INTERTWINING CERTAIN FRACTIONAL DERIVATIVES

PIERRE PATIE AND THOMAS SIMON

ABSTRACT. We obtain an intertwining relation between some Riemann-Liouville operators of
order o € (1,2), connecting through a certain multiplicative identity in law the one-dimensional
marginals of reflected completely asymmetric a—stable Lévy processes. An alternative ap-
proach based on recurrent extensions of positive self-similar Markov processes and exponential
functionals of Lévy processes is also discussed.

1. INTRODUCTION AND STATEMENT OF THE RESULT

Consider for every a € (1,2) the following operators acting on functions from R to R:

f (x —t)* / fOt —z)t-
DY ' f(x) = "t d D*f(z) = dt
dx/ r'2-—a) an dz? r'2-a) ’

for every > 0. The operator D‘j‘_‘l is known as the left-sided Riemann-Liouville (RL) derivative
of index a—1 and D% as the right-sided RL derivative of index a.. Recently, RL derivatives have
appeared in various domains of analysis and probability and we refer to Chapter 2 in [15] for a
detailed account on them, as well as on other fractional operators. From the analytical viewpoint,
RL derivatives extend in a non-local fashion the derivatives of integer order - see (2.2.5) in [15].
To name but one classical example of the occurrence of RL derivatives in probability, we recall
that
DY — D2 o U2—a

where D is the usual derivative and U?~% the potential associated to the standard (2 — «)-stable
subordinator - see e.g. Exercise (1.6) in [5]. Consider now the operator

A I

ALf(w) = (Df' o D)f(z) = - o T@E-0a)

Notice first that it differs from D o D?™' = D¢ - see (2.2.29) in [15] for this latter equality -
where DY is the left-sided RL derivative of index o which is analogously defined by

ft)(z—t)t
D¢ = dt.
H dx? /

N2 -—o)
Indeed, an integration by parts shows that for every x > 0

X

(1.1) Dif(z) = ALf(z) + Ti-a)

f(0).
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Another fractional operator related to A¢ is the so-called Caputo a-fractional derivative which
is given by

D) = e [, PO -

see section 2.4 in [15]. A similar integration by parts shows that
x

I )
For any « € (1,2), let V, be the multiplicative kernel acting on functions from Rt to R by
Vof(z) = E[f(zVa)],

where V,, is a positive random variable having the density
(—sinmTa)t*2(1 + t)
(2> — 2t* cosam + 1)

l—«

(1.2) AYfx) = “Dif(z) +

vo(t) =

- it will be checked soon afterwards that v, is indeed a density function on RT. Setting C? for
the set of twice continuously differentiable functions Rt — R such that f’ and f” are bounded,
consider finally the following domain

D = {f eC}? such that f/(0)=0and3Iy>2—a / lim z7(|f(z)|+|f"(x))]) = 0}.

—+o00

Observe that if f € D, then necessarily 3v > 2 —«a / lim,—, 400 27| f/(x)] = 0 as well, which can
be checked from the decomposition
z+1

flrt1) = f(@) + fl@) + / (41— ) f"(y)dy.

x
It is also easily seen that D® and V, are well-defined on D, and it will be proved in the next
section that AY is well-defined on V(D). Our main result is the following intertwining relation
between A and D:

Theorem. For any f € D, one has
AYVof = VuD2f.

Intertwining relations between Markov processes have some history and we refer to [8, 13] for a
probabilistic account as well as various examples and applications, and to [4] for a group-theoretic
approach. See also [18] for a particular study related to Dunkl-type operators. Though expressed
in analytical terms, our result falls within the Markovian framework. It was observed in [1] that
AY (resp. D?) is the infinitesimal generator of the spectrally positive (resp. spectrally negative)
a—stable Lévy process reflected at its running supremum. It might be interesting to mention
that although the underlying stable Lévy processes are in classical duality, this is no more the
case for the reflected processes, so that our result can be viewed as a kind of twisted duality
relationship for the latter. This relationship makes it possible to establish a connection between
eigenfunctions: if hy is such that D*h, = qhy, viz. hy is a g—eigenfunction for D, then it is clear
that Vo hg is a g—eigenfunction for A¢. In particular, if X is the Markov process associated with
A%, then e~ %Vohy(Xy) is a local martingale. Similarly, one can transform excessive functions
for D¢ into excessive functions for A%. Notice, however, that the above transformations work
only in one direction since the intertwining relation is no necessarily symmetric: one cannot
deduce from our result that there exists another Markovian kernel V, such that DV, = V| Ag.
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The proof of the theorem hinges upon the well-known criterion given in the Proposition 3.2
of [7] and an identity in law connecting the running suprema of completely asymmetric stable
processes which was recently obtained in [27], involving the positive variable T,, with density

