition: for all r € o9(V') and
e, R > 0 the level set V(-,w) Y([r — €,7 + €]) admits almost surely a bounded connected
component containing a ball of radius R. Then for all k € R? there holds

U(Hzfo) +o9(V) C O'(HZEO +V)
c (conv(a(H,sz)) +01(V)) N (U(H,ifo) +c0nv(01(V))>. (4.5)

In particular, in the Gaussian setting V- = b(Vp) with Vi a nondegenerate stationary Gauss-
ian field and with b € C(R?), we find 01(V) = 09(V) = [inf essb, supessb], cf. [43, Theo-
rem 5.34], hence o(Hy'\y +V) = [—|k|? + inf ess b, o0). O

Remark 4.5. The set 01(V) is known as the essential range of V' and coincides with the
spectrum of V' as a multiplication operator on L?*(2). The set o2(V) is a closed subset
of 01(V) and can be much smaller: in the periodic case = T¢, for instance, there holds
02(V) = @ unless V is a constant. O

Proof of Proposition 4.4. We split the proof into two steps, separately establishing the first
and second inclusions in (4.5).

Step 1. Second inclusion in (4.5).
We only prove that o(H}\, + V) C o(H},) + conv(a1(V)), while the other inclusion is
similar. If conv(o;(V)) = R, the inclusion is trivial. It remains to consider the cases
when conv(o1(V)) has the form [a,o0), (—o0,b], or [a,b], with a,b € R. We focus on
the case conv(o1(V')) = [a, b], while the other cases are easier. Without loss of generality
we can assume a = —b, so that b coincides with the (finite) operator norm of V. Let
E ¢ U(lefo) + [—b,b]. Since E ¢ U(Hzfo), we deduce that Hli?o — FE is invertible and we
compute

I(Hyo = B) " 'Vlhz@)-129) < OlIVI2@0)-120) = 1-
Writing

Hy\\+V —E = (H}, — E)(Id+(H, — E)'V),
and using Neumann series, we conclude that Hzfo + V — E is invertible, which entails
that £ ¢ o(Hy + V).

Step 2. First inclusion in (4.5).
Given r € 03(V) and E > —|k|?, we show that there exists a sequence (¢, ), C L?(Q) with
[énllL2() = 1 such that (Hy'y — E)¢n — 0 and (V — )¢, — 0 in L*(Q), which entails

E+re J(H,ifo +V). For € > 0, consider the open set O, (w) := int(V (-,w) " (r—g,r+¢))
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and decompose it into its (at most countable) collection of connected components. Denote
by (OZ(w))n the subcollection of bounded connected components. By assumption, this
collection is almost surely nonempty. For all n, we consider the balls included in OF(w)
with maximal radius. The maximum radius R (w) may be attained by different balls and
we denote by (ze""(w))m the collection of their centers. As this collection is a closed
bounded set in R?, we may choose z2(w) as the first element in lexicographic order. The
set {27 (w)}, defines a (nonempty) stationary point process on R%. Now choose a smooth
cut-off function x with y(z) = 1 for || < 1 and x(x) = 0 for |z| > 2, and choose ¢ € R?
with |¢ + k|2 = E + |k|?. For R > 0, we define the random variable

e r(w) = D @O (Fal (W) Lpnw)=r- (4.6)
n
By assumption, the decimated stationary point process {a7 p(w)}n = {22(W) }p:rr (w)>R 18
also nonempty and we denote by . g > 0 its intensity. Since the remaining points in this
process are all separated by a distance at least 2R, the sum (4.6) defining ¢. p contains at
most one non-zero term, and we find

2 %% g|Br| = P[In:alp € Bip| < H%Ruiz(m < P[3n:aly € Bg] = pie,r|Brl.
Next, we estimate
(Ho ~ B)oerl < 43 (I + H[Vx(3a2 (@) | + EAx(Zap@)]),
hence, "
I(HRo — E)erlf2 ) Skp R2P[3n:al g € Br\ Big]
= R_gﬂa,R|BR \ B%R‘ S R? ”(b&RHiQ(Q)‘
Finally, we compute [[(V —7)¢rell 2(q) < €ll@rell12(q), and the conclusion follows. O

4.3. Instability of the bound state. While the spectrum of the perturbed fibered op-
erators {H}', };, was easily characterized in the previous section, determining its nature is
substantialfy more involved. We recall the heuristic prediction from Fermi’s Golden Rule,
e.g. [48, Section XII.6]. Given a perturbation H + AW of a self-adjoint operator H on H,
if H admits a simple eigenvalue at Fy with normalized eigenvector g, and if W satisfies

13{8 S (Po(Wibo), (H — Eg — ie) "' Po(Wbo)),, > 0, (4.7)

where Py denotes the orthogonal projection onto {t)g}*, then the eigenvalue at Fj is
expected to dissolve whenever the perturbation is turned on. The simplest rigorous version
of this statement is as follows.

Lemma 4.6. Let H,W be two self-adjoint operators on a Hilbert space H and let Eqy be
a simple eigenvalue of H with normalized eigenvector 1. If for some § > 0 there exists a

branch [0,0) — R x H : X = (Ex, ) of class C? with

(H 4+ AW hpy = Exipy, (Ex,¥2)[x=0 = (Eo, %),
then there holds

& Byr—o = ~21im (Po(Wibo), (H — Eo —ie) " Py(Wbo) ), (4.8)

where Pou := u — (g, u)ybo is the orthogonal projection onto {¢o}*. In particular, if the
right-hand side of (4.8) is not real, then there exists no such branch A — (Ex,1y). This
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is in particular the case whenever the spectral measure of H associated with Py(Wabg) is
absolutely continuous in a neighborhood of Ey and has non-vanishing density at Ey. O

Proof. Assume that there exists a C? branch A — (E, 1)) as in the statement and denote
by (Ey, ;) and (E{, () the first and second derivatives with respect to A at A = 0.
Differentiating the eigenvalue relation yields

(H — Eo)vn + Wb = tho E.
Taking the scalar product with g, we find
Egy = (to, Webo), (4.9)
hence
(H — Eo)y = —Po(Webo).
This can be inverted in the form
Yo = —(H — Ey — ie) ' Poy(Who) — ic(H — Eo — ig) " ap. (4.10)
Now differentiating the eigenvalue equation twice, we find
(H — Eo)g + 2Wpg = Egbo + 2E¢,
hence, injecting (4.9) and taking the scalar product with g,
Eg = 2(Po(Wtho), %54,
Injecting (4.10) then yields
Ef = =2(Bo(Wipn), (H — Eg —ie) " Po(Wbo) ), — 2(ie(H — Eg —ie) ™" Po(Wo), 15 5, -
Since Ej is simple, we find 1¢gy(H)u = (1o, u)#0, hence
15%1 (ie(H — Eo — i)~ Po(Wtho), 1), = (Lgmy (H) Po(Weho), ¢hg),, = 0,
and the conclusion follows. O

We apply this result to our setting Hi', = H}\ + AV with (Ep,v) = (0,1). The
quantity in (4.7) takes the form, for & € R\ {0},

~

eC(y) ’
ly + k|2 — |k[?)? + €2

—d s . 1 ~
m lalﬁ)l £C(3|k|+s(*k) \ B|k|—s(*k))»

ox o= g SRV~ V] = i [

= (2m)

and Proposition 3 follows.

5. PERTURBATIVE MOURRE’S COMMUTATOR APPROACH

This section is devoted to the use of Mourre’s theory [37, 1] to study fibered perturbation
problems, in particular proving Theorem 4 and Corollary 5. We focus on the short-range
Gaussian setting, that is, V' = b(Vp) for some b € C*°(R) and some stationary centered
Gaussian field Vg with covariance function Cy € L* NL>°(R%), and without loss of generality
we assume that the probability space (€2, P) is endowed with the o-algebra generated by Vj.
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5.1. Reminder on Mourre’s theory. We briefly recall the general purpose of Mourre’s
theory and its classical application to Schrodinger operators on L?(R%); we refer to [37, 1]
for details. A self-adjoint operator H with domain D(H) on a Hilbert space H is said to
satisfy a Mourre relation on an interval J C R with respect to a (self-adjoint) conjugate
operator A with domain D(A) C H if there exists Cyp > 1 and a compact operator K such
that there holds in the sense of forms,

1;(H)[H,iA|1;(H) > &1,(H)+ K, (5.1)

where the commutator [H,iA] is defined as a sesquilinear form on D(H) N D(A). The
Mourre relation (5.1) is said to be strict if K = 0. For technical reasons, one typically
requires that the domain of H be invariant under the unitary group {e”A}teR generated
by A, that is,

e D(H) c D(H), VteR, (5.2)

which in particular ensures that D(H) N D(A) is dense in D(H), and one further requires
[H,iA] to be H-bounded. In that case, the sesquilinear form [H,7A] on D(H) N D(A)
automatically extends to the form of a unique H-bounded self-adjoint operator.

In a semiclassical perspective, conjugate operators can be viewed as a quantum analogue
of escape functions for Hamiltonian dynamical systems. The main result of Mourre’s
theory [37, 1, 20| is that the relation (5.1) (together with additional regularity assumptions)
entails that the eigenvalues of H in J have finite multiplicity and that H has no singular
continuous spectrum in J. In addition, a strict Mourre relation implies that the spectral
measure is absolutely continuous on J. This is actually a simple consequence of the virial
theorem: if A was an eigenvalue in J with normalized eigenvector ¢, then a strict Mourre
inequality would formally yield

0 = (v, [H,iAlp)n > & [1¥If3,

a contradiction. Alternatively, this short formal proof can be rewritten by noting that
a strict Mourre relation implies ballistic transport for the flow e’ with respect to the
conjugate operator A: for ¢ € 1 ;(H)H there holds
o™, (—A)e™ o)y = (Mo, [H,iAle™ $hy > 71 0l3,

hence (eH ¢, (—A)eH p)q > C%t”qb“% + (¢, (—A)¢p)3, thus prohibiting ¢ from being an
eigenvector. In addition to such spectral information, the Mourre relation (5.1) is further
known to yield useful a priori estimates on boundary values of the resolvent in form of
limiting absorption principles 37, 22].

We recall the standard construction of a Mourre conjugate operator for Schrodinger
operators on L2(R%), e.g. [37]. Considering the unitary group of dilations Uyg := e!#/2g(et-)
on L#(R%), and noting that U_;(—A)U; = e*(—A), we deduce by differentiation,

A, 1Al =2(-1),

where i4 denotes the generator of dilations, that is, A := L (z-V+V-z) on L?(R?). This
implies that —A satisfies a strict Mourre inequality on [e, c0) for all € > 0 with conjugate

operator A,
L o) (D) [=4, iAo o) (D) = 2e 1 |c o) (=D).
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In a semiclassical perspective, the conjugate operator A corresponds to the escape function
(z,p) — x - p for the free Hamiltonian H(z,p) = %\p|2. Next, given a A-bounded potential
W :RY - R, we compute
(W,iA] = —x - VW,

so that the commutator [W,iA] is bounded whenever the function  — z - VW (z) is
bounded. For A small enough, this easily entails that the Schréodinger operator —A + AW
on L2(R%) also satisfies a strict Mourre inequality on [e,00). This follows from the first
general property below and illustrates the flexibility of Mourre’s theory.

Lemma 5.1. Let H be a self-adjoint operator on a Hilbert space H, assume that H satisfies
a Mourre relation (5.1) on a bounded interval J C R with respect to a conjugate operator A,
that the domain of H is invariant under {e**}icr, cf. (5.2), and that [H,iA] is H-bounded.
Let also W be symmetric and H-bounded.

(i) Mourre relation under perturbation:
If the commutator [W,iA] is H-bounded, then for all J' @ J and \ small enough the
perturbed operator Hy := H + AW satisfies a Mourre relation on J' with respect to A.
In addition, if H satisfies a strict Mourre relation, then Hy does too.

