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QuantumQuantum
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theorytheory



OutlineOutline
•• Quantum nuisances: NegativeQuantum nuisances: Negativeprobabilities probabilities 

and detector and detector feedbackfeedback

•• SuperonductorsSuperonductors

•• Setups for statistics of spin Setups for statistics of spin transferstransfers

•• Quantitative theory of wondersQuantitative theory of wonders
–– statistics of temperature fluctuationsstatistics of temperature fluctuations
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• Pt(N) = CCM

N TN (1-T)M-N

– M = 2eVt/h - number of game slots
– T - odds to win(be transferred)
– R=1 - T  - odds to loose (be reflected)

Quantum transport: Quantum transport: LevitovLevitov
formulaformula

( ) ( / ) ln( exp( ))F eV R Tt ipc c= +�



Why superconductors?Why superconductors?

• What is transferred …
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• How is it transferred?
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• Aim: equilibrium supercurrent



Superconductor: negative Superconductor: negative 
probabilitiesprobabilities

• Model: a (quantum) point contact

• F(cc) = t � dE ln ( 1 + W1 (exp(icc) -1) +W-1 (exp(-icc) -1) +   
W2 (exp(2icc) -1) +W-2 (exp(-2icc) -1))

• Elementary event analysis

Independent in Independent in 
each energy strip each energy strip 
except  except  exactly exactly 
oppositeoppositeenergiesenergies

IndependentIndependent

and and correlatedcorrelated

electron and electron and 
hole transfershole transfers

WW’’ s s -- chances chances 
of  these of  these 
processes (?)processes (?)

No, since they No, since they 
are negativeare negative



Josephson linksJosephson links

• Andreev state too close to band edge => irrelevant
• Tunnel Hamiltonian works good (Ambegaokar, Schon)
• Poisson statistics (!): rare one-electron transfers

–

– P, I(F ) being average noise and current 
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Josephson links: negative probabilityJosephson links: negative probability

• “Interpretation:” two oppositeshot-like 
currents

• Reproduces noise and average current
• P < I : negative probabilitiesnegative probabilities



Interpretation problemInterpretation problem

•• NegativeNegativeprobabilities are impossible to 
measure directly

• Interpretation must be constructive
–– Danger!Danger!Quantum measurement

• So we should connect a detectordetector
• And see what does it show



Detector and density matrixDetector and density matrix

•• SimplestSimplestDetector: big capacitor to store q, 
charge transferred
– Classically: probability P(q)

– Q.M. : density matrix r (q,x)

•• Important: Important: FCSdetermines evolution of this 
density matrix



Quantum notion of FCSQuantum notion of FCS
• FCS= evolution operator

• c, number of counts – conjugated variables (Fourier 
transform)

• Depends on phase difference only  = no Q.M=positive probs
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Bottom line: FCS Bottom line: FCS usefullusefull

Positive Positive probsprobs: identifies elementary events: : identifies elementary events: ““ GOODGOOD”” FCSFCS

Negative Negative probsprobs: : ”” BADBAD”” : detector important, gives all clues  to : detector important, gives all clues  to 
understandunderstand



Setup #1 goalsSetup #1 goals

• Sequential measurements of spin of the same particle
• Is there a projection after each measurement (Stern-

Gerlach)? Obviously not
• Can it be seen in statistics of readings? Less obvious

unpolarized



Detection of spin currentDetection of spin current
without damping itwithout damping it

• Moving magnetic 
dipole= el.dipole

• Induces charge in 
the capacitor

• Neutrons
• Small signal – good 
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Signal and Signal and backactionbackaction

• Signal = voltage in the capacitor

• Backaction = Aharonov-Chasher spin 
dependent phase

• Q,V – canonically conjugated variables

V n Jl= ×
��

/AC Q n SlF = ×
��

�

int
ˆ ˆĤ Q n J n Jl g= - × º ×
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Spin
Counting 

field

Spin 
current



General answer for many General answer for many 
detectorsdetectors

• Given charge FCS

• Spin FCS reads

( ); . . ( ) ( / 2 ) ln( exp( ))F e g F eV R Tt ipc c c= +�

1
({ }) ( ( ) ( ));

2aF F Fg a a= + + -
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Spin 
components 
do not 
commute 
=>

“Bad” FCS

AC phase shifts nested in proper order



Wrong answer: projection Wrong answer: projection 
postulatepostulate

• A unique possibility!
• Assume “projection” after each detector
• “Good” FCS
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OneOne--two detectors:two detectors:
no difference with PPno difference with PP

•• OneOne: each electron gives + or –

•• TwoTwo: either same or opposite counts with
probability

1 2
12,21
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n n
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+ ×
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Three detectors: the differenceThree detectors: the difference
• Three Pauli matrices
• Electron transfer may results in non-diagonal
elements of density matrix of the middle 

detector
• Those “developed” by the next electron 

transfer
• Feedback of middle detector unavoidable:
all results depend on its state

2 2 2 2( , ) ( 1, 1)s s s sr r® + -



How to see the differenceHow to see the difference
• Theoretically: prepare detector in different 

states – get different statistics
• Realistically: a bath providing detector 

dynamics with correlation time tc

• If tc >> e/I, big diff. in forth cumulant

• Volatility clustering

( )2 2 2 2
1 3 1 3/ Pc PS S I e St S� � � � �



Setup Setup ##2 specification2 specification

• Detectors in series –spinspin--sensitive drainssensitive drains
• Does not disturb the current measured
• sorts electrons according to its spin 
• spin to current
• Reveal spin-singlets: entanglement

