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Outline Outline 

• double junction paradox
• finite-element approach

– nodes 
– connectors

– reservoirs

• and this gives statistics



Double junction paradoxDouble junction paradox
Two tunnel junctions in series 

Tunneling amplitude t << 1
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Solution to the paradoxSolution to the paradox
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Solution to the paradoxSolution to the paradox

1, 2,
1, 2,

1, 2, 1, 2,

p p
p p p p

Q Q
p p p p p

p p

T T
T T

G G G
T T T T

= ¹
+ +

� �
� � �

0

0.1

0.2
0.3

0.4

0.5
0.6

0.7

0.8

0.9

1

-10 -5 0 5 10

Many independentchannels: 
different phase-shifts and periods =
Self-averaging

Not quite done

To get Ohm’s law:mix channels 
with a unitary matrix
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Phase shifts, disorder and Phase shifts, disorder and 
randomness randomness 

• Unitary matrix = phase shifts
• Size > wavelength: phase shifts big, affected by disorder
• Present technology: we can not control phase shifts
• Formally identical samples: very different phase shifts
• More channels = less control, random phase shifts
• Generally: randomness = ignorance
• May be, we do not have to know?

l l l

disorder fabrication
errors

disorder
in leads



Averaging and selfAveraging and self--averagingaveraging

• Simplicity of complete mess (statistical physics as example)
• Averaging = classical transport(?)
• Averaging over samples? 
• More channels = more mess
• Many channels: Self-averaging within a single sample
• Ohm’s law restored
• Still some q.m. left 



FiniteFinite--element approachelement approach

Current 
conservation

Diff. equation:
j = s E

div j = 0
��� �

grad s grad V =0

Instead:

Nodes:V i
Connectors:

I ij = Gji (V i -V j)
Kirchoff rules:

Si I ij =0



Conservation of current in q.m.Conservation of current in q.m.
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More conserved currentsMore conserved currents
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And it conserves, 
at least if E=E`



Example: spin currentsExample: spin currents

Wave function: 
spin doublet

Spin-independent H:
Up and down satisfy the same equation
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Quantum currents and quantum Quantum currents and quantum 
voltagesvoltages

Current: matrix
“Voltage”: matrix

2ˆ ˆ ˆ ˆ; 0, 1G TrG G= = Eigenvalues: ±1

Which matrix?
Depends on a problem
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Matrix current in Matrix current in LandauerLandauer--
ButtikerButtiker approachapproach
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A quantum circuit theoryA quantum circuit theory
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A quantum circuit theory from A quantum circuit theory from 
minimum action principleminimum action principle
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all
connectors
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Circuit theory of transmission Circuit theory of transmission 
distributiondistribution

We 
choose
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What is the use of it?What is the use of it?



The use of itThe use of it

• Transmission distribution of elements known

• We combine the elements: what is r (T)?

• Write Kirchoff equations

• Solve for q
• Find I(f )
• Find the distribution!
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C.T. of spin transportC.T. of spin transport

Collinear spins = 
still distribution of balls f­­­­ (x,p), f̄̄̄̄ (x,p).

Braatas, N., Bauer (2000)
Simplest example of C.T.

Typical set-up of spin-valve effect



C.T. of spin transportC.T. of spin transport

Non-collinear spins = balls are not enough! 
Density matrix:

f­­­­ ­­­­ (x,p), f̄̄̄̄ ­­­­ (x,p), f ­­­­ ¯̄̄̄ (x,p), f ̄̄̄̄ ¯̄̄̄ (x,p).

How to make a circuit theory now?



Matrix voltage & currentMatrix voltage & current
Density matrix:f­­­­ ­­­­ , f¯̄̄̄ ­­­­ , f ­­­­ ¯̄̄̄ , f ¯̄̄̄ ¯̄̄̄ ��� � matrix voltage V

1 electric+ 3 spincurrents:��� � matrix current  I

Nodes: V i: ferromagnetic and normal
Connectors:

I ij = Gji (V i -V j);  N-F: 4 different G
Kirchoff rules: spin and charge conservation

Si I ij =0

Problem:spin-flip scattering does not conserve spin!
Solution:matrix leakagecurrent (extra terminal to present this)



Example: spinExample: spin--flip transistorflip transistor

Source-drain current control by 
magnetization of the base 



FN connectorsFN connectors

• For each FN connector

•• uu project on the magnetization direction



KirchoffKirchoff rulerule
• The rule

• Spin leakage current

• Equation for matrix voltage in the node

• Node = quasi-reservoir



FCS of multiFCS of multi--terminal circuits terminal circuits ……



as a as a circuit theorycircuit theory

• How? Circuit theory for 2x2 matrices

– separate the layout into elements
– in the terminals: voltage + counting field

– conserving 2x2 current = set of Kirchoff rules

– calculate LL ((cc11,,cc22))

•• Direct extension of the common OhmDirect extension of the common Ohm’’ s laws law



One node, N terminals, N One node, N terminals, N 
connectorsconnectors

• In each terminal

• To get Green in the node
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If all junctions are tunnelIf all junctions are tunnel

• Kirchoff rule

• Solution for 2x2

• Generating function