(i1) Strict relation on orthogonal complement of an eigenspace:
If H has an eigenvalue Ey € J with eigenprojector Py, then there exists a neighborhood
J' € J of Ey such that the restriction H :== PyH Py of H to the range of Py :=1d —P,
satisfies a strict Mourre relation on J' with conjugate operator A := PyAP,. O

Proof. We start with the proof of (i). As the perturbation W is H-bounded, the operator
H) has the same domain as H for A small enough in view of the Kato-Rellich theorem,
hence by assumption its domain D(Hy) = D(H) is invariant under {e"*4},cg. Furthermore,
the commutator [Hy,iA] is H-bounded, hence Hy-bounded. Now, choose h € C°(R) with
1, < h <1;. Multiplying by h(H) both sides of the Mourre relation for H yields

h(H)[H, i AJh(H) > Cih(H) + h(H)Kh(H).
0

As [W,iA] is H-bounded, we deduce

1
h(H)[Hx,iAlh(H) > Fh(H) —CA+ h(H)Kh(H).
0
Noting that the H-boundedness of W' implies ||A(H) — h(H))|| < MR/ ||L(w), and further
using the H-boundedness of [H),iA], we deduce

h(H))[Hy,iAJh(Hy) > h(H)[Hy,iAJh(H) — CA
> (/foh(H) — 20 + h(H)Kh(H)

L h(HY) = 207 + h(H) K h(H).
Co

Multiplying both sides by 1 j/(Hy), the conclusion (i) follows for C%) —2C\ > ﬁ

v

We turn to the proof of (ii). As Py commutes with H, multiplying by Py both sides of the
Mourre relation for H yields, on the range of Py,

1, (), i A1 () > Cinj(fir) e
0
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in terms of H := PyHP,, A := PyAP,, K,::, pOKPO- Multiplying both sides with 1,(H),
the compact operator is replaced by 1;(H)K1 ;(H). Since 1;(H) converges strongly to 0
on the range of Py as J — {Ep}, the conclusion (ii) follows. O

Next, we state the following general result by Cattaneo, Graf, and Hunziker [8], showing
how Mourre’s theory can be exploited to analyze the instability of embedded bound states
in form of an approximate resonance theory; see also [41, 21, 50, 36, 10]. Although Mourre’s
theory does not allow to deduce the existence of resonances in any strong sense, it is
shown to have essentially the same dynamical consequences. The proof further allows
for asymptotic expansions to finer accuracy in A, as well as for a description of the flow
e N 1 (H A)%o projected on a whole class of “smooth” states rather than on g only, but
such improvements are not pursued here.

Theorem 5.2 (Dynamical resonances from Mourre’s theory; [8]). Let H be a self-adjoint
operator on a Hilbert space H, let W be symmetric and H-bounded, and consider the pertur-
bation Hy := H+ AW . Let Ey be a simple eigenvalue of H with normalized eigenvector 1y,
and assume that the following properties hold:

e There is a self-adjoint conjugate operator A and a neighborhood J C R of Ey such
that H satisfies a Mourre relation on J with respect to A in the sense of (5.1). In
addition, the domain of H is invariant under {€*4}icr, cf. (5.2).

e The iterated commutators ad¥(H) and ad¥ (W) are H-bounded for 0 < k < 6,
where iterated commutators are defined by ad(H) = H and recursively adﬁ“(H) =
[ad¥ (H),iA] for k > 0.

e Fermi’s condition (4.7) is satisfied, that is,

liﬁ)l %<P0(W¢0), (H — FEy— Z'E)ilpo(Wwo»,H > 0,

&

where Py denotes the orthogonal projection onto {wo}J— and where we have set for
abbreviation H := PyHP,.

Then there exists {zx}r>0 C C with Szy < 0 such that for all neighborhoods J' € J of Ey
there holds for allt > 0,

(o, 73 (), — e
where the dynamical resonance zy satisfies

2x = By + Mo, Woo)n = N lim (Po(Wko), (H — o — i) ' Po(Wko) )y +0o(X%). 0

<. Alog A,

Idea of the proof. We include a brief summary of the proof for the reader’s convenience,
and refer to [8] for full details. Starting point is the following Feshbach-Schur complement
formula for the resolvent, for &z > 0, in terms of the restriction Hy := PyH) Py,

(w0, (z = Hx)""to),y,
= (2 = Bo— Ao, Webohs = A Bo(Wy), (= - Fm”Po(WwoDH)_l-

Next, recall that Lemma 5.1 ensures that the restriction Hy on the range of Py satisfies
a strict Mourre relation close to Ey. In view of [22]|, together with the H-boundedness
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of iterated commutators ad%(H) and ad¥ (W) for 0 < k < 6, this strict Mourre relation
implies the C*-smoothness of boundary values on J of the resolvent

2 <P()(W1/Jo), (Z — H)\)flpo(Wlbo»H, Sz >0, Rz € J.

Inserting a Taylor expansion for the latter in the above Feshbach-Schur complement for-
mula, we construct an approximate meromorphic extension for z — (v, (2 — Hy) 11bg) 3.
The conclusion then follows from complex deformation techniques similarly as for true
resonances as in Section 6.1. ]

Remark 5.3. As it is clear from the proof, cf. [8], we mention for later reference that a
similar result holds if H = HY and W = W7y further depend on A. More precisely, assume
for all X that Ej is a simple eigenvalue of H{ with normalized eigenvector 1y (independent
of A, say), that the restriction of HY on the range of Py satisfies a strict Mourre relation on a
neighborhood J of Ey with conjugate operator A and constant C (independent of \), that
the domain of H3 is invariant under {e"4}cr, and that iterated commutators ad'jl(Hi)
are H3-bounded by Cp for 0 < k < 6. Next, assume that the perturbation W) is bounded
in the sense of |[(A)SPy(Wytho)|ln < Co, and that iterated commutators ad® (AWy) are
H3-bounded and small enough in the sense that for 0 <k <6 and ¢ € H,

1
ladf (AW ) ¢ll < o, ISl + 119l

for some large enough constant C; only depending on Cpy. Then the same result holds as
in Theorem 5.2 above for the perturbed operator Hy = Hy + AWY. %

5.2. Reminder on Malliavin calculus. We recall some notation and tools from Malli-
avin calculus for the fine analysis of nonlinear functionals of the underlying Gaussian
field Vo with covariance function Cy € L* NL>®(R%); we refer to [35, 40, 39] for details. We
start by underlining the Hilbert structure associated with the Gaussian field V4. The ran-
dom variables Vo(¢) 1= [pa Vo¢ with ¢ € C2°(R?) are centered Gaussians with covariance

) WOy = [, ol =) T ¢(w) dady,
R xR4
We consider the completion of C2°(RY) endowed with the (semi)norm

Clls = (€.Cn (€-One= [ Colw =) T@) <o) dady,

and we denote by $) the quotient of this completed space with respect to the kernel of || - ||g.
The normed space §) is a separable Hilbert space and the random field V| satisfies the
isometry relation

Vo(¢) Vo2 = (¢ s

The map Vo : ¢ = Wo(¢) then extends as a linear isometric embedding $§ — L?(1)
and constitutes a so-called isonormal Gaussian process over §). The structure of §) is
conveniently characterized as follows: as Cy € L'(R?), the (nonnegative measure) Fourier
transform Cy is absolutely continuous, hence the square root CAS = (CAO)I/ 2 belongs to L(RY)
and the linear map

K :CPRY - L2RY) : ¢ C§ +¢ (5.3)
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extends into a unitary transformation K : $ — L2(R?). Note that for all z the Dirac
mass 0, is (a representative of) an element of § with Kd, = Cj(- — z). By definition, the
linear isometric embedding L%(R%) — L23(Q) : u +— Vo(K ~'u) is a white noise.

As a model dense subspace of L?(€2), instead of considering the linear subspace P(£2) of
Vo-polynomials, cf. (2.4), we define the following slightly more convenient subspace,

R(Q) = {g(Vg(Cl), e VO(Cn)) :neN, g:R" — C polynomial,
Cly-ves G € CERER) ). (54)

Recall that we implicitly assume that the underlying probability space (€2, P) is endowed
with the minimal o-algebra generated by Vj, thus ensuring that R(f2) is indeed dense in
L2(Q). This allows to define operators and prove properties on the simpler subspace R(f2)
in a concrete way before extending them to L?(Q2) by density.

For a random variable ¢ € R(2), say ¢ = g(Vo(C1),--.,Vo(¢n)), we define its Malliavin
derivative D¢ € L2(Q;9) as

D¢ =Y ¢ (959)(Vo(G1); -+ VolGn)),

j=1
and similarly, for all p > 1, its pth Malliavin derivative DP¢ € L2(Q; $HP) is given by
DP¢:= Y (@ ®¢,) (0] 5,900 o(G))-

1<, 9p<n
Note that by definition this belongs to the symmetric tensor product, DP¢ € L2(; HOP).
These operators on R(£) are closable on L%(Q). We then set

P
IX Bz = E[1X2] + S E[IDIX 20, ]
j=1
we define the Malliavin-Sobolev space DP+2(2) as the closure of R() for this norm, and
we extend the pth Malliavin derivative DP by density to this space.

Next, we define the corresponding divergence operator D* as the adjoint of the Malliavin
derivative D, and similarly, for all p > 1, the pth-order divergence operator (D*)P as the
adjoint of DP. In other words, this is defined by the following integration by parts formula,
for all ¢/ € dom(D*)P C L(Q; H%P) and ¢ € R(),

(6, (D) ¢)12(0) = E[(DP, ¢ )gen] -

The so-called Meyer inequalities ensure that the pth divergence operator (D*)? extends as
a bounded operator D"2(Q; §®P) — D™ P2(Q) for all m,n > p, hence in particular its
domain contains DP2(Q; H®P). For ¢ € R(Q) and ¢ € §, a direct computation yields

D*(¢¢) = Vo(Q)d = ((, D).

Due to this relation, with in particular D*¢ = Vy((), the divergence operator D* is some-
times referred to as the Skorokhod integral; see also the notion of multiple integrals below.
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With the Malliavin derivative and the divergence operator at hand, we may construct
the corresponding Ornstein—Uhlenbeck operator (or infinite-dimensional Laplacian)

L := D*D, (5.5)

as a self-adjoint operator acting on L?(Q) with domain D*2?(Q2). The spectrum of £
is 0(£) = N and its kernel coincides with constants. In particular, the following Poincaré
inequality holds: for all ¢ € DV2(Q) with E[¢] = 0,

18112y < E[¢£6] = E[|Dg|I3] .

This ensures the invertibility of the restriction of £ to L?(Q2) © C, and allows to define a
pseudo-inverse £~! := IIL7T on L%(Q) in terms of the projection II := Id —E.

We turn to a spectral decomposition of £. For that purpose, for p > 0, we first define
the pth multiple integral I, as the bounded linear operator H®7 — L?(f2) given by the
restriction of the pth divergence operator, that is, I,,(¢) := (D*)P( for all ¢ € HP. Alter-
natively, I, can be characterized as follows: for all ¢ € C°(R%R) with |||l = 1 there
holds

I,(¢®P) = Hy(Vo (<)),

where H), denotes the pth Hermite polynomial, that is, H,(t) := e2 (—%)%72 . The im-

age of I, is known as the pth Wiener chaos H, C L*(2). Properties of Hermite polynomials
easily imply the following orthogonality property: for all p,q > 0 and ¢ € HP, (' € H9,

<Iq(C/)’Ip(O>L2(Q) = Opq p! (C/,Qy;@p, (5.6)

which in particular entails that I, is a unitary transformation H®? — H,, where the
symmetric tensor product H®? is endowed with the norm

ICllser = VoL lICger.

In view of (5.3), recall that P is further isometric to L*(R4)®P = L2 | ((R?)P), endowed
with the norm

lupllrz , (rayw) = VP! 2 (may):

so that we are led to the following unitary transformations,

L3 m((RYP) = HoP = HP
Up = (KTH)%Pu, = L(K7H)%Puy),
and we write for abbreviation

Ip(up) = Ip((K_1)®p“p)-

As a consequence of the orthogonality property (5.6), the following Wiener chaos expansion
holds in form of a (bosonic) Fock space decomposition,

L*(©2) = P Hp = PLEm(RYP). (5.8)
p=0 p=0

More precisely, for all ¢ € L2(2), we can expand

¢ = ZIZJ(¢IJ) = Z Ip(up),

p=0 p=0
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for some unique collection of kernels ¢, € HP or u, € L2 ((R?)P), where the expansion

sym
is converging in L?(Q). The Stroock formula asserts

1
b=
p p|

It can be checked that the pth Wiener chaos H, coincides with the eigenspace of the
Ornstein—Uhlenbeck operator £ associated with the eigenvalue p, so that the Wiener chaos
expansion (5.8) coincides with the spectral decomposition of L.

E[DPF], provided ¢ € DP?(Q).

Intuitively, higher chaoses can be viewed as characterizing higher complexity of random-
ness. In our study of random Schrédinger operators, the use of Wiener chaos decomposition
is reminiscent of cumulant expansions for interacting particle systems, e.g. |5, 12].

5.3. A new class of operators on L?(). This section is devoted to a general construc-
tion allowing to transfer operators on L?(R?) into operators on L?(Q), which will be a key
tool in the sequel and is analogous to second quantization in quantum field theory. Given a
bounded operator T on L%(R%), for all p > 0, we denote by Op,(T') the bounded operator

on L*(R%)®P = Lz, (R)P) given by
p—1
Opp(T) g => ¢® @ Tg® ¢®P= 71, geL2(RY).
=0
Via the isomorphism (5.7), we can then construct a bounded operator Op,,(7) on the pth
Wiener chaos H,, via

Op,(T)Jp(up) := Jp(Opp(T*) G ), up € L (RY)P),

sym

where T* is the adjoint of 7 on L?(R?). In particular, on the first chaos, this definition
formally yields Opy(T) [pa Vo¢ = [pa(TK~'Vp)(K(). Via the Wiener chaos decomposi-
tion (5.8), we then let Op(7T') denote the densely defined operator on L?(2) given by the
direct sum

Op(T) = €D Op, (7).
p=0

As Op(T) is obviously £-bounded for bounded 7', the map Op provides a linear embedding
B(L2(R%); L2(RY)) — B(D?2(Q); L3(Q)), but this is however not a group homomorphism
as in particular Op(Id) = L.

