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OutlineOutline

• Personal motivation

• What is counting statistics?

• What is quantum transport?
– this lecture: scattering, scattering, scattering...

– and statistics arising from this



First day at universityFirst day at university
• Cosmic ray counter: 12 14 11 9 10 13 14 8

• Average: 11.9Error: 0.01

• Physics concerns average values

• And many be some gaussian(?) fluctuations

• Is this practical? 
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Physical quantity



Rich statistics: practical exampleRich statistics: practical example
• Distribution of daily dividents
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Counting Counting statisticsstatistics
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How to count correctly?

How to count electrons? 
Separate question...
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Characteristic functionCharacteristic function

• Indepentent events: Λ factorizes 

• Time property: 

• Elementary event analysis
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What is quantum transport?What is quantum transport?

• Natural sciences:
– Everything consists of atoms

• Quantum transport
– This is not important!

– 2 / QG e Gπ≥≤ ≡ℏ



Potential barrierPotential barrier

Intersect the waveguide with a potential barrier U(x) 
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4 unknown variables: 
A,B,r,t

4 equations: 
continuity of wavefunction and its 

derivative at two boundaries



Nanostructure versus waveguideNanostructure versus waveguide

Nanostructure: can be very complex
Can be modelled as: waveguide  with transport channels
+ potential barrier
Essence: set of transmissions Tn

Enough to describe the transport!Enough to describe the transport!

To see this: consider 
Adiabatic Quantum Transport,
Quantum Point Contact
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Adiabatic Quantum TransportAdiabatic Quantum Transport
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Current in a QPCCurrent in a QPC
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Building a Building a LandauerLandauerconductorconductor
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Adiabatic Quantum TransportAdiabatic Quantum Transport
Quantum Point Quantum Point 

ContactContact

QPC with QPC with 
scatteringscatteringReal lifeReal life



Scattering matrixScattering matrix
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Scattering matrix:properties and Scattering matrix:properties and 
exampleexample
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Restrictions and limitationsRestrictions and limitations

Restrictions:
•Elastic scattering: electrons pass without energy loss
•Electrons do not interact (the same?)

Limitations:
•Nature is generally merciful
•Electrons do not interact close to Fermi level 
• Low temperature, voltage are good
• Short structures are good 
• Limitations depend on quantity of interest



LandauerLandauerformulaformula
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pT At each energy E

The current reads:The current reads:



SimpleSimple--minded derivationminded derivation
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Reservoir biased at 

voltage V sends
electrons 

Chance to pass: TT00
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Many channels: sum over channelsMany channels: sum over channels



Transmission distributionTransmission distribution

Person                pin-code         ATM machine
Quantum Quantum 
Contact Tp Transport

0 0.2 0.4 0.6 0.8 1
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Types of quantum contactsTypes of quantum contacts
Quantum contact: an individuality: pin-code Tp
Type of a quantum contact:= shape of transmission distribution
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Tunnel junction:Tunnel junction: Realistic QPCRealistic QPC0pT ≈ 1pT ≈



Turn to statistics: TwoTurn to statistics: Twosimple limitssimple limits

Tunnel junction:Tn << 1: rare=independent electron transfers 
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QPC: Tn=1: electrons are waves: current does not fluctuate 
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LevitovLevitov formulaformula

Hamiltonian of the free particles

Energyin terms of occupation numbers:

•Independent in different energy strip
•Independent in different channels
•To the left and to the right: are dependent!
•Transfers at negative energy are blocked!
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Simple example: electrons transferred in one direction

Electron transfers



Electrons gamblingElectrons gambling
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T0 = winning chance

N = number of games won



The method: The method: KeldyshKeldysh

• N.,’99: Extension:Generating function = Keldysh
action with unequal Hamiltonians

• Difference: counting field

•• Q. M:Q. M: Measuring = disturbing (with Measuring = disturbing (with countingcountingfield)field)

•• Remarkable symmetry between Remarkable symmetry between usualusualand and countingcountingfieldsfields

t = 0 t = -  ∞

usual
field

counting
field

+

++

-



• Counting statistics of 



KeldyshKeldyshGreen functionsGreen functions

• Two contours = 2x2 matrix

• Generally: 8x8 (Keldysh x spin x Nambu)

• Reservoirs: isotropic:no coor.dependence
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Conform to Conform to LandauerLandauer--ButtikerButtiker
approach: To cancel insideapproach: To cancel inside

• Greens –everywhere in the structure

• Inside: irrelevant within the scattering 
approach

• From coordinate-dependent Greens 

• To Greens fixed in the reservoirs

• Answer in terms of scattering matrixscattering matrix



KeldyshKeldyshactionaction

• Two-terminal
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GreenGreen’’ s with counting fields with counting field
• Counting field = vector potential in a given 

cross-section

• Gauge transform -> to reservoir

• Common Greens

• With counting field
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