Ij

{ }Tn

V

GN

g
jGjinjector drainsG G�



EntanglementEntanglement

• Defined by negation

• Q.I.: entanglement as a resource
• Ent. Measure = no observable
• Interesting and useful?
• Spin-singlet pair - entangled

(1) (2)ˆ ˆ ˆ( )j j j
j

pr r r¹ Ä�

­¯ - ¯­



Bell inequalityBell inequality

• Alice and Bob
• Correlation table
• Hidden variable hypothesis

• Bell parameter

• Classical :
• Maximum violation:

( , | , ); ,P a b A B a b= ±

( , | , ) ( ) ( , ) ( , )A BP a b A B M d F a F bl l l= �

,

( , ) ( , | , ); ,
a b

E A B abP a b A B a b= = ±�
1

( ( , ) ( , ') ( ', ) ( ', '))
2

B E A B E A B E A B E A B= + + -

1B <
2B <



Entanglement crusadeEntanglement crusade
• Entanglement observed with photons, not 

with electrons
• Produce spin-singlets

– With superconductors
– With triple quantum dots and four point 

contacts

• Detect: 
– Noise
– Quantum interference



FCS calculation as automated FCS calculation as automated 
interpretationinterpretation

• Circuit theory case
• 4x4 matrices (spin and Keldysh)
• Kirchoff rules to determine the matrix in 

the node
• FCS expression allows for easy 

interpretation
Ij
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Answer for FCSAnswer for FCS
• Drains not spin-sensitive:

• Translation:
– 2eVt/h attempts
– at each attempt electron either transferred (T) or not (R).
Next stage:
– Electron transferred gets to drain i with prob. pi

{ } (0)( ) ( / ) ln ji
i j

drains

F eVt R T p ecc p
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Answer for FCSAnswer for FCS
• Drains are spin-sensitive:

• Translation:
– at each attempt  transferred:

• a. no electron (R2) b. 1 (2TR) c. 2 (T2).

– Next stage
• b. one gets to drains with probs. Pi

• c. two electrons to two drains with probsPi,k

•• The form of  The form of  probsprobs shows: they come in shows: they come in singletssinglets!!
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Probabilities in simple limitProbabilities in simple limit

• Each spin-sensitive drain:
• No net polarization:
• Probabilities:

With net polarization: a bit more complicated

(1 )j jG g s+ ×
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singlet density 

matrix



To measure To measure probsprobs??

• From currents and their correlators!
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Bell experimentBell experiment

• Four drains 
(symmetric)

• “Filter” two-
electron events

• Normalize 
probabilities
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Bell inequalityBell inequality
• Very much like in Bell 

paper
• Difference: efficiency of 

detectors

• Requires polarization
exceeding 84%.
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Towards qualitative theory of Towards qualitative theory of 
wonders:wonders:

Large temperature fluctuationsLarge temperature fluctuations



Cultural and practical referencesCultural and practical references
• We mostly interested in improbable events

Dec. 28, 1594 May 9, 2009



Practical referencesPractical references

• Unfortunately, this interest is practical…



SummarySummary

• Physics: about most probable course?
• Least probable situation

– Conditioned on improbable (hero must win)
– Otherwise most natural

• Physics
– Most probable laws
– Least probable laws

• Calculation framework
– Keldysh formalism
– Extensions in the context of full counting statistics



Formulation of the (exemplary) Formulation of the (exemplary) 
problem problem 

• Island connected to two leads
• Out of equilibrium: leads are biased
• Fast relaxation of electron distribution 

– Full energy = temperature
• In comparison with: heat exchange with the leads 
• Gaussian fluctuations: standard calculation
• Beyond Gaussian: Goal
• To compare with statistics of current

– no infinite time interval
– distribution of physical quantity



SetupSetup



KeldyshKeldyshaction: microscopicaction: microscopic
• Green’s function of the island
• Extended to include counting fields
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cccc counts charge

xxxx counts energy transferred

Contacts contribute to the action =>

S. Pilgram, Phys. Rev. B 69, 
115315 (2004).



ActionAction

• example ballistic junctions

m, c -fast variables, integrate out

{ }( ( ), ( ), ( ), ( ))cA dt Q E S t T t t tc mcx x= + +� ��
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Storage terms Junction terms



PseudoPseudo--Hamiltonian formHamiltonian form

• extremum:

• "energy" conservation along the trajectories
• 0 - related to most or least probable physics
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The essence of itThe essence of it



Relaxation and antiRelaxation and anti--relaxationrelaxation

• B: relaxation: motion to the most probable point

• A: antirelaxation: motion away the most probable point

x =0

x implicit, n.e. 0

1
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Microscopic reversibility?Microscopic reversibility?

• Simplest hypothesis

• Same trajectory, different directions of 
motion
– near equilibrium

– Generally for thermal equilibrium?
– Langevin noise

( ) ( ); ?B A

dT
f T f T

dt
= = -



Results: distributionResults: distribution
• Simple equilibrium example

• Sets the scale ln ( / )B a
a

I
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Temperature bias, tunnel

Equilibrium

Voltage bias, tunnel

Voltage bias, ballistic



Results: timeResults: time--lineline

• ZeroT leads, voltage bias applied

Temperature surge

xxxx measures improbability



TimeTime--line currentsline currents

Electric current through  
the island

Heat current to the island



ConclusionsConclusions

• Statististic of huge temperature fluctuations
• Exemplary system
• Simple anti-relaxation law governs
• That has to be a property of many systems
• Towards theory of wonders:)