If T is bounded and self-adjoint, then Op(T) is self-adjoint on D*2(Q2). More generally,
if T is unbounded on L?*(R?) and essentially self-adjoint on some subset C, then Op,(T)
defines an essentially self-adjoint operator on C®P, hence Op,(T) is essentially self-adjoint
on J,C®P, cf. [47, Theorem VIIL.33], and in turn Op(7') defines an essentially self-adjoint
operator on

{d) = Z Jp(up) + up € CP Vp, and u, = 0 for p large enough}.
p=0
In particular, noting that the definition (5.4) of R(£2) can be reformulated as

R(QY) = {¢ = Z Jp(up) : up € C°(RHP Wp, and uy, = 0 for p large enough},
p=0
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we deduce that if T is essentially self-adjoint on C2°(R?), then Op(T) is essentially self-
adjoint on R(£2). Similarly, if T leaves C°(R?) invariant, then Op(T) leaves R () invari-
ant. Also note that the operators Op(T') and L strongly commute since £ acts as pId
on #H, and since Op(T’) preserves the chaos decomposition.

Next, the following shows that the stationary gradient V' corresponds to the spatial
gradient V via this embedding Op.

Lemma 5.4. There holds V** = Op(V) on L%(Q). In particular, V¢ preserves the chaos
decomposition and commutes strongly with L. O

Proof. Given ¢ € C°(R%;R), we compute
VoL, (CPP) = VR Hp(Vo(€)) = H,(Vo(€) VEV(Q).
Noting that V*'Vy(¢) = —Vo(V() and recalling that Hermite polynomials satisfy H, =
pHp_1, we deduce
VL (CFP) = —pVo(VO) Hp—1(Vo(Q)) = =PI (VO 1 (CFP7Y). (5.9)

Next, we appeal to the following useful product formula for multiple integrals (see e.g. [39,
Section 2.7.3] for a more general statement): for all ¢ > 1 and (y, ¢; € C®°(R% R),

L)Y = L (GBS + aly—1(G81¢5Y), (5.10)
where we have set
= 0q . 1 ®(g—7)
Qe = q—I—lj OC ®G @ ,
G&1CYT = (C1,GoYe (2T

Inserting this formula into (5.9), we find
VL (CFP) = —pI(VCRCEP™) — p(p — 1) Ip—2(V(@1¢EPTY).

Since ((, V() = (K(, VK()2(gay = 0 for real-valued ¢, the second right-hand side term
vanishes and we are led to

V() = —pLp(V¢CHW™D) = Op(V)I,(¢*P).
In addition, this formula ensures that V' preserves the chaos decomposition. (]

Given a self-adjoint operator 7' on L?(R%), the operator Op(T) on L?(Q) is also self-
adjoint and we may consider the corresponding unitary Cp-groups. If ¢T preserves the real
part, then the group {e®9P(M},cp on L2(Q) is shown to admit an explicit description.

Lemma 5.5. Let T be essentially self-adjoint on C'(?O(Rd), and assume that the subset of
real-valued functions L2(R% R) is invariant under {€*T };er. Then the operator Op(T) gen-
erates a unitary Co-group {e® Op(T)}te]R on L%(Q), which has the following explicit action:

for all ¢ € R(Q), say p = gVo((1), - Vo(Cn))
tOPD g = g(Vo(KLe TKG), ... V(K e T KG,)).
In particular, this entails that ¢ P is multiplicative, that is, for all ¢, € R(£2),
0N g15) = (VT OP Dy,
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which implies that Op(T) is a derivation, that is, for all ¢,9 € R(Q),
Op(T)(¢v) =¥ Op(T)¢ + ¢ Op(T)3. O

Proof. Denote by {ﬁt}teR the group of operators defined on R(2) as in the statement: for
all ¢ € R(Q), say ¢ = g(Vo(C1),---,Vo(Cn)) with n > 1 and (i, ..., ¢, € CP(REGR),

Ui = g(Vo(K e ™K, ..., Vo(K e T K (),
hence in particular, for all ¢ € C2°(R% R),
UL, (¢%P) = Uy Hpy(Vo(Q)) = Hy(Vo(K e ™K () = I,((K e T K¢)®P).  (5.11)

This is well-defined since ="' is assumed to preserve L%(R%; R). (Note that K~ te *TK(
may of course no longer have any representative in C°(R%; R) in its equivalence class in $).)
Noting that

<VO(K7167itTch)’VO(KflefitTKCl)>L2(Q) — <K7167itTK<j7K*lefitTK<l>f)
= <6_itTK<j7e_itTK<l>L2(Rd) = (K¢ KQrzmay = (G, Qe = (Vo(G) Vo(Q))r2 )

and using again the assumption that e~ T preserves L%(R% R), we deduce that the (Gauss-
ian) law of (Vo(K e ™ K(y),..., Vo(K e " K(,)) is invariant with respect to ¢, hence
for all ¢ € R(Q2) and t € R,

1T ll2(0) = 19120

This allows to extend {ﬁt}teR by density as a unitary group on L?(Q). In addition, as
{e=#T},cr is strongly continuous on L?(RY), it is easily deduced that {ﬁt}teR is strongly
continuous on L2(€2). We denote by iT its skew-adjoint generator on L2(€). Differentiat-
ing (5.11) with respect to ¢ shows that the domain of 7' contains R () and that 7' = Op(T)
on R(Q). Since T is essentially self-adjoint on C°(R?), Op(T) is essentially self-adjoint
on R(€), and we conclude Op(T) = T, hence U; = ¢ OP(T), O

In view of the application to Mourre’s theory for Schrédinger operators, cf. Section 5.1,
we recall the definition of the unitary Co-group of dilations Usg := e!¥/2g(et-) on L2(R9),
and its generator 1A := %(l’ -V+V- x) We then define the self-adjoint operator

A% = Op(4), on L%(Q), (5.12)

and the associated unitary Co-group {Us'}icr given by Ust := ¢"4™  Due to Lemma 5.5,

this satisfies, for all ¢ € R(), say ¢ = g(Vo((1), .-, Vo(Cn)),
U'td = gWVo(K U KGQ), ... .\ Vo(K UK G)), (5.13)

which entails in particular that the spaces H*(2) are invariant under {U*},cg for all s > 0.

5.4. Chaos decomposition of fibered operators. While the unperturbed operators
{H Zfo} . preserve the chaos decomposition, cf. Lemma 5.4, we show that the random poten-
tial amounts to shifting the chaoses, thus playing the role of annihilation and creation oper-
ators on the Fock space decomposition. This structure of the perturbed operators {H,it)\}k
can be viewed as drawing some surprising link between random Schrédinger operators and
multi-particle quantum systems.
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Lemma 5.6. Assume for simplicity that V = Vj is itself a Gaussian field. Via the Wiener
chaos decomposition (5.8), for all k € R?, the perturbed fibered operator Hi'\ = H' + AV

on L%(Q) is unitarily equivalent to Ty, + Ma + a*) in terms of

o [o¢] o
* *
Ty := @Tk,p, a:= @ap, a® = @ap, on @Lsym
p=0 p=0 p=0

in terms of
Ty i= — OP3(V + %) OpS(V + &) — k2, on L2, ((RDP),

sym
and in terms of the annihilation and creation operators
2 d\p+1 2 d
ap L (R)PH) = Lin (RY)P),

sym sym
ap o L3 (RYP) = L, (R,
which are defined as follows for all upy1 € Lsym((Rd)p“‘l) and uy, € Lgym((]Rd)p),
p+1
(apups1) (@1, .. xp) = / Co(2) upsr (21, .. xj—1, 2,4, ..., Tp) dz,
pH
(apup)(T1,. .., 2pp1) = Y ZCO (@) Up(T1y .o, Tjm1, Ty - - s Tppl)-

For all p, the operators ap and ay, are bounded and adjoint, with
1 1
lapll < (0 +1)2E[Vl?], gl < (0+ 1) E[[Vo?],

and thus the operators a and a* are L2 -bounded and are adjoint in particular on DY2(Q).
In addition, they satisfy the commutator relation [a,a*] = E [|Vo|?] on D*?(Q). O

Proof Given ¢ € L%(Q2), we consider its Wiener chaos expansion ¢ = > o Jpup), with
» € L2 ((RY)P). In the case V = Vj, we can write V = I1(dp), hence

sym

k)\ —ZHkOJ up —i—)\ZIl 50

and the conclusion follows from Lemma 5.4 and the product formula (5.10). Finally, a
direct computation ensures that a and a* satisfy the usual properties of annihilation and
creation operators,

(up, aptipi1)12 o (RD)P) = = (apup, Upt1)r2 o (RPHL))
(apay — ap_yap—1)up = (/Rd(CS)Q)up =Co(0)up =E [|V()’2] Up- 0

5.5. Some Mourre relations on L?(2). Drawing inspiration from the construction of
Mourre conjugates for Schrédinger operators on L2(R%), cf. Section 5.1, we show in item (i)
below that the generator of dilations A% on L?(Q) as constructed in Section 5.3 is a conju-
gate for the stationary Laplacian —/AS'. Nevertheless, item (iii) indicates that the perturba-
tion by the random potential V' is never compatible in the sense of Mourre’s theory for this
conjugate operator, which prohibits to deduce any Mourre relation for perturbed operators
of the form —AS* + \V. In spite of this, the incompatibility is shown to be comparable to
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the lack of boundedness of the underlying Gaussian field in the sense that it is bounded on
any fixed chaos and £'/2-bounded on L?(€). Finally, in item (iv), we show that the action
of the random potential V' as described in Lemma 5.6 on the Fock space allows to associate
a natural conjugate. In other words, the stationary Laplacian —AS* describes diffusion on
each chaos and the random potential V' describes shifts between chaoses: the transport
properties of both parts are well understood and natural conjugates can be constructed
for both, cf. items (i) and (iv), but the construction of a conjugate for —ASt + \V appears
particularly difficult and is left as an open problem. In a semiclassical perspective, this is
related to the construction of escape functions for the random acceleration model [29, 30].

Proposition 5.7 (Some Mourre relations).

(i) Conjugate operator for —ASt:
The generator of dilations AS® on L2(Q), cf. (5.12), satisfies

A%, 1A% = 2 (%),
and the domain H*(Q) of =A% is invariant under {U* = 4™ } g,
(ii) Conjugate operators for V5t
iV, 1A% =ivy,  [iVY,Op(iz)] = L.

(#4i) Incompatibility of the perturbation:
The commutator [V,iA™] is well-defined and essentially self-adjoint on R(S2), but
only L£'2-bounded provided ACS € LA2(RY). If V. =V} is itself Gaussian, then simi-
larly [V,0p(iz1)] is well-defined and essentially self-adjoint on R(Q), but only L£LY/?-
bounded provided x1C§ € L*(RY).

(iv) Conjugate operator for the perturbation:

If V. =Vy is itself Gaussian, then there holds
V.2,V =2E[[V[]. 0

Proof. Since the operators —AS', iVSt, L A% Op(z;) are essentially self-adjoint on
R(€2), and since R(Q) is invariant under these operators, the commutators [—ASt, 2 45,
[(V5E, 145, [V, Op(izy)], [V, i4%], [V, Op(iz1)] are clearly well-defined on R(Q2) and are
explicitly computed below on that linear subspace. We split the proof into five steps.

Step 1. Proof of (i).
Given p > 1 and u, € C°(R%)®P, recalling the notation Ut := 4" Lemmas 5.4 and 5.
lead to

ot

UittVStUtSth(up) = JP(Ut®p Op;(—V)UE@fup),
and hence, by definition of Op,(V) and of Uz,
U VU T, (up) = e_th(Op;(—V)up) = e 'V J,(up),
so that differentiating in ¢ yields
[V, i A% T (up) = =V Ty (up),

and similarly
(A% A% T, (up) = =205 T, (up).
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Step 2. Proof of (ii).

The computation of the commutator [iV5Y, %ASt] follows from Step 1, and it remains to

compute the other one. For w, € Cgo(Rd)Qp , Lemma 5.4 yields

[iVﬁt, Op(iz1)]Jp(up) = Jp([OPZ(VI)a Op;@ﬂ]%):
while the definition of Opj, leads to [Op,(V1), Opp(z1)] = p, hence
iV, Op(iz1)]Jy(up) = pIy(up) = LIp(up).

Step 3. Proof of (iv).
Given V = Vp, for p > 1 and u, € L2

sym
Vip(up) = Jps1(ayup) + Jp-1(ap-1up), (5.14)
so that the commutator with £ takes the form,
(£, V]Jp(up) = Jpt1(apup) — Jp—1(ap—1up).