(—sinwa)(1 + t1/)
ma(t? — 2tcosar + 1)

Notice in passing that our above function v, is the density of the variable Ty, Y “ hence it is a
density function. Some particular attention is paid to the functional domain upon which the
intertwining relation holds and the set D, which we borrowed from [1], appears to be a reasonable
and not too small candidate. With the help of some Suprun-type formulse for the resolvent
of spectrally one-sided Lévy processes which has been derived in [23], we can also identify the
Fellerian domains of A and D?. In theory, those Fellerian domains yield an optimal formulation
for the theorem, although they do not seem very tractable.

In Section 3 we discuss another approach which consists in interpreting the stable process
reflected at its infimum as the unique self-similar recurrent extension leaving 0 continuously
of the stable process killed when it enters the negative half-line. This identification has been
roughly explained in Example 3 of [25] and here we can also check analytically that these two
Feller processes have the same infinitesimal generators. Along the way, this gives an entirely
different proof of all the results contained in the Appendix of [1]. An independent proof of the
identity in law between suprema of completely asymmetric stable processes, which is the key-
argument for the theorem, is also proposed, involving some closed formulz for the exponential
functionals of certain Lévy processes which has been established in [21, 22]. Though overall a
bit lengthier, this second point of view shows that our intertwining relationship is coherent with
several apparently disconnected identities.

To conclude this introduction, we stress that the positive random variable Zg with density

(—sinma) sin /3

m(la—1)(t2 —2tcosar +1)  7B(t2 + 2tcos fr + 1)

where f = a—1 € (0, 1), which can be viewed as a cut off Cauchy variable, has already occurred in
several distinct areas of the literature, especially through its power transforms Yz = Zé/ P See for
instance Formula XI.11.6 in [29] for connections with the S-fractional power of linear operators,
Theorem 1.1 and Theorem 1.2 in [16] for mixture representations of the Linnik and Mittag-Leffler
distributions of index (3, and more general geometric stable distributions, or Exercise 4.21 (3) in
[9] which shows that Y3 has the same law as the independent quotient of two standard positive
B—stable laws. The above variables V,, and T, are less classical than Zz but one may of course
wonder if they are not particular instances of a family of positive variables connecting suprema
of general stable processes in duality, or a broader class of fractional operators than the one we
consider in the present article. We plan to tackle this question in some future research.

2. PROOF OF THE THEOREM

Let (Z,P) be a spectrally negative stable Lévy process of index a € (1,2) starting at 0, with
Lévy density

‘y’—(a+1)
Va(y) = ml{y«)},
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so that the Lévy-Khintchine formula reads
(2.1) E [e’\Zt} = "

for every t, A > 0. See e.g. Chapters VII & VIII in [2] for an account on completely asymmet-
ric stable processes. Setting S; = sup{Zs, s < t} for the associated running supremum and
introducing

T, =inf{t > 0,Z; = x} = inf{t > 0,5, = =},
recall that T, < ST % is a standard positive (1/a)-stable law, viz.

1/«
E{e’\Tl] = e

for every A > 0. Denoting by I; = inf{Z,, s < t} the running infimum, consider the reflected
processes

Xt:St—Zt and Xt:Zt—It.

Notice that if Z = —Z is the dual process and if Y; = S, — Zy and Y, = Z, — I, are the
corresponding reflected processes, then Y = X and Y = X. It is a basic fact from fluctuation
theory - see e.g. Proposition VI.1 in [2] - that X and X are Feller processes and we will denote
by P, resp. P, their laws starting from x > 0. The infinitesimal generators L and L of X and
e respectively have recently been expressed in [1], in three different forms. We recall that by
definition

B [f(Xy)] — f(@) ; Bl [f(X)] - f(=)
(2.2) Lf(z) = P—I}é n resp. Lf(x) = %E)I(l) ”

for every continuous function f: R* — R such that the limit in the right-hand side of the first
(resp. second) equality exists uniformly. Let us denote by Dom L (resp. Dom L) the set of

functions where the above limit exists. Choosing then Riemann-Liouville’s form in Proposition
A.1 of [1], one has D C Dom L and

Lf(x) = D*f(z), x>0,
for every f € D. Besides, one has
Lf(z) = AYf(z), >0,

for every f € Cf such that f’(0) = 0. The next proposition shows that A% is well-defined on
V(D) so that the statement of our theorem makes sense:

Proposition 2.1. One has V(D) € Dom L.

Proof. Since v, (t) is of order t~(1+2) one sees by dominated convergence that for any f € D,
the function V,f is continuously differentiable on R* with bounded derivative

Val) (@) = E[Vaf'(zVa)]

- whence in particular (V,f)’(0) = 0, and twice continuously differentiable on (0, +00) with
second derivative

Val)'(z) = EVZf"(@Va)], = >0.



INTERTWINING FRACTIONAL DERIVATIVES 5

On the other hand, the right-hand side in the above equality might not be bounded when x — 0
because E[V?] = 4+o00. An easy change of variable shows however that for every f € D, the
quantity

(7 A1) /Ooo(tl—a A1) f"(xt)dt

remains bounded on (0, +00) for some v < 2—q, so that (z7A1)(V, f)”(z) is bounded on (0, +00).
Hence, we need to show that in Proposition 4 of [1], the global boundedness assumption on F”
can be relaxed into (27 A 1)F”(z) bounded on (0, 400) for some v € [0,2 — ). A perusal of the
proof shows that it is indeed the case: the relaxed condition changes namely the right-hand side
of the second inequality in (4.11) therein into

t
CuE, [ / (Y270 4 Y2707) ds
0

for some positive finite constant C,, where P, stands for the law of Y (with their notation for
Y, which matches ours) starting at y > 0. Using self-similarity, the expectation is then bounded
by
CL(By[YE ]+ Ey[Y7 ")) < Cop By Y77
for some other positive finite constants C},,Cy . Notice now by the Feller property and the
identification Y = X that the law of ¥ under P,, is that of the process {Z; + (yV (—=1I1)), t > 0}
under P. Since 0 < 2 —a < 1 < «, one has e.g. from Proposition VIII.4 in [2] and the comment
thereafter
E,[Y7%) = E[ST™°] + E[(y vV (~11))*™°] < +oo,

which was already used in [1]. All of this shows that (4.12) in [1] remains unchanged for F' under
the relaxed condition, which entails exactly as in [1] that the limit in the right-hand side of (2.2)
exists pointwise for any f € V, (D). To finish the proof, notice first by the Feller property that
the transition densities of X form a strongly continuous contraction semigroup on the Banach
space of continuous functions RT — R tending to 0 at infinity, to which belongs V, (D). Hence,
one can apply the whole semigroup theory recalled e.g. in Section 31 of [26]. In particular, a
result of K. Itd - see Lemma 31.7 in [26] - shows that the limit in the right-hand side of (2.2) is

actually uniform for any f € V, (D), whence f € Dom L as desired.
]

Let us now consider the Fellerian domains of L and L. Setting Co for the set of continuous
functions RT™ — R tending to 0 at infinity, the Feller property states that both functions

= E[f(Xy)] and z — E.[f(X))]

are in Cy whenever f € Cp. The Fellerian domains of L and L, which we denote respectively

by D(L) and D(L) are made out of those functions in Cy such that the limits in (2.2) exist
uniformly - see e.g. Definition VII (1.1) in [24]. Tt is well-known from semigroup theory - see
e.g. Proposition VII (1.4) in [24] - that

(2.3) D(L) = Uy(Co) and D(L) = Uy(Co)

for any ¢ > 0, where Uy, ﬁq are the resolvent operators defined by

U, f(x) = /O T B, [f(X)dt and U, f(z) = /0 et [F(R,)] dt.
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It follows from the definitions that
DomL N Cy = D(L) and DomL N Cy = D(L).

The next proposition gives a full description of D(L) and D(L) in terms of the functions F,(z) =
E,(z%) and its derivatives, where E, is the Mittag-Leffler function of index « which is defined
by

oo
xTL

Eal) = z:o I'(an + 1)‘

For every f € Cy, introduce the further notation
= e i (y)dy.
Proposition 2.2. One has D(L) = {x > A\;F.(x) — F., % f(z), f€Co} and
o) = {or e ["FWi0a + [T R - P - Dt Tea).