A direct computation of the commutator of these two operators then yields after straight-
forward simplifications,

VL IL, V] Jp(up) =2 Jp((apa;7 - a;_lap,l)up),

((R%)P), Lemma 5.6 yields

hence, in view of Lemma 5.6,

v, [L, V]]Jp(up) =2E “V0|2]Jp(“p)-

Step 4. Proof of (iii) for [V, iA45].
In view of (5.13), with V' = b(Vp) = b(J1(K o)), we find
U VU6 = b(1 (UK o)) ¢,
and differentiating in ¢ yields
V,id*] = (Vo)Vg, Vg = Ji((1A)K ).
Noting that iA preserves the real part and that

Vo, Vodi2a) = (J1(K ), Jl((iA)K50)>L2(Q) = (Kéo, (iA)Kdp) =0,

L*(R9)
we deduce that Vp and Vjj are independent Gaussian random variables. Further note that Vj
cannot be degenerate: indeed, by definition of A as generator of dilations, AKdy can only
vanish if Co(x) = Kdo(z) o |z|~%2, which is not compatible with Co(0) = E [IVo|?] < oc.
We may then deduce
IV, i (vl Y 00 (VE) iz o)
(Vo2 L2 Vo)l

proving that [V,iA%] is unbounded.

Too
= 1t (Vo)llp2oy 1 Vol v/2p + 1 = oo,

Next, we show that [V,i4%] is £/2-bounded. For that purpose, for ¢, € C°(R)®P, we
use the product formula (5.10) to compute

V(),Ip(ﬁbp) = Ip+1 ((K_l(iA)K50)®¢p) JFpIpfl((K_l(iA)K‘SO)élﬁbp)’
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where the isomorphism (5.7) allows to compute
o2 (K1 (@A) K00)80p) |12 = V(p+ DH[(K™(i14)K0) Sy gor1)

< Vi + DK (GA)KSol|s|dpll 5o
= Vp+1IK A Kbolls | 1p(dp) 120

N

and similarly
Lot (KM A K80)®16p) |20y = 2V (0 = DK ((A)K0)E16p | g0,
PV (0= DV K (GA) K Sol5 | pll e

= VPIEK A K |5]1Lp(6p) 20

For ¢ € L*(Q) in a finite union of chaoses, the Wiener chaos decomposition (5.8) then
leads to

IN

N[

IV, iA%10 ]2y S 1Vo@llLz @)

IN

IRl ( S0+ D6 e

p=0
o 1
S AC Lz @all(£+1)2 ]2 (q),

and the claim follows.

Step 5. Proof of (iii) for [V, Op(iz1)].
In view of the Fock space decomposition (5.14) for multiplication by V' = Vj, cf. Lemma 5.6,
a direct computation yields for all p > 1 and ¢, € C°(R?)®?,

[V,0p(iz1)| L, (¢p) = —Ip1 (K liz1 K80) @y ) + ply—1 (K liz1 K o)1),

and the conclusion follows as in Step 4. ([l

5.6. Mourre relations for fibered operators. This section is devoted to the construc-
tion of conjugates for the unperturbed fibered operators {Hzto}k. This appears to be

surprisingly more involved than for k = 0, as the group of dilations {Us'};cg is no longer
adapted and must be suitably deformed. Noting that bounds on iterated commutators
are obtained similarly and that the dense subspaces P(£2) and R(f2) are exchangeable, the
conclusion of Theorem 4 directly follows upon truncation.

Theorem 5.8 (Mourre relations for fibered operators).
(i) Conjugate operator for {H}')}:
For all k € RY, there exists a self-adjoint operator C3t on L2(Q), essentially self-
adjoint on R(S2), such that the commutator [H,ifo, %C’Zt] is well-defined and essentially
self-adjoint on R(Q2), is Hzto-bounded, and satisfies

[HRo, 7O = T(HR + §1k[*)11
Hence, the fibered operator H}, satisfies a Mourre relation on J. := [g — 2|k|?, 00)
with respect to C5, for all € > 0,
L. (Ho) [HE o, 1 C¥1 10 (HRY) > e 1. (H}p) — §IkPE.

itOst

In addition, the domain H*(Q) of H}'y is invariant under {e"°F }icg.
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(#i) Incompatibility of the perturbation:
If V =V is itself Gaussian, then the commutator [V,iC5| is well-defined and essen-
tially self-adjoint on R(Q), but only LY?-bounded provided that ACS,2CS € L*(R?).
In addition, the full commutator [H,if/\, %C’Zt] 1s well-defined and essentially self-adjoint
on R(Q) for all X, but it only satisfies the lower bound

(i A G > By + 31k — OAC7 — §IRPE,
which does not yield any Mourre relation. %

Before turning to the proof, we briefly underline the difficulty and explain the idea
behind the construction. Proposition 5.7 (i)—(ii) leads to

[ Zth IASt] = 2Hk/2 0

which shows that the generator of dilations A% should be properly modified. Again drawing
inspiration from the situation on the physical space, noting that on L2 (]Rd) there holds

[—(V +ik) - (V +ik),iAy]) = 2( = (V +ik) - (V + ik)),
with Ay, == o (z - (V +ik) + (V +ik) - z), we consider
A5t = Op(Ay) = A% + Op(k - z), (5.15)
and a similar computation as in Proposition 5.7 (i)—(ii) yields on R(£2),
[Hjlo, Y A3 = 2( = A% — (1 + L)ik - V™' + [k|°L).

(Recall that £ and V' commute, cf. Lemma 5.4.) In order to counter the apparition
of factors £ in this relation and obtain a proper Mourre relation, a further modification
of A3' is thus needed. More precisely, in the definition (5.15) of A", the generator of
dilations A®' is a suitable conjugate for the stationary Laplacian —A®, while Op(k - x)
is supposed to take into account the additional first-order contribution —2ik - V5! in the
fibered operator HZEO = —AS' — 2k . V5. The core of the problem then lies in the factor £
that appears in the commutator

[ik - Vs i Op(k - 2)] = |k|°L, (5.16)

which is related to the infinite dimensionality of the probability space. The simplest way
to solve this problem would be defining

B = A% 4+ £V Op(k - 2)£7Y/2, (5.17)

where we recall that £~ := IIL~'II denotes the pseudo-inverse of £. This indeed leads to
the desired Mourre relation,

[H30, §BR] = 2(H} + [K]*) — 2|k E. (5.18)

However, the perturbation V' behaves particularly badly with respect to this conjugate
operator B' in the sense that the commutator [V, B3] is not even bounded when restricted
to any fixed Wiener chaos, thus excluding any meaningful use of such a relation. While

on the pth Wiener chaos H,, the operator Op(k - ) amounts to the sum Z§:1 k- x;, the
choice (5.17) consists of rather considering the algebraic mean % ?:1 k- x;. Another

possible choice to avoid the factor £ in the commutator (5.16) is to use an ¢>°-norm of
{k-x; }§:1- We show in the following paragraphs that the latter choice has all the desired
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properties claimed in Theorem 5.8: it still yields a similar Mourre relation as in (5.18) and
its commutator with the perturbation V is £/2-bounded.

We construct the desired conjugate operator C§* via its action on the Fock space decom-
position (5.8). As we are concerned with the suitable treatment of the first-order operator
ik - V5, that is, the stationary derivative in the direction k, we set z := k- and first focus
on the case of dimension d = 1. For all p > 0, define the function m,, : R — R,

mp(21,...,2p) = (max;|z|)sgnrp(z1,...,2p),
rp(21,...,%p) = max;z; + min; zj,
with the convention sgn(0) = 0. This function is clearly symmetric with respect to the

variables 21, ..., 2, and has the following main properties.

Lemma 5.9. For all p > 0, the function my, is well-defined and is continuous on RP \ Sp,
where S, denotes the hypersurface

Sp = TP_I{O} = {2 € RP: 3j # k such that z; = —z; and |z;| = max;|z|}.

In addition, there exists a continuous function g, : S, — [0,00) such that

[Op,(9),mp] = 1+ gpds, > 1. (5.19)

O

Proof. The continuity of m,, is clear outside the zero locus S}, of 7,, and we turn to the
second part of the statement. On R? \ S, there holds my(z1,...,2p) = z; with |z;| =

max; |z, hence Z?:l 0;my, = 1. It remains to examine the jump of m;, on S,. We claim
that every line directed by the vector (1,...,1) in R? intersects the hypersurface S, at a

single point, and this would yield the conclusion. Indeed, given a point z := (z1,...,%p) €
RP, say 21 = min; z; and 2, = max; z;, we can write z = z'+s(1,..., 1) with s = 1 (21 +22)
and 2/ := (21 —s,...,2, —s) € Sp, and 2’ +¢(1,...,1) belongs to S, only if t = s. O

Next, in order to get a proper Mourre relation on the Fock space, we regularize the
functions {m,}, so as to replace the Dirac part in (5.19) by a positive bump function that
is p-uniformly bounded on RP. For that purpose, it is not enough to regularize the sign
function in the definition of m,, in a fixed neighborhood of S, as the derivative would still
produce an unbounded term due to the multiplication by max; |z;|. A suitable choice of
the regularization is rather defined as follows. First rewrite

myp(21, ..., 2p) = 3(max; z; + min; z;) + & (max; z; — min; z;) sgn(max z; + min; z;),

where only the last sign function needs to be regularized. Choose a smooth odd function

X : R — [—1,1] such that x(s) = —1 for s < —1, x(s) =1 for s > 1, 0 < x’ < 2 pointwise,

x(s) <sfor —1 <s<0,and x(s) > s for 0 <s < 1. We then set
mp(21, ..., 2p) == 3(max; z; + min; z;) + 1(max; z; — min; z;) X(—EZZ Ztﬁiﬁj Z ),

which is globally well-defined and continuous. Note that

P P
1< oy, < 3, ’(Zaj)rmp <or 1, forall r >0, (5.20)
j=1 j=1
Imp(21,.. ., 2p)| < Imyp(21, ..., 2p)| = max;|z;]. (5.21)

We also establish the following important property.
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Lemma 5.10. For all p > 0, there holds for all z,z1,...,2, € R,
|’r77,p+1(2’,21,...72p)—ﬁ’Lp(Zl,...,Zp)l < 2]z]. O

Proof. The conclusion follows from (5.21) if max;|z;| < |z|, so that we can henceforth
assume max; |zj| > |z|. By symmetry we can assume z; = min; z; and zp = max; z;. In
the case z1 < z < 29, we find

Mpt1(2, 21, ..., 2p) = Mp(21,...,2p),
and the conclusion follows. It remains to treat the case z; < 29 < z, while the symmetric
case z < z1 < 2p is similar. Given z; < 29 < z, the assumption max; |z;| > |z| implies
21 < —|z]. As 2FE < ZHEL e compute

zo—21 — z—=21"

|ﬁ1p+1(z,zl, cos 2p) — (21, . .,zp)|
< - ) (1 () + 4 — ) (0(22) - x(2£2))
< 3o - (T4 x(2E2)) + 3 - 2 (1 x(22)),

Noting that % < ;J_F—Z < 0 and that there holds X(%) = —1 whenever y < 0, the
above becomes, in view of the properties of x,

p1 (2,21, 2p) —Wp(21, - 5p)| < 5(2 = 22)Ley0 + 5(2 — 20) (14 222 ) Laxg
< 3lzl,
as claimed. m

We now turn to the construction of the suitable conjugate operator for ik - Vt. For all
p > 0, we define an operator M, on Lgym((]Rd)p) as the multiplication by the function
(1,...,2p) = my(k-x1,...,k-zp), and we denote by M}, = @;io Mj, , the corresponding
operator on the Fock space. Next, we define the operator M, ,itp on the pth Wiener chaos H,
by
Mli,thp(“p) 1= Jp(Mppup) = Jp(mp(k ‘w1, ke ap) Up)7

and via the Wiener chaos decomposition (5.8) we set MF* := D20 M,itp on L?(Q). We
then consider the following operator on L?(Q),

Cpf = A%+ 1M, (5.22)

which is clearly essentially self-adjoint on R(2) given its action on Wiener chaoses; see
also Lemma 5.12 below.

Remark 5.11. The reader may wonder why this definition of C' is chosen instead of
At 4+ M3, which would seem more natural in view of (5.15). The computation of the
relevant commutators involves [V, M|, hence the derivative Z?Zl 0;my, which in view
of the regularization m,, of m, is not uniformly equal to 1 but can vary in the whole interval
[1,3] (or at best in [1,2 + J] for some smaller § > 0 if the cut-off function x is chosen with
X' closer to T(—11)). Due to this modification, symbols are deformed in the commutator
computation, and the choice AS* + M ,it would fail at providing a Mourre relation close to 0.
This is precisely corrected by the above choice (5.22). O

We first show that the operator C§' generates an explicit unitary Cp-group, which pre-
serves H®(Q).
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Lemma 5.12. The operator C§* is essentially self-adjoint on R(SY) and its closure gen-

erates a unitary Co-group {e”ck bier on L2(Q), which has the following explicit action on
chaoses: for allp > 1 and u, € Lgym((Rd) ),

eitc’s“tjp(up) = Jp(Utkpup),
where Uy 1, 5 defined by

tdp

ot
(Ut g pup)(@1,...,2p) :=€"2 exp (% /0 my(k-e’xy, ... k-e’xp) ds) up(e'xy, ... e'xy).