Proof. Let us start with D(L) = U'(Cy). The resolvent density of X = Y killed when entering
the half-line (a, c0) has been computed for every a > 0 in [23], Theorem 1 (i). It is given by the

formula

W) (4
o) = Zrd Wha—2) = W=y

where, in our particular framework, Z)(z) = F,(z) and W) (z) = F/(z). It was proved in
Theorem 1 of [27] that the function F,, — F], is completely monotone, so that in particular
F,(x) — Fl(z) — 0 as x — +oo which, together with Formula 18.1 (10) in [10], entails

WM (a - y)

700 (@) — e Y asa— +oo,

for every y > 0. By monotone convergence, letting a — +o00 shows that the density of U is

Wt (z,y) = e VF, () — Fo(z = y)ly<ay

whence

7'fe) = ([ riwan) fato) - [ Fe - 0is = AFao) - Fis £ (o)
for every f € Cyp and x > 0, which is the required identification for D(ﬁ)

Before identifying D(L) = U'(Co), let us check that the two integrals in the definition are
well-defined for every f € Cyp and x > 0 : the convergence of the proper integral comes from the
easily shown behavior F(y) ~ (o — 1)y®~2/T'(2a) as y — 0, and the existence of the improper
one is proved in combining several times formulee (6) and (43) in [12], which yield

aF!(z) = €& + 0(z"04%) and aF"(z) = ¢* + O(z~ %),
as z — +o00. The latter asymptotics also entail, with the notations of [23],

W (a —z) F!(a—2) _w
, = — e as a — +00.
WJ(rl) (a) Fy(a)
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Since moreover W (0) = F/(0) = 0, one obtains from Theorem 1 (ii) in [23] and monotone
convergence the following expression for the density of Uy :

u'(z,y) = e Fl(y) — Fi(y—2)lgsq,

whence, as above, the desired expression for D(L).
U

Remarks 2.3. (a) If g = U'f € D(L), then g(0) = X 7 and g is continuously differentiable on
R with derivative ¢'(x) = A\;F/(z) — F/ % f(x), so that in particular ¢’(0) = 0. On the other
hand, choosing f non differentiable shows that D(I:) contains functions which are not C2, as
of course might be expected from the expression of L. See Chapter 2 in [15] for more material
concerning the domains of Riemann-Liouville derivatives.

(b) If g = U'f € D(L), then

o0) = [ (FLw) - Fw) )y
and g is continuously differentiable on R™ with derivative

i@ = [ Ey - - B0y — e [ Fla,

0

so that in particular ¢’(0) = 0. Again, D(L) contains functions which are not C2.

End of the proof. We will use the inclusion (2) = (3) in the Proposition 3.2 of [7]. We already
know that X and X are Feller processes and it follows easily from the (1/a)—self-similarity of
Z that they are also (1/«)—self-similar Markov processes. More precisely, one has

d b5y d oo
(X P,) = (X,Py;) and (X°,P,) = (X,Py,)

for every b > 0, with X? = bX} o, and an analogous notation for X?. Since o = 1, this shows
that they are not semi-stable Markov processes viz. 1-self-similar Markov processes - see (1.b)
in [7]. However, a perusal of the proof of Proposition 3.2 in [7] shows that its statement remains
unchanged when considering (1/a)—self-similar Markov processes for every o > 0 and not just
a=1.

We next show that the distribution of X is determinate under Py, with the notation of [7].
From e.g. Proposition V1.3 in [2], the law of X; under P is that of S; under P. Hence, taking
the Laplace transforms, we need to show that if f, g € Cy are such that

(2.4) E [/ e M F(Sy) dt} =E {/ e Mg(Sy) dt}
0 0

for every A > 0, then f = g. The latter is a basic property of (1/a)—stable subordinators but we

will give some details for the reader’s comfort. Recalling the notation T, = inf{t > 0, Z; = x}

for every x > 0, we know that {7}, > 0} is a standard (1/«)-stable subordinator since Z has

no positive jumps. Besides, one has Leb (RT — Uy>0(Ty—,Ty)) = 0 a.s. - see e.g. the beginning

of Section IIL5 in [2], so that (2.4) entails

Z f(:E)e—)\Tz, (1 _ e_)‘AT””)

x>0

E =E

Zg(:p)e—)\Tz, (1 _ e_)‘AT”” )] )
x>0
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The so-called Master’s Formula - see e.g. Proposition XII (1.10) in [24] - yields then

0 AT, 01 _ e—)\u B 00 AT, 01 e—)\u
E [/0 f(z)e </€a/0 Wdu) dm} =E {/0 g(x)e </£a/0 i du) daz]

where ko = 1/al'(1 — 1/a) is the normalization constant of the Lévy measure of {T, x > 0}.

This entails - -
/ f(m)e_)‘l/%dx = / g(m)e_)‘l/axdx
0 0

and the required identification f = g by inversion of the Laplace transforms.
Last, we see from Proposition VI. 3 in [2] and Formula (9) in [27] (beware the inverse notations)
that

XliﬁliTOjl/“xsliVaxsliVaxXl,

where the identity T, la d V. was mentioned in the introduction and follows from a change

of variable. Putting everything together, Proposition 3.2 in [7] shows that ATV, f = VoD f

A

for every f € D(L) such that V,f € D(L). Supposing now that f € D C Dom L NCy = D(L),
Proposition 2.1 shows that V, f € Dom L and it fgllows immediately from dominated convergence
that V, f € Cy. Hence, V, f € Dom L NCy = D(L) and we have shown

AMVof = VuDf

for every f € D, as required.

Remarks 2.4. (a) The intertwining relationship
“DYVaf = VaD* f
also holds over D because of the identity (1.2). Actually, since f/(0) = 0 for every f € D(L),
the operator CD?‘r coincides with the generator L of X.
(b) As mentioned during the proof, Proposition 3.2 in [7] shows that
AVof = VoDOf

holds for every f € D(L) such that V,f € D(L). The domains D(L) and D(L) have been
identified in Proposition 2.2 and allow less regular functions than D but their formulations are
unfortunately not very tractable, contrary to D.

3. ANOTHER APPROACH WITH RECURRENT EXTENSIONS

The purpose of this section is two-fold. First, we will give another proof of the identifications
L=D%and L = AY, viewing the reflected process X (resp. X ) as a recurrent extension of the
process Z (resp. Z) killed when entering the negative half-line, and using the classical expression
of the infinitesimal generator of the unkilled stable Lévy process. Actually the approach works
for every strictly stable process Z such that |Z] is not a subordinator, making it possible to
retrieve the whole Appendix of [1]. Second, we will derive a proof of the identity

(3.1) Xl g Va X Xl,

which is independent of [27] and relies upon closed expressions for the densities of exponential
functional of certain spectrally negative Lévy processes that has been carried out in [21, 22].
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3.1. Retrieving the generators of reflected stable processes. Let (Z,Q,) be a strictly
stable Lévy process of index a € (0,2) such that |Z| is not a subordinator, starting from = € R.
We refer e.g. to Chapter VIII in [2] for details. The density of the Lévy measure is

v(y) = ery Mgsoy + eyl T a0,
where ¢4, c_ are nonnegative constants such that c; + c— > 0. When a = 1 we suppose that
Z is a symmetric Cauchy process viz. ¢ = c_ = ¢ > 0. Again, we will use the notations
Sy = sup{Zs, s < t}, I} = inf{Z;, s < t}, Xy = Sy — Z; and Xy = Z; — I;. Setting also T' =
inf{t > 0, Z; <0}, consider now the killed process

Again, since (T, Q) 4 (T, Qy) for every & > 0, one sees that (R, Q) is a positive (1/a)—self-
similar Markov processes, viz. a Feller process taking values in Rt (here, with 0 as an absorbing
state) and fulfilling the scaling property

(R, Q) £ (R,Qu)

for every b > 0, with the notation R? = bRja,. As noticed in Example 3 of [25], the reflected
process (X , I@)m) (with P, defined analogously as in the preceding section) can be viewed as the
unique self-similar recurrent extension of (R,Q,) leaving 0 continuously. Roughly speaking,
for every > 0 those two processes have the same law until the a.s. finite time T resp.
[ = inf{t > 0, X, < 0} but 0 is a regular boundary point for X , which is left instantaneously
and continuously. The Feller process X has also infinite lifetime. See [11, 25] for precise accounts
on recurrent extensions.

We now identify the generator R of the reflected process X viewed as a recurrent extension
of R, retrieving in a unified manner all the results contained in the Appendix of [1]. Beware
that since we consider the process reflected at its infimum, our notation is reverse to that of [1].
As in Section 2, we set (Uq)qZO for the resolvent of X. For every a € (0,1) and f € D, we use
the same notations

fia) = fae-a, 4 =iot-ge
Doft) = dx2/ T2 —a) ~at - d:n/m Ta)
and ) " |
a f o B _i IM
Difle) = da;2/ 2 —a) dt = dz J, al(—a) dt.
Proposition 3.1 (Bernyk-Dalang-Peskir). For every f € D and x > 0, one has
Rf(z) = I(—a)(c—DS f(x) + e D* f(z)) + %:ILO)
if o # 1, and
(s o)+ 29
if a = 1.