In particular, in view of (5.20), for all s > 0, the subspace H*(Q) is invariant under this
group action {e% },cp. O

Proof. In view of the chaos decomposition (5.8), it suffices to check that for all p > 1
the family {U; x p}ier defines a unitary C'o group on Lsym((Rd)p ) and that its self-adjoint

generator is given by Cy, := Op,(A) + Mkp on CX(RY)®P. First note that the fam-

ily {Uikptier clearly defines a unitary group on Lsym((Rd)p). Next, for all € > 0, we
decompose

1 1 dp

P (Uskptip — up) (21, ..., 2p) = = <e 2up(efxy,. .. e°xp) — up(xy,. .. ,$p))

1 €
+i5<exp (;/0 mp(k‘-esxh...,k-esxp)ds) —1>e€d2p up(e“zy, ..., e°xp).

As e | 0, for u, € CX(RY)®P, the first right-hand side term converges to Op,(A)uyp

in Lgym((Rd)p ), while the second one converges to My, ,u,, and the claim easily follows. [

Next, we show that Cf' is a conjugate for the fibered operator Hko away from the
bottom of the spectrum. This completes the proof of Theorem 5.8(i). Choosing the cut-off
function y with x’ closer to 1[_1,1), and suitably increasing the factor % in definition (5.22),
the term 2|k|? in the lower bound (5.23) below could be improved into almost 5|k|?, but
the present construction does not allow to reach a value any closer to |k|?.

Lemma 5.13. The commutator [Hzfo,%C,sct] 1s well-defined and essentially self-adjoint
on R(Q), is H},-bounded, and satisfies the lower bound

[Ho, 5CR'] > T(H}Y, + 31k (5.23)
which entails the following Mourre relation on J. := [ — %lk\Z, o0), for alle >0,
L, (H}'o) [Hyo, 1O (HYY) > el (H3Y) — §[EIE. 0

Proof. For all p > 0, we define the operator M; , on Lgym((Rd)p) as the multiplication
by the function (z1,...,zp) — ( ?:1 0ymp)(k - x1,...,k - xp), we denote by Mli,s’; the
corresponding operator defined on the pth Wiener chaos H,, by M} o Ip(up) = Jp(M up),

and we set M := @2y M, ,’f; on L2(Q). A direct computation on Wlener chaoses yields

[VSt Mst] k,M/st
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Combining this with Proposition 5.7 (i)—(ii), we easily find on R(2),

[ Iit07 10 ] — 2(_Ast) — 2%k - vst — ik - %(vstM’/Cst + M’/gStVSt) + |k,|2MI/€st
= 2(Hp, + k)
—ik - S((V** + ik) (Mt — 2) + (M = 2) (V™ +ik)), (5.24)

where the right-hand side is well-defined and symmetric on R(£2). We split the rest of the
proof into two steps.

Step 1. Proof of the lower bound (5.23) on R(£2).
Note that constants belong to the kernel of the commutator [Hzfo, %Czt]. The above ex-
pression (5 24) for the latter yields for all ¢ € R(Q2) with E [¢] =0,

(¢, [HRo, 7CR10) 12y = 2(V* + k)l T2 ) = [KII(V + ik)ll2 o I(ME" — 2)¢lI12 (-
The bound (5.20) implies 1 < M/** < 3 on L?*(Q2) © C, hence

(60 (Hilor 1010 iy = 2T + k)22 gy — KIS + i80Sl By
and we are led to

<¢ [ zt0710 ]¢> (Q)

Y

(7% + k)22 ) — LR I81220
that is, the lower bound (5.23).

Step 2. Proof that the commutator [H}',, 2C5] is essentially self-adjoint on R(£2) and that
its closure is Hzfo—bounded and self-adjoint on its domain H?(().

For all p > 0, we define the operator M, ,’C’ on L2 ((RY)P) as the multiplication by the

sym
function (z1,...,2p) = (32F,_ 05p)(k - 21,...,k - xp), we denote by M;' the corre-
sponding operator defined on the pth Wiener chaos H, by MI’C’%JP(UP) = Jp(My up), and
we set Mt := @22 ) M}t on L?(Q). A direct computation on Wiener chaoses yields
[vst Mlst] kM//st
hence the expression (5.24) can be rewritten as
[HRo, 1CR] = 2(H}Y + |k[?) — ik - (M = 2)(V* + ik) + 5 |k M. (5.25)
Note that the bound (5.20) ensures that M;** —2 is bounded by 2 and that M}*" is bounded
on L2(Q), hence
~ st t i 1712 1 st
[( =ik - (Mt = 2)(V* +ik) + 51kPM) 6| 2 g
< RV + ik)¢||L2(Q) + k[ ¢llp2(q)
= [KIICHR + K1) 26l 2(0) + kP10l 20
Together with (5.25), this shows that the commutator [H}, 1C$Y is an infinitesimal per-

turbation of QHZtO, and the conclusion follows from the Kato-Rellich theorem. O

We turn to the proof of Theorem 5.8(ii), that is, the incompatibility of the perturba-
tion V with respect to the above-constructed conjugate operator C%'. In view of Proposi-
tion 5.7(iii), it remains to establish the following.
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Lemma 5.14. If V =V} is itself Gaussian, the commutator [V,iM}'] is well-defined and
essentially self-adjoint on R(QY), but is only L2 bounded provided that xCj € L2(RY). ¢

Proof. In view of the Fock space decomposition (5.14) for multiplication by V = Vj,
cf. Lemma 5.6, we find

s 1 R o
[V7Mkt]Jp(Up) = p+1<p+1ZCO(xj)up(xl,...,xj_l,a;j+1,...,:cp+1)
j=1
><(fﬁp(k-xl,...,k-:zj_l,k-a:j+1,...,k-:vp+1)—Tﬁp+1(k-x1,...,k-xp+1))>

—i—pJp_l(/Rd Co(z)up(z1,...,2p-1,2)
X (TApr(k"xl,...,k'l‘pfl,k'Z) —ﬁfbp1(k~m1,...,k:-xp1))dz>.

In view of Lemma 5.10 and of the Wiener chaos decomposition (5.8), arguing similarly as
in the proof of Proposition 5.7(iii), we easily deduce for all ¢ € L?(€2),

1
° 2 1
1V, M6l 20y S 1l /R 2G5 (@) da ) (£ + 1) 262y,

and the conclusion follows. O

Finally, we argue that, while well-defined and symmetric on R(£2), the full commuta-
tor [HY,, %C’Zt] is essentially self-adjoint.

Lemma 5.15. If V =V} is itself Gaussian, the commutator [H,if)\, %Czt] is well-defined
and essentially self-adjoint on R(S2). O

This is obtained as a particular case of the following abstract result, which is a convenient
reformulation of Nelson’s theorem [38]. Note that this result also ensures that HZ?A is
essentially self-adjoint on R(2) when V = V; is Gaussian; a more general criterion for
essential self-adjointness of H,it/\ in case of an unbounded potential without particular
Gaussian structure is included in Appendix A.

Proposition 5.16. Let Hi and L be self-adjoint operators on their respective domains
D(Hy) and D(L) on a Hilbert space H, and let Ha be a symmetric operator defined on
some dense linear subspace D C H, such that

e Hi and L are nonnegative and commute strongly, hence Hy + L is self-adjoint on
D(H1) N D(L);

e 2H5 is a Kato perturbation of Hy + L, that is, D is a core for Hy + L and there is
a <1 and C > 1 such that there holds, for all u € D,

2[|Haull3 < ol (Hy + L)ully + Cllullw;
o +i[Hy, L] < Hy+ L+ 1, that is, for all uw € D,
‘(ng, Lu)y — (Lu, H2u>7.1‘ < (u, (Hy 4+ L+ 1)u)y.
Then the operator H := H1 + Hy is essentially self-adjoint on D. O
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Proof. We split the proof into two steps.

Step 1. Proof that for k large enough the operator H” := H+ L+« is essentially self-adjoint
on D and satisfies H* > 1.

As Hp and L are self-adjoint on their respective domains and nonnegative and as they
commute strongly, their sum Hf := H; + L + & is self-adjoint on D(H;) N D(L), cf. |46,
Lemma 4.15.1]. Next, as Hs is a Kato perturbation of Hy+ L, it is also a Kato perturbation
of Hf for all kK > 0, hence the Kato-Rellich theorem entails that H® := HJ 4+ H is
essentially self-adjoint on D. In addition, as Hs is a Kato perturbation of H; + L and as
H, + L is nonnegative, it is easily deduced that Hy + Hs + L is bounded from below, hence
H" > 1 for k large enough.

Step 2. Conclusion.

In view of Nelson’s theorem [38] in form of [19, Corollary 1.1], together with the result
of Step 1, the conclusion follows provided that we can check the following two additional
properties, for k large enough,

(i) H is H"-bounded on D;
(ii) +i[H, H"] <, H", that is, for all u € D,
|(Hu, H )y — (H"u, Hu)y| Sie (u, H u)y.
We start with the proof of condition (i). On the one hand, since H; and L are nonnegative

and commute strongly, we can deduce ||Lul|ly < ||[Hfu|ly for all w € D(Hy) N D(L). On
the other hand, since Hs is a Kato perturbation of H; 4+ L, we find for all u € D,

[Haully < of|(Hy + L)ully + Cllully < ol Hully + Cllulla,
hence
[HTullyy < [[H"ully + [ Hoully < [[H"ully + al| Hiwlly + Cllullx,
which leads to
1 ulle < 25 1 H ulls + 155 lull
Combined with the above, this yields
[ Lully < [[HTullye < [[H ullge + [[ull2,
hence in particular,

[Hully < [H ullgg + | Lully + sllullze S [[H ulln + (14 5)|[ull,

that is, (i). It remains to establish condition (ii). As H; and L commute, we can write for
allu € D,

(Hu, H"u)y — (H"u, Hu)y = (Hu, Lu)y — (Lu, Hu)y = (Hou, Lu)y — (Lu, Hyu)y,
hence, by assumption,
|(Hu, H"uw)y — (H"u, Hu)y| S (u, (Hy + L+ 1)u)y.

Again noting as in Step 1 that the nonnegativity of H; + L and the fact that 2H> is a Kato
perturbation of Hy + L imply that (H; + L) 4+ 2Hs + k is nonnegative for x large enough,
the claim (ii) follows. O

With the above abstract result at hand, we quickly indicate how Lemma 5.15 is a simple
consequence.
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Proof of Lemma 5.15. Inview of (5.24), we can decompose [H}',, %C’Zt] = H1+H; on R(Q2),
in terms of

Hy = 2(HY,+ k),

Hy; := Hyy+ Hyp,

Hyy = —ik- (VS +ik) (M —2) + (Mg — 2)(V™ + ik)),
Hyoy = —A([V.id™] + L[V iM;Y).

We shall appeal to Proposition 5.16 with L := £, and it remains to check the different
assumptions. First, Hy = —2(V5'+ik)- (V5 +ik) and L are both essentially self-adjoint on
R(£2), as discussed in Sections 3.4 and 5.2, respectively, they are clearly nonnegative, and
Lemma 5.4 ensures that they commute strongly. Also note that H; and £ leave the linear
subspace R(f2) invariant and that spectral projections of £ also leave R(£2) invariant.
Using projections onto a finite number of chaoses, one then easily sees that H; + L is
essentially self-adjoint on R(€2). Next, we may rewrite as in (5.25),

Hyy = —ik - (M} = 2) (V5 +ik) + L|k[> M, (5.26)

hence the boundedness of M;* and M;*" leads to

1
[Ho10llr2q) S [KII(V +ik)oll2@) + kP10l ) S IRIHE iz ) + kP2 )

showing that Hg 1 is H 11 /2 hounded. Proposition 5.7(iii) and Lemma 5.14 also ensure that
[V,iA%"] and [V, iM;¥] are £/2-bounded. This proves that Hy is (H;+£L)"/2-bounded, hence
(H1 + £)-infinitesimal. Finally, it remains to consider the commutator [Ho, £]. Since by
definition M** and M"** preserve chaoses, identity (5.26) implies [Ha 1, £] = 0. In view of
the explicit description of [V,iA4%] and [V, iM:*] in Proposition 5.7(iii) and in Lemma 5.14,
respectively, as these commutators have a similar structure as V' itself on the Wiener chaos
decomposition, a similar computation as in the proof of Proposition 5.7(iv) easily shows
that [Hoz, £] is £/2-bounded, and the conclusion follows. O

5.7. Consequences of Mourre’s relations. This section is devoted to the proof of
Corollary 5. Let V = Vj be a stationary Gaussian field. Given some Lg > 0, consider
the projection Qx := 1jg (z,x)-2)(£) onto Wiener chaoses of order < (Lo\)~2. We split the
proof into three steps.

Step 1. Preliminary on spectral trunctations: For all ¢ € L%(Q), L > 1, and h € L*®(R)

supported in R\ %[—%, %], there holds

- 3 st S
[E[¢ e Ern(HE]| S AL (Bl 9]20). (5.27)
where the factor AL can be replaced by (AL)? if ¢ = 1.