Proof. Fix f € D and = > 0. For every M > 0, define fj; over R in setting fas(z) = f(z)
for every x > 0, fa(z) = f(0) for every —M < x < 0, and letting fy;(x) — 0 smoothly as
x — —oo. Then fy € C (R) except possibly at zero Where its left and right second derivatives
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are bounded, and fys(x) — 0 as |z| — +o00. Besides, with an abuse of notation, one can write
Rf(x) = Rfy(x) for every M > 0. Introducing the resolvent of R

Uyg(z) = /0 e 'R, [g(Zt)l{T>t}] dt
for every ¢,z > 0 and g : R — R measurable, Theorem 2 (i) in [25] yields

(3.2) Upfu(z) = Ugfu() + Bele™ ] Uy far(0).
Recall from semigroup theory - see e.g. Exercise VII (1.15) in [24] - that

Jim ¢*Ugfur(@) = afu(@) = Rfu() = Rf (@),
which altogether with the notation 7} = inf{t > 0, Zy > 1} entails

Rf(z) = lim(¢*Ugfu(@) = aful@) + ¢Uyfr(0)E[e™")).

On the one hand, one has lim, o qU,far(0) = far(0) = f(0) by dominated convergence.
On the other hand, it follows from duality and self-similarity that E, [e=9T] = Eole9%s] =
Eo[e~%*"T1] for any ¢ > 0. This entails

Rf(x) = lim (¢*Ugfu(x) — afmlz) + a7 f(0)qEole™""]).
Proposition VIII.4 in [2], self-similarity and the Tauberian theorem quoted in [2] p. 10 give

lim qu[e_qfl] =K
q—00

for some possibly vanishing, explicit constant . This yields

rf(0)

xOL

Rf(z) = (*Ugf(z) — af(x)) +

lim
q-)OO
and it remains to identify the limit on the right-hand side. Decomposing and changing the
variable, one obtains

PULfr(o) = afu(e) = @ [ B (Z0)it — af(o) — [ ret (FHLAEL ] 4,

0
By the same discussion as above, the Markov property at time 7" and the a.s. right-continuity
of t — Z; at zero one has, recalling fy/(xz) = f(0) for every —M < x <0,

E, Zig)1
O _ Ly < tmint [f31(Zesg) Lir<t/q)]
e q—+00 t/q
E, Zi1g)1
< limsup tZija) iy < +/(0) + (M)
qg——+00 t/q 2

for every t > 0 and the same constant x as above, with e(M) — 0 as M — oo. By Fatou’s
theorem, this entails
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0 E, Zi1g)1
O o) < timint te_t< r(Zijo) {T<t/q}]>dt
x® =+ J t/q
0 E, Zi1g)1
< limsup/ te_t< a(Zijo) {T<t/q}]> dt < ~/(0) + e(M).
g—+o0 Jo t/q e

One the other hand, again from the resolvent equation,

¢ [ Rz — af@) = ¢ [ VEA(Z0NE — afule) = Lfu()
as ¢ — +00, where £ is the infinitesimal generator of Z. Indeed, one has fy; € C?(R) except
possibly at zero where its left and right second derivatives are bounded and fy;(z) — 0 as
|z| — 400, so that fas € D(L), as can be seen readily from the proof of Theorem 31.5 in [26].
Supposing first 1 < a < 2, one has from the Lévy-Khintchine formula

Chu(z) = /R (ure +9) — Farl@) — ufo (@) (v)dy

- cf'(z)
— (f(0) = f(z)) + o= Dzo T

axr®

= [ U= 1@ )y +

n /0 Sty - 1) — )y + <(30).

Letting M — 400, putting everything together and using the change of variable mentioned in
[1] involving the assumption f € D, one obtains

Rf(x) = Lf(x) = T(~a)(c_DS f(z) +cyD*f(x)) + C;iiO)

as desired. The cases a = 1 and 0 < a < 1 are analogous and left to the reader.

0

Remarks 3.2. (a) The above constant k can be identified as ¢ /a, see Lemma 3.1 in [6] and the
references therein. The value of this constant does not play any role here, but it is interesting
to note that it is exactly the same as the one extracted from the Lévy-Khintchine formula in
the above proof.

(b) As in the proof of Proposition 2.1, it is possible to relax the condition f € D. For example
when a € (1,2) the global boundedness condition on f” can be changed into (27 A 1)f"(z)
bounded on (0, 400) for some v < 2 — o, and when « € (0, 1) the global boundedness condition
on f’ can be changed into (z7 A1) f’(z) bounded on (0, +0o0) for some v < 1 — «. This is readily
seen from the Lévy-Khintchine formula and the proof of Theorem 31.5 in [26].

(c) With recurrent extensions, it is also possible to give an alternative proof to Proposition
2.2. Suppose as in Section 2 that a € (1,2) and that Z has no positive jumps. By (3.2), a

function is in D(L) iff it can be written
01f(z) = Uif(e) + Bl "]01f(0)

for some f € Cy. By self-similarity and Formula (7) in [27] - see also the references therein, we
find first .
E.[e”T] = Eole ™"t = F,(z) — F/(z).
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The term U f(z) can be handled with Suprun’s formula. Specifically, letting a — +oo in
Theorem 1 of [3] and using the discussion made after Theorem 2 therein, we obtain

([ ersom) rie) - [ R -y
= MFi(z) — Foxf ()

U, f(x)

with the notation of Proposition 2.2. Last, we compute

U f(0) = E UOOO e_tf(Zt—It)dt] =E [/Oooe_tf(St)dt} = )y

where the last equality follows from the discussion after (2.4), paying here attention to the
normalizing constants. Putting everything together yields the expression for D(L) given in
Proposition 2.2. The formula for D(L) follows the same way, letting a,z,y — 400 with a — z

and a — y constant in Theorem 1 of [3] and identifying

B [T = [T - m) i
We omit the details.

3.2. Second proof of the theorem. In this paragraph we obtain a new proof of the identity
(3.1) which does not depend on the results of [27] but on Mellin inversion. More precisely, we
will show that

(3-3) Eo[X}] = E[Va] x Eo[X7]

for every s € (1 — «, ), which is plainly enough to get (3.1). We start with the fractional
moments of the random variable V,,, a computation that could have been made directly by the
residue theorem but since most of the argument was already carried out in [28] for some other
purposes, we take the opportunity to shorten the proof.

Lemma 3.3. For every s € (1 — a, ), one has

o sin(7/a) sin(7s) .
E[Vy] = asin(ms/a)sin(mw(1 — s)/a)

Proof. By equation (3) in [27] we know that the function

(—sinma)t¥ (1 +¢)
(2> — 2t* cos T + 1)

foe(t) =

is a probability density over RT. The fractional moments of the corresponding random variable
Y, can be computed with the help of the beginning of the proof of Proposition 4 in [28] and a
change of variable: one finds

sin(m/a) sin(7s)

E[Y5] = asin(ms/a)sin(m(1 + s)/a)

07

for every s € (—a, a — 1). Notice that making s = —1 entails

/oofua(t)dt = E[y, 1] = 1,
0
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which shows that v, is a probability density with an argument slightly different from the intro-
duction. Finally, the fractional moments of V,, are given by

sin(m/a) sin(7s)
asin(rs/a)sin(m(1 — s)/a)

E[VS] = E[Y;™) =

67

for every s € (1 — o, ).
O

To compute the fractional moments of X; under Py, we will need more material on recurrent
extensions and exponential functional of Lévy processes. With the notations of Section 2, let
Z = —Z be the dual process and P, its law starting at = > 0. Introducing the stopping time

= inf{s > 0, Z, < 0}, consider the positive (1/a)—self-similar Feller process

Rt == Zt]‘{T>t}'

The well-known Lamperti transformation [17] shows that the process defined & = log }?Tt for
every t < T, with the notation

T = inf{s>0, / ]A%,Tadr>t},
0

is a Lévy process starting at log z. Its Lévy-Khintchine exponent v which is defined by
Eleé] = ™)

for every A > 0 - recall that é has no negative jumps so that the above expectation is finite,
has been computed in [6] in terms of a certain improper integral. The next lemma gives a more
tractable formulation in terms of Gamma functions.

Lemma 3.4. With the normalization of Section 2, one has (\) = T'(A 4+ «)/T'(N).
Proof. By Corollary 1 in [6] and Theorem 2.4 of [19], one has

+00 e
PY(A) = ®(iN) = m + /0 (6_)‘9 — 1+ A — 1)1{ey<2})r(_a)(:ydy_ 1)1+a

- [ (g )
1 A a—1 _ _ 1 a=2 _
- <(y r<i)§><1—y§ga D)‘“’ =y (r(—yam —1y>a>dy
o 1 a—2 _
- F(?&) - <a—1?r<—a> " )\/0 <r<—ya><1 —1y>a>dy

where we have used several changes of variable. The last integral can be computed with the
help of Formula (2.3) in [19]: one gets

yielding the desired formula for w. O
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Remark 3.5. Supposing now that Z has positive jumps with the notations of Paragraph 3.1,
an analogous simplification of Corollary 1 in [6] with Theorem 2.4 of [19] shows the following

general formula for the Lévy-Khintchine exponent of the Lévy process associated to R by the
Lamperti transformation:

P(A) = D(=a)(e-TA+a)/T(A) + ¢, T(1 = A)/T(1 = (a+ 1))

for every A € (—a,1). Setting 6 = inf{\A > 0: (—\) = 0}, a simple analysis shows then that
0 = ap = a1l — p) where p is the asymmetry coefficient of Z, which can also be checked in
considering the invariant function of R - see again Example 3 in [25].

Setting now
- = inf{A>0, ¥(=\) =0} =1 < q,

Theorem 2 in [25] shows the existence of a unique recurrent extension for R leaving 0 continu-
ously, whose resolvent (U, )4>0 is characterized by the formula

aq—l/a

— _ >~ a—2 e 4 I
(3.4) U0 = e [ R

for any positive measurable function f, where

(3.5) I_ :/ e ds
0

and £~ is a spectrally negative Lévy process with Laplace exponent

B-0) = vlar-00) = vlar-1) = SIS

As mentioned in Example 3 of [25], this recurrent extension is the process X, and with the help
of this identification we can now compute the fractional moments of Xj:

Proposition 3.6. For any s € (1 — a, «), one has

o sin(7/a) sin(7s)['(s + 1) .
o) = T 7a+ 1) sin(rs/a) sin(e(1 — 5)/a)

Proof. Let us first connect the moments of X; under Py to those of I_. Introducing the positive
measurable function pgs(t) =t over R, for every s € (1 — a, ) one has

qs/a+1

Eo[X?] ) /0 e~/ R [ X{)dt

I'(s/a+1
s/a+1 0o S/a-l-lU— s 0
- / MR [Xgldt = e o
I'(s/a+1) Jo I'(s/a+1)

where the second equality comes from self-similarity and the third from the fact that the resolvent
of X is (U, )¢>0. From (3.4) and after some simplifications, this entails

T(1 4 (s — 1)/a)E[- 06D/

Eo[X7] = I'(1—1/a)(s/a + 1)E[Ii/a_1]
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for any s € (1 —a, ). On the other hand, from Theorem 2.1 and Formula (2.1) in [21] - with our
notation which entails v = 1/« therein, see [22] for details - we know that the density function
f— of I_ has the alternate series representation

f_(t) — Ca i(_l)n <F(TL +1+ 1/()4)) t—n+1+1/a7 t> 07
n=0

I(a(n+1))

where C, is a positive constant to be determined below. This representation of the density
prevents from computing the fractional moments of I_ by direct integration. Instead, one can
use a so-called Mellin-Barnes integral representation of f_, which is obtained simply after a
contour integration along a big half-circle in the half-plane z > —1 - see e.g. Section 3.4 in [14]
for details. For any ¢ € (—1,0) one has

Ca ctico (P(s +1+1/a)l(s+ 1)F(—s)> s Hlt1/a g
27 I(a(s+1))
Co [ (r(s)r(s —1/a)D(—s+1+ 1/a)> sds
271 J o Zioo I'(as—1)
after a change of variable and taking any ¢ € (1/a,1 4+ 1/a). The inversion formula for the
Mellin transform - see e.g. formula (3.1.5) in [14] - entails then
Mis+1)I'(s+1—-1/a)(-s+1/a)

Ia(s+1)—1)
for every s € (—141/a, 1/a). Notice in passing, though we shall not need this, that making s = 0

allows also to compute Cp, = I'(aw —1)/(I'(1 — 1/a)T'(1/c)). After some simple transformations,
we finally deduce that for any s € (1 — a, @),

Eo[X3] = F1+(s—1)/a)T'((1 = s)/a)T(—s/a) _ sin(m/a) sin(ms)I'(s + 1) .
! al'(1 —=1/a)T(1/a)T(—s) al'(s/a+ 1) sin(ms/a) sin(w(1 — s)/)

0

[~ =

c—ico

E[I*] = C.

End of the proof. The property that the law of X; under Py is that of S 4 T, e under P
and a well-known, aforementioned moment formula for 77 entails
I(s+1)
I(s/a+1)
for every s > —1, so that (3.3) simply follows from Lemma 3.3 and Proposition 3.6.

Eo[X}] =
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