Choose hg € C®(R) with ho(y) = 1 for |y| > 5+ and ho(y) = 0 for |y| < £ such that
ho > 0 and |hg| < 8L pointwise. By definition, we find |h| < ||A||re®)|hol, hence

IR U2y < Nlluee @) llho(HEA) L2 (o)-
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Using spectral calculus with ho(0) = 0 and HZE)\l = AV, this leads to

Hh(HZf)\)lHLQ(Q)

IN

1
Il | Hotern) HE s
SAL [l eIVl 20

L2()

IN

If ¢ is nonconstant, the conclusion directly follows from the Cauchy—Schwarz inequality.
If ¢ = 1, decomposing h into its positive and negative parts hy and h_, we can rather
estimate

E[e ™ Ean(HE )]

IN

(o) 2 (RO 2y + (| (=) 2 (12 e
128 (ALY ||l ) |V 122

IN

Step 2. Proof that for all k € R?\ {0} the flow for the truncated fibered Schrédinger
operator Qx\H}'\ Q) satisfies for all s > 0,

i [ D@3 lontis| (5.2

We wish to apply Theorem 5.2 in form of Remark 5.3 with HS := Q\H} ,Qx, Wy =
Q\VQy, Ey:=0, ¢ := 1, and it suffices to check the different assumptions.7 First, as the
conjugate operator C%' commutes with the Wiener chaos decomposition, Theorem 5.8(i)
ensures that the truncated operator @) AHZ?OQA restricted to L2(Q) © C satisfies a strict

Mourre relation on J. := [e — 2|k|?, 00) for all € > 0: we find
[QAHF Q. 1 CF] = TQA(H + §1K[*) QaIL
hence, on L2(Q) © C,
Ly (QAHR Q) [QaH 0 Qs 1CF L (QAHR Q) = e 1y (QaH,Q)).-

Similar computations as in the proof of Theorem 5.8(i) show the H}';-boundedness of

iterated commutators adgst(HZtO), hence the A-uniform Q)H}' Q\-boundedness of
k b b

adgzt(QAHZfoQA) =Qx ad’ézt (Hiio) @x-

In addition, as the domain of Hzfo is H%(Q), as Theorem 5.8(i) ensures that H?(Q) is
invariant under the unitary group generated by C!, and as the latter further preserves the
chaos decomposition, we deduce that the domain of ) ,\HZtOQ » is also invariant under the

unitary group generated by C§*.

It remains to check assumptions on the perturbation @,V @,. Note that II(Q\VQ\1) =V,
which clearly satisfies \|<C,§t>6V||L2(Q) < 1. Further, iterating the proof of Theorem 5.8(ii),

we find that for all £ > 0 iterated commutators ad’ézt(V) are £!/2-bounded, hence for
all ¢ € L2(Q),

[ adEe ANV Q09| 2y S AQAL 28| 2y + Ml @ll12 (0.
which entails, by definition of Q},
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Choosing Ly ~ 1 large enough, we may then apply Theorem 5.2 in form of Remark 5.3, to
the effect of

E [e—"QAHZfAW 1y (QAHH Q) 1| = e M HartiB) o o(1),
In view of Step 1, the spectral truncation 1 (Q\H;*, Q) can be removed up to a further
O(M?) error, and the claim (5.28) follows.

Step 3. Conclusion.
1
In view of the result of Step 1, it remains to prove for all 0 < s < (e2Cy(0)2Lg) %,

lim

.y —2 i\ —2
Heﬂ,\ sQAHZf/\Q,\l _ i sH,SCf/\l
ALO

T (5.29)

while the conclusion of Corollary 5 then follows from the fibration (1.4). Set for abbrevia-
tion u’;c \ = e MEAT and a;; \ = ¢ HOMENON]  Since the flow uy satisfies the equation

i0pup y = (H Zto + AV)uy, », an iterative use of Duhamel’s formula allows to decompose, for
all N > 1,

N
ufy = > (—iNPuR + (iINNTE

p=0
in terms of
p+1 t t
. 2 s 4 s 4 st
ui’t = / 6(75 — sj> e g oy etz HEy YTt Hioy gy . dspy,
(RF)pH1 j=1
N+2
. _ st . st i st
Elf:vi\t = / 5<75 — 5j> e Sty et i | yeTisNtt oy gg dsn4o.
’ (R+)N+2 j*l

Noting that uz;t € H, for all p > 0, we deduce that the truncation error can be represented
as follows, for any N < (Lo\)~2,

upy — iy = (—INNTHEN - BV, (5.30)

where EIJCV; is defined similarly as E,JCV; with V and Hzt)\ replaced by @ \V @y and Q\H ,if/\Q 2
respectively. A direct estimate yields

N+2
. . st 4 st
1By ¥ 2y < /(Rﬂm 5<t_ > Sa‘) [Vet=tiho Ve N hov [, o ds - dsi o,
=

N

hence, noting that V' is bounded by CO(O)%(Qp +1)2 on UJ,,<, Hy, cf. Lemma 5.6,

N+2

5<t — Z Sj) dsi...dsyio

j=1
(eCo(0)2t)N+1
(N+1)z

125y < 60(0)5(N“’(2N+1)!!§/
| (RFT)N+2

S TV )" <
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Similarly estimating E}i\f},\t and inserting this into (5.30), we find for all N < (Lo\)~2,

2(eCo(0)2 At)N+1
(N+1)z

||Ullf<:,>\ - a};,AHH(Q) <

Setting t = A~2s and choosing N = [(Lo)\) 2], we easily deduce for s < (eQCO(O)%LO)_l,

)\—2 ~>\—2
Hum S - Uk X s||L2(Q)

and the claim (5.29) follows. O

S )\_le_%(LO)‘)_Q

)

6. EXACT RESONANCE CONJECTURES AND CONSEQUENCES

This section is devoted to the proof of Corollary 6 and Proposition 7 as consequences of
the resonance conjectures (LRC) and (GRC).

6.1. Resonant-mode expansion. We start with the proof of Corollary 6. For ¢ € P(Q),
the Floquet—Bloch fibration (1.4) takes the form

st

E [¢u}(z)] = / @ (k) e U B [y )e " HRA] dk,
R4

hence it suffices analyze ]E[qZ; e~ HHRA 1] for fixed k and ¢ € P(Q2). We split the proof into
three steps, separately establishing items (i) and (ii).

Step 1. Meromorphic extension of the spectral measure: Under (LRC), for all ¢ € P(Q2),

the spectral measure ,ui’}\ is analytic on [—ﬁ, ﬁ] and admits a local meromorphic extension

y,‘f; on the complex neighborhood ﬁB ,

1 (o, I \1)pa)pr(a <¢aHZ,A1>7’(Q),7”(Q) 1
Vlf,’i(z) = 2z7r( oL >+

e — 2 Z) — 2

which can alternatively be expressed as
A
71 7V
vin(z) = ;Vlf,)\ (2) (6.2)

A <<¢7Hk,AV>P(Q),73’(Q) <¢,HZ,AV>7>(Q),@(Q)>+ A (@Y (:

mz e\ — 2 ZkA — 2

and moreover, in case ¢ = 1,

)\2
1/,17’}\(2) = ?VX’;\/(Z) (6.3)
NV ILaV)py @ (VG V)P@),p©) A2
T %2 < z —( M - — ) + 72(%@2/&‘/)(2);
kX — 2 Zg A — R Tz
where we write for abbreviation
(¢ Mad)pp@ = (i) p@p@ (Y @)p©).p©) (6.4)

(@ Madp@r@ = (T d)p@)p@ (T )@ ro)-
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Indeed, Stone’s formula together with Conjecture (LRC) yields for |y| < ﬁ,

¢ - _ o
HieA ( ) N IEIEJI % (<¢ -y ZE) ¢>L2(Q) - <¢/7 (Hk;?)\ —y+ 15) ¢>L2(Q))
1 L :
- 15%1 2% (<¢/’ (Hin —y =€) O)paiqy — (& (H\ —y —ie) 1) 2 )
_ L (W adr@re (@ Tadrere) | L( Cw) -l W)
2im 2 —Y ZhA— Y i kA kA )

and (6.1) follows. Identities (6.2) and (6.3) are obvious consequences as Hy'\1 = AV.

Step 2. Proof of (i): Under (LRC) for all k € K, 0 <A< X, ¢ € P(2), n >0, and

g € C2(R) supported in [, ] with g = 1 in L[~ L], there holds

T —itH;t S —itz,
‘E[qﬁe tH’“’*g(Hk,Aﬂ] — e "N, Tk A1) p () ()

where the factor A in the right-hand side can be replaced by A? in case ¢ = 1. Combined
with (5.27) to remove the spectral truncation, this indeed yields (i).

S”:¢,Q»M )\(1 + t)in7

Starting from

T —itHSt —i 1
E[¢e " erg(HV)] = / e Mgy pph(y) dy,
[_ﬁvﬂ]
and using formula (6.1) for the meromorphic extension Vk A ! of the spectral measure M;f’,\’

we obtain by contour deformation,
E[ge Eag(Hi)1] = 7" (6, xaL)p(e) prio) + / Tg(R2) v (2) d,
gl

L] in the lower half-

where the smooth path v is a deformation of the real interval [— M M
<, ;] while the part on
1

plane such that v remains on the real axis on [—47, 7] \ 5[~
-5, 4] is deformed into a path in {z: Sz <0, |Rz| < 551N
= (1

—itz __

that stays pointwise

M
at a distance 37 from the origin. Using the identity e +0) M1+ i ) ~2 and

integrating by parts, we find iteratively for all n > 0,

T —itHSt S —itz
)E[ﬁﬁe Hixg(Hit 1) — e 726, T A1) p(a) 21 Q)’

(141t~ /|1—zdz 8?,2)1//“\ (2))|d|z|.

As the remainder C,‘f’ is holomorphic on MB and has continuous dependence on A for
0 < X< A, cf. (LRC), we deduce that all its derivatives are bounded on WB uniformly

with respect to A. Hence, it follows from (6.2) that all derivatives of V]f’i are uniformly
bounded by O(/\) on the path 7, and thus

[E[§ e Mg (HF)1] = €72 (6, T AL pioy priey| Snpgns AT+07", (65)

where in view of (6.3) the factor A can be replaced by A\? in case ¢ = 1.
Step 3. Proof of (ii): Under (GRC), for all k € K, 0 < XA < Ao, and ¢ € P(Q2),

‘EW e ML) — e (g, HkADP(Q)JD'(m‘ Sp AemmrY,
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where the factor A in the right-hand side can be replaced by A? in case ¢ = 1.

Similarly as in Step 2, applying formula (6.1) and contour deformation, we find
E[d; e—z‘tHZt,)\ 1] - 67itz’“‘*<¢,Hk,A1>7>(Q),7>/(Q) + / e—z’tz]/]i,)\l (2)dz,
gl
where the smooth path « is given by v :=~v3 U~y Uy U 70 U 'yf U 'y; U ’y; with
e v :=7yN{z:|Rz| < 537} connects 517(—1 — i)\p) and 517(1 — iA?), does not exit the
ball of radius ﬁ, and always stays at a distance 37 M from the origin;
o 71 = —gu A+ [-L, —gx7) and 7 = — 55N+ [g37, L]
e vi connects £ — 7o AP and £(L + 1) without crossing the real axis;
e 75 :=(—00,—L —1] and 75 := [L + 1,00);
where L > 2 is to be fixed later. Inserting formula (6.2) for 1/,?’;, using the uniform bound

assumed to hold on v, cf. (GRC), and setting 3 := v; U ’y;, the above turns into
) [pe ™™ ’“g(HSt )1] — e "R (g, Hk,ADP(Q),P’(Q)‘

e—itz e—ity
el [ ) a)
73

< 1-M
Y\3 |2

~®,9

Hence, by definition of -,
- st .
’Ewe ZtH’“Q(HZfA)l] —e ztzk,A<¢’ Hk)\l)P(Q),P/(Q)’
1-M -1 1-M —5 0 by 1-M 1 LP
g ATMLTE L N Mear <1+/ ) Sog MM (L7 473V 0g L))
1y
M

Optimization in L > 2 yields the bound AL=M o= a2 Interpolating this with the re-
sult (6.5) of Step 3 under (LRC), the conclusion follows. O

6.2. Computing resonances. We turn to the proof of Proposition 7. Assuming that for

all ¢, ¢’ € P(Q2) the map
[0,20) = € x P'(2) x P'(Q) x L% (& B) : A (2w, Uiy, Uiy, 7))

loc

is of class C?, we iteratively compute the first two derivatives,

(Zk’(), \IJZJ_O’ \111;0) = (Zk’)\, \II;_,/\’ \IJI;,)\) ‘)\:0’
(Z;c()vqjk 0 Ve ) = %(zk«\vq’;wq’;/\)‘xzo’

_ 2 _
(Zk 07‘1’%»‘1%,/6) = (d%\) (Zka)\"lllj,/\’q]k,A)‘)\:O‘

Note that the resonant and co-resonant states (\Il;: 1 V. ) are only defined up to multipli-

cation by (ay, a;l) for any complex-valued function A — ay, cf. (2.5). When differentiat-

ing, this gauge invariance implies that (\I'k 0 v 0) is only defined up to multiplication by
(ap, apt) for any ap € C, next (\Iizlo, \IJ,;'O) is defined up to addition of (al\llko, —a ;)
for any a; € C, and next (\I/Z’g, |\ ”) is defined up to addition of (aglI/kO, —agV, 0) for

any ag € C.
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We first compute 2y, g, \Ilzo, U, - The resonance conjecture (LRC) yields for Sz > 0,

U U, ) pr ,
(6 (HE — ) 16), ) = (Trx @ )pr@).r@) (Yhn D) rapr©) £, (6.6)
) L (Q) zk’,A — 2z ’

with (;f:f holomorphic on {z : Sz > 0}J4;B. Setting A = 0 and ¢/ = 1, we find
for 3z > 0,

Ur o 1o U )
(Wi o Dpr),p@)(Yeo: O)p (Q,P(ﬂ)+<;:§(z)’

~TE[6] =E[(H}}y ~ ) 9] =

2h0 — 2
and similarly, exchanging the roles of ¢ and ¢,
—%]E 6] = (Tyron 1>P’(Q),7;;Z)<—‘I’§o’¢>P’(Q,P(Q) +m'
For z — 0, we deduce
2r0 =0, \IJ:’O = a, ‘I/];O —a for some « € C.

By gauge symmetry, as explained above, we can e.g. choose a = 1,

2o=0, YL =0 =1 (6.7)

Next, we compute 2}, \Ilzi), U, 4. Differentiating identity (6.6) at A = 0, using (6.7), and
choosing ¢’ = 1, we find for Sz > 0,

E[V(Hy —2)7"¢]

1 _
= —222,033 [8] = (W6, D) p@E [0] = (Yo, @) ). p@) + Z@\Cif(Z)L\:Oa

and similarly, exchanging the roles of ¢ and ¢/,

E[V(Hyo — 2)7'¢]
1

= _%ZIIC,OE[QS] — (W0, D) p@ B8] — (W0, ) pra),p) + ZﬁACff,’Al(Z)h:g

Choosing z = ic with € | 0, we easily deduce z; , = 0 and

E [V (H} 7i0)7'¢] = —(¥h, ey pe) E 6] — (YT, 6)pr o) pe)-
Noting that the left-hand side vanishes for ¢ = 1, we are led to
(Vo Opaype) = —E[V(HR—i0)'¢] + SE[g],
(Tiodp@pe = —E[VH+i0)"'¢] - BE[4],
for some g € C. By gauge symmetry, as explained above, we can e.g. choose 8 = 0,

%o=0, W= —(HFi0)'V. (6.8)
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Finally, we turn to the second derivatives zj , \Ilglol, \If,;g Differentiating identity (6.6)

twice at A = 0, using (6.7) and (6.8), and choosing ¢/ = 1, we find for Sz > 0,
2E[V(H} — 2) 'V(H} — 2) 7' 9]
1 _
= ;ZZ,O E[¢] + (¥} 5. Do) poE 8] + (Tl ) pria) pe) — 203G ()]s

and similarly, exchanging the roles of ¢ and ¢,

2E[V(Hyp — 2)"'V(H —2)7'¢)]

1 3 — —_—
= %z;“/’OE (8] + (U0, Dprioy p@) B 6] + (U0, ) (), p0) — 203605 ()] -

Choosing z = ie with € | 0, and using again the gauge invariance, we easily deduce
o = —2E[V(H\—i0)"'V],
UG = 2(Hpo Fi0) TV (H, Fi0) 'V,

in terms of the projection Il¢ := ¢ — E[¢] onto L?(Q) © C. This completes the proof. [

7. AN ILLUSTRATIVE TOY MODEL

In this last section, we display a toy model that shares many spectral features of
Schrédinger operators, but is explicitly solvable and allows for a rigorous study of its
spectrum and resonances, illustrating the relevance of the resonance conjectures (LRC)
and (GRC). More precisely, we replace the free Schrodinger operator Hy = —A by

ﬁo =1V, = %61 -V,

T~
and we consider the corresponding perturbed operator
Hy:=1vi+2V

on L2(R? x Q). Via the Floquet-Bloch fibration (1.3), this operator is decomposed as
~ ® )
(H)\,L* (R x Q)) = / (HS' + k1, L2(Q)) e dk, () := ™7, (7.1)
Rd

in terms of the following (centered) fibered operator on the stationary space L2(1),
HS = HY' + AV,  Hg' = 1Vt = Loy Vo

For this toy model, we establish the following detailed spectral properties, which are in
perfect analogy with the expected situation in the Schrodinger case. Note however that the
energy transport remains ballistic, cf. item (v) below, in stark contrast with the quantum
diffusion in the Schrodinger case: this could be related to the fact that the centered fibered
operator H5" in this toy model is not deformed under the fibration parameter k.

Theorem 7.1 (Toy model). Assume for simplicity that V = Vj is a stationary Gaussian
field on with covariance Cy € C°(RY).

(i) Spectral decomposition of I;T(S)t:
The eigenvalue at 0 is simple (with eigenspace C) and

opp(Hy') = {0}, ow(HY) = 2, o(HY) = owc(Hi') = R.
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(ii) Spectral decomposition of f[f\t:
For A > 0, the eigenvalue at 0 is fully absorbed in the absolutely continuous spectrum,

Upp(ﬁit) = USC(ﬁf\t) = J, U(ﬁit) = UaC(ﬁit) =R.

(i7i) Fibered resonances:
For all X > 0, the resolvent z — (ﬁi’\t—z)_l defined on Sz > 0 as a family of operators
P(Q) — P(Q) can be extended meromorphically to the whole complex plane with a
unique simple pole at

2= —iXa,, o = / Co(ser) ds.
0

In other words, for all ¢,¢' € P(Q), we can write for Iz > 0,

(T, ) priy Py (T O)pr) P()

790
—iN20 — 2 o @),

E[¢'(HY —2)'¢] =

where the remainder 5)\,’(1’ 1s entire, has a continuous dependence on A > 0, and
satisfies the uniform bound

1, i neither ¢ nor ¢’ is constant;
|§i) ’¢(Z)| Ses (A, if ¢ or ¢ is constant,
X2, if ¢ and @' are constant,

and where the so-called resonant and co-resonant states \TI;\F, \T/)_\ € P'(Q2) are explicitly
defined, cf. Remark 7.2(a) below.

(iv) Continuous resonant spectrum:
For A > 0 small enough, the resolvent z +— (IA-jA —2)7! defined on 3z > 0 as a family
of operators L2(RY) @ P(Q) — L*(R?) @ P'(Q) can be extended holomorphically to
Sz > —M2ao, and we denote the extension by Ry(z). For ¢ € P(RQ), this extension
has the following discontinuity, as Iz | —Naw,

{TY, 8Py p@) (T 8)pro) @)
sup . <¢gaR/\(’z)¢g>L2(RdXQ) ~1 AZOJO TSz .
H9||L2(Rd)
Next, viewed as a family of operators L2, (RY) @ P(Q) — Li (R?) @ P'(Q), the
extended resolvent Ry can be further extended to all C as an entire function.

(v) Ballistic transport:
For all u® € L2(R%) with |zu®l[2(ray < 00, there holds

. 1 t 112 2 (o}
g\g;E |:HZ'U)\HL2(Rd):| = ”U HLZ(Rd)' 0

Remarks 7.2.

(a) Explicit formula for resonant state:
Up to a gauge transformation, the resonant and co-resonant states \I/;\“, Ty € P(Q)in
item (iii) take the form

E,)i\ _ G%)\Q 157 sCo(ser) ds ;Ivji’i,
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where \ii’i € P'(Q) is formally defined as

e:l:% 157 V(Fser,)ds

J,0E «_»
ot o (7.2)

B[ o Ve o]

More precisely, the action of \T/ii on P() is defined inductively on monomials of

increasing degree: we set <E’i’i, Dpra)p@) =1, and foralln > 1 and z1,...,2, € R,
(B Vi) = S Coter =) (8%, T] Vi)
j=1 PP =2 2<j<n P'(Q),P(©?)
J
Ay [ ~ot T
F (/ Co(z1 £ sey) ds) <\IIA’i’HV(:Ej,~)> , (7.3)
t 2 Jo j=2 P/(Q),P()

while the formal representation (7.2) is understood in view of Wick’s theorem. In
particular, there holds (‘Ilf, O)pr ) p) = El¢] £iX [[FE[V(Fse,-) ¢l ds + 0s(22).

(b) Mourre’s approach:
In view of Proposition 5.7(ii)—(iii), with the notation of Section 5.3, the commutator

[ﬁA, % Op(z1)] is L-bounded and satisfies the lower bound
(3, L Op(a)] > £ CALE.

In other words, FI/S\t satisfies a Mourre relation with conjugate Op(z1) “up to £”. Much
spectral information can be inferred from such a property, and in particular another
proof of Theorem 7.1 above could essentially be deduced. This Mourre approach
would be particularly useful in the discrete setting, that is, for the discrete operator
HY' = %Vl + AV on £?(Z%) with an i.i.d. Gaussian field V on Z?: the proof below can
indeed not be adapted to that case as the flow is not explicit. O

Proof of Theorem 7.1. Ttem (i) is obtained similarly as in the Schrodinger case, cf. Sec-
tion 4.1, and the proof is omitted. Item (ii) is a direct consequence of (iii). It remains
to establish items (iii), (iv), and (v). Without loss of generality, we assume that Cp is
supported in B.

Step 1. Proof of (iii).

It suffices to show for all ¢, ¢’ € P(Q2) and t > 0,

T —i I7st ~ ~_ _ 2a0
‘E[qb'e X o] — (U5, ¢ pria,p) (¥ 8)pra) Py e

where we gain a factor X in the right-hand side if ¢ or ¢ is constant, and a factor A\? if
both are constants. Indeed, for Sz > 0, we can write

E[é/(ﬁit _ Z)_1¢:| _ Z/OOO €itzE[§E, e_itﬁ§t¢] dt,

5(157(]5/ ]l‘ﬂgcdwpl’ (74)

so that the conclusion (iii) would follow from (7.4) after integration. By linearity, it suffices
to establish (7.4) for monomials
n m
o=1[V@), =]V

j=1 7j=1
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Noting that the fibered evolution qﬁf\ = e itHY ¢ can be explicitly computed as

A t
qﬁg\(w) = ¢(—tey,w) wﬁ\(w), wﬁ\(w) ‘= exp <2/0 V(—se1,w) ds),
we find

E[¢ e A g] = [( ﬁ V(y;, -)) (ﬁ V(z; — ter, -)) 1/13] .
j=1

j=1
By Wick’s formula, for m > 1, we compute

E[ ¢ —th": ZCO Y1 — Y1) [( H V(y;, )) (ﬁ V(xj — ter, )) 1/}3]

S
+zn:co(yl —$l+t61)E[<ﬁV(yj,-))( H V(z; — te,- )) w/\}
)‘(/t Co(y1 + ser) ds) E {( ﬁ V (yj, )) (ﬁ V(x; — tey, - )) 1/,/\]
0 j=2 j=1

Since by assumption
Co(yr — @+ te)| S Lpg<itjyy 4+

and similarly ! ftoo Co(y1 + se1) ds‘ S Ljyj<i4)y,|» We deduce

E[¢ e X g ZCO y1—y1) {( II v )(HV e, )1/13]

2<j<m
I

A(/Ooco(yl-ksel)ds)E[(ﬁ (5, )(HV ~te >7/)f\] * O¢7¢'(]l\t|§0¢,¢/)'
0 J=2

We recognize here the inductive definition (7.3) of the resonant state \T/;r, so that the above
becomes

Jj=1

and a similar computation yields

E[¢ e g] = (U1 . 8 (),p@) (Vs o0 O prio) o B [W4] + Og,¢ (Liyj<c, 1)

Finally, since fot V(—se1,-)ds is Gaussian, we compute

E[wi] _ e—%)\QVar[fOtV(—sel,-)ds]

67)\2 fg(tfs)co(sel)ds
et Jo" Colser)ds A 5% sCo(ser)ds 4 On (N 1yy<y),

and the conclusion (7.4) follows.
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Step 2. Proof of (iv).
For g,¢' € L2(R%) and ¢, ¢’ € P(Q), the Floquet-Bloch fibration (7.1) yields

<¢/g/> (IA{D\ - Z)_1(¢g)>L2(]Rd><Q) = /Rd g (k)g(k) <¢/, (ﬁit + ki — Z)_1¢>L2(Q) dk,

and thus, inserting the result of item (iii), for 3z > 0,

Q

(9 (Hx —2) 7 (09) 12 gy = /Rd THRGE) (2 — k) dk

9 (k)g(k)

——— 2 dk
aky —iX2ay — 2z

+ (UL, ) ey py (T 0)pr () P /]R

where the first right-hand side term is entire and the second is holomorphic on Jz > —\2a.

Next, for g, ¢" € LZ,p(R?), the Fourier transforms g, g’ are entire functions, which allows

to extend the second right-hand side term holomorphically to the whole complex plane.
Indeed, for y € R, the Sokhotski-Plemelj formula yields

1 - . V. :l: / /
Elfg/Rd Ty igdk p.v iy dk £ im Rdilg (y,kNg(y, k") dk’,
so that the function Ty(z) defined for Sz > —A2a, by

Ty(2) :/R _gWak)

a k1 —iN2a0 — 2

and defined for Sz < —A\?a, by

. /g\/(k)/g\(k) . / =~ ) N 2y 2 / /
T\(z) = /]Rd [ P— de:+ 2 - 9 (z+ i a0, K )g(z + iNao, k') dK',

is entire. This proves (iv).

Step 3. Proof of (v).
The flow can be explicitly integrated,

ug\ (x) = u’(z — tey) e~ o ‘/("Jﬂfsel)ds7

and is seen to satisfy ballistic transport,

1 3 1 o 2 o
ZE [l 2 |* = 1B [/Rd o lu (@ — ter)Pdz| T [l 2 gy 0

APPENDIX A. SELF-ADJOINTNESS WITH UNBOUNDED POTENTIALS

For a bounded random potential V', the Schréodinger operator Hy = —A 4+ AV on
L2(R4 x Q) is clearly self-adjoint on L2(€2; H2(R?)) and the fibered operators {H} i are
self-adjoint on H?(Q) just as for A = 0. The present appendix is concerned with the
corresponding self-adjointness statement in the unbounded setting. More precisely, we
show that essential self-adjointness still holds provided that V' € L?(Q2) has negative part
V_ € LP(Q) for some p > %. This condition is essentially optimal and applies in particular
to the case when V' = 1} is a stationary Gaussian field. (Note however that this Gaussian
case is much simpler in view of Malliavin calculus and can be obtained as a consequence
of Nelson’s theorem in form of Proposition 5.16 with L = L.)
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A random potential V € L%(Q) defines (densely) a multiplicative operator on L?(R? x Q).
If V' is not uniformly bounded, this operator is unbounded, so that the self-adjointness of
—A+ AV is a subtle question and may fail, cf. [27]. Whenever realizations V,, = V(-,w) are
quadratically controlled from below, in the sense of V(x,w) > —M(w) (1 + |z|?) for some
random variable M € L2(Q), the Faris-Lavine argument [19] ensures that the Schrodinger
operator —A 4+ AV on L?(R? x Q) is essentially self-adjoint on C®°(R%;L>*(2)). By a
Borel-Cantelli argument, the quadratic lower bound holds whenever the negative part V_
belongs to LP(2) for some p > % and satisfies more precisely sup|,<; V-(z,-) € L?(Q2). In
this setting, since —A+\V is essentially self-adjoint on C2°(R%; L°°(Q)), we may repeat the
direct integral decomposition (3.4) and the fibered operators HZ?A on L?() are necessarily

essentially self-adjoint on H? NL°(Q) for almost all k& € RY, e.g. [48, p.280]. In order to
conclude for all k£, some continuity would be needed, which typically requires smoothness
of V. In order to avoid such spurious assumptions, we provide another argument below.
While the usual Faris-Lavine argument is of no use in the stationary space L?(£2), we draw
inspiration from an earlier work by Kato [27].

Theorem A.1 (Essential self-adjointness). Assume that the potential V € L%(Q) satisfies
SUp|g|<1 V- (72") € LP(Q) for some p > %, Then for all A > 0 and k € R? the operator HZEA
is essentially self-adjoint on H? NL>(£2). ¢

Proof. Let k € R? and A > 0 be fixed. For V € L%(Q), we note that the operator Hzt)\

is well-defined on the whole of L?(Q) with values in the space D' := LY(Q) + H~2(Q)
(cf. Section 3.2 for notation), and it is obviously continuous L%(Q) — D’. Let Hj'y denote

the restriction of HZE)\ with domain D := H2NL>(Q). Since HZ?AD C L?(Q), the operator
Hzt/\ can be viewed as a densely defined operator on LQ(Q) and it is clearly symmetric. Its
adjoint (H}',)* is easily seen as the restriction of Ht, to L*(Q), that is, defined whenever
u € L(Q) and H}'y € L2(Q). In this context, the foflowing conditions are equivalent:

(E1) H,it/\ is essentially self-adjoint.

(E2) There exist two complex numbers zy with $zp = 0 such that Hz,f)\ + z+ is an
injection of L?(Q) into D'.

(E3) The restriction of HZ?A to L2(Q) is the strong closure of HZE)\, that is, for all
¢ € L*(Q) with H/f;fﬂf’ € L%(Q) there exists a sequence (¢,), C D such that
¢n — ¢ and Hi'ydp — Hi'\¢ in L2(Q).

We proceed by truncation: we define the truncated operator Hy'\ p = H') + AV1y>_pg
for R > 1, and we split the proof into four steps.

Step 1. Proof that H}'\ , is essentially self-adjoint.
Assume that ¢ € L2(Q) satisfies (HEYA;R + 2)¢p = 0 in D'. Applying the differential
inequality of |27, Lemma A| in the form

—AMg] < —R(G(V +ik) - (V4 ik)0) = R (HR, + [k)e),

we deduce

~0%1g] < RIS — 2~ AVIys_p)[g] < (K2 + AR —R2)[o].
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For Rz large enough, we have ¢ := Rz — |k|> — AR > 1 and
(c—AM)gl < o

Since the operator —/A\S! is nonnegative, this implies ¢ = 0. Hence, the operator HI??)\;RWL z
is an injection of L?() into D', and the claim follows from the equivalence between (E1)
and (E2).
Step 2. For all @ > 0 and R > 1, there exists a cut-off function % € L*(2; [0, 1]) with the
following properties:

(i) Xz =0o0n Eg := {w: 3y € 4B such that V(y,w) < —R};

(ii) x% =1 outside £ := {w: Jy € (R* + 7)B with V(y,w) < —R};

(i) [VS'xEl S B [(VH)xE S R

(iv) there exists € > 0 such that x% — 1 almost surely as R 1 co whenever a < % +e.
Define Eg,, := {r € R?: 3y € By(z) such that V(y,w) < —R}. Choose p € C°(R?) with
Jgap=1,p >0, p=0outside 2B, |Vp| < 1, and |V2p| < 1, and choose an even function
x € C(R) with x(0) =0, x(s) =1 for |s] > 1, |x/| £ 1, and |x"| < 1. We then construct
the stationary function

1 .
Xlew)i= (s [ ple = v) dist(y, B+ 2B) dy).
R
Properties (i)—(iii) easily follow for this choice. We turn to (iv). The definition of x%, a
union bound, and Markov’s inequality yield

Plxg <1 < P{w : ylEanB dist(y, Er + 2B) < R*}

P{w : dist(0, Epo) < R + 4}
P{w : dy € BReys, V(va) < _R}
R P[infpV < —R]
RYPE[(infp V)P ].

VAR YA VAN VAN

Since by assumption E[(infB V)Zi] < oo for p = %—l—s for some £ > 0, we deduce x% — 1in
measure whenever o < % + §. In order to establish almost sure convergence, we similarly
compute, noting that Er, is decreasing in R,

Pl A1 < Jim ]P’{w : 3R > Ry such that dist(0, Ep,,) < R + 4}
0o

o
< lim P{w:dist(o,EQan)g(2”+1R0)a+4}
RoToo
n=0
o
< i 2"Ro)* P E[(infp V)"
< Ré?‘;n:o( 0) [(infp V)],

and almost sure convergence x% — 1 follows under the same condition on o.
Step 3. Garding inequalities:
(G1) For all ¢ € L%(Q) with H}'\ g € H~Y(Q), there holds ¢ € H*(2) and

V6l 20y < 4IHZN RO F-1(0) + (L +8lk* + 4AR)[|6]IF2 -
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(G2) For all ¢ € L*(Q) with Hy'\¢ € L*(Q), there holds

15 V> Bl22 0y S 1G22 gy + (14 K2+ AR ]2 g,

where as in Step 2 we have set Er := {w: Jy € 4B with V(y,w) < —R}.

By density, it suffices to argue for ¢ € D. We start with the Garding inequality (G1) for
the truncated operator H}', .. For ¢ € D, we compute

R, HirrP)i2) = w‘f’vHZfO@LQ(Q)_ARWHI%Q(Q)

> SVl ) — IR+ AR)I]22 g,

5!
2
hence,

1, . . 1

IV “OlIteiy < IHRNROIF-1(0) + ZH@Z)H%P(Q) + (2lk* + AR) 91172
and the claim (G1) follows.

We turn to (G2). Similarly as in Step 2, we may construct a cut-off function x5 with the
following properties

(i) Xg=0o0n By :={w: V(w) < —R};
(ii’) xp = 1 outside E;
(i) [Vl < 1, (725 < 1
Noting that H}'\ (dxz) = Hy'x.p(¢xR), the result (G1) yields

195 (X 2iy < ANHEA Xy + (1 + S + INR)6]122 g
Computing
Hi(0xR) = XrHin¢ + 0Hioxk — 2V°'xk - V6,
and noting that |H}\\xz| S 1+ |k|, we deduce
|’v8t(¢X9%)|’i2(Q) SJ HHE?)\(bHiZ(Q) + HVStXE'% ’ VSt(b”%ffl(Q) + (1 + ‘k|2 + )‘R)HﬁbHi2(Q)-
Since for ¢/ € H'(Q) integration by parts yields
’<¢/7VStX,R . vst¢>L2(Q)| _ |<vst¢/ . vstxi12 + QZ)/AStX,Ra ¢>L2(Q)‘ 5 HQZ)/HHl(Q)HQZ)HLQ(Q),
we find
IV - V0l -10) S 18llL2(q);
hence,
IV xRy < IHEAG2 gy + (L K2 + AR5 g

Since xz = 1 outside Eg, the claim (G2) follows.
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Step 4. Conclusion.
Let ¢ € L*(Q) with H{%, ¢ € L*(Q). In view of the equivalence between properties (E1)

and (E3), it suffices to construct a sequence (¢p), C D such that ¢, — ¢ and H' ¢, —
HZEMZ) in L2(Q) as n 1 co. We argue by truncation. Let X% be the cut-off function defined

in Step 2 and choose a > % such that property (iv) is satisfied. We show that for all R > 1
there exists a sequence (¢ r)n C D such that

o dnrxh = S(xR)7 and i, (én.mx%) — Hil\(6(xH)?) in L*(Q) as n 1 oo;
e o(x%)? — ¢ and H,ffA(ng(X%)Q) — Hi'\¢ in L%(Q) as R 1 oo.
We split the proof into three further substeps.

Substep 4.1. Proof that for all R > 1 there exists a sequence (¢ r)n, C D such that
bn.r — OXE and HY\ pbn p — HY,\ (6x%) in L2(Q) as n 1 0.

For all R > 1, since by Step 1 the operator H Zt/\, r is essentially self-adjoint, the equivalence
between properties (E1) and (E3) implies that there exists a sequence (¢ ), such that
$n,r — X% and HZEA;Rgbn,R — HZ?A;R(gbx‘jé) in L%(Q) as n 1 co. By definition of X%, there
holds H}', (¢x%) = HZ?/\;R(qﬁxﬁ), and the claim follows.

Substep 4.2. Proof that for all R > 1 there holds ¢, rX% — ¢(x%)? and Hif)\(qbn,RXaR) N
HI?:E/\(GZ’(X%)Q) in LQ(Q) as n T 0o.

We start from the identity
Hi!\ (6n,1X%) — Hia (0(XR)?) = XRHEA(9n,R — OXF) + (dn,r — OXT) HRox
= 2Vx% - V¥ (dn,r — OXR),
and note that the convergence of (¢, g)n (cf. Substep 4.1) implies ¢, pX% — ¢(x%)? and

i sup |7 (9n.0) — HEA(G0)?) iz oy 197 G = X012

Combining this with the Garding inequality (G1) of Step 3 and with the convergence
properties of (¢ r)n, the claim follows.

Substep 4.3. Proof that ¢(x%)? — ¢ and HZ?A(QS(X%)Q) — HZ?/\QZ) in L2(Q) as R 1 o0.
We start from the identity
H (6060)2) = (G2 Hi + S Hio () — 27 (R - Vo,

and note that the properties of x% and the dominated convergence theorem lead to
S(X%)* — &, (XB)PHI\G — Hi'\d, and oH}o(x%)* — 0 in L2(Q), hence

imsup |75 (60R)) ~ Hiao ey S Hmsup R, V0l
Combining this with the Garding inequality (G2) of Step 3 yields
: S (o} S . —« s 1
hr};lTSUPHHkEA(Qb(XRV) — Hin 8|2y Sk III%S“PR (HHEASll12(0) + B2 [16]l12(0)) = 0,

and the claim follows. OJ
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