
ON THE JOINT LAW OF THE L1 AND L2 NORMS OF A 3-DIMENSIONAL
BESSEL BRIDGE

L. ALILI AND P. PATIE

Abstract. We give an analytical expression for the joint Laplace transform of the L1 and L2

norms of a 3-dimensional Bessel bridge. We derive the results by using merely probabilistic
arguments. More precisely we show that the law of this functional is closely connected with the
one of the first passage time of an Ornstein Uhlenbeck process. The motivation for studying
such problem are multiple. As an instance, they include the computation of the density of the
first passage time of Brownian motion over some moving boundaries such as the square root
and the quadratic ones.

1. Introduction

Let (rs, s ≤ t) be a 3-dimensional Bessel bridge over the interval [0, t] between x and y, where
x, y are some positive reals and t is a fixed time horizon. Introduce the couple of random
variables

(1.1)
(
N

(1)
t (r), N (2)

t (r)
)

=
(∫ t

0
rsds,

∫ t

0
r2
sds

)
.

In this paper, we aim to compute explicitly its joint Laplace transform. Let (Wt, t ≥ 0) be
a standard real-valued Brownian motion started at x ∈ R and set H

(λ)
a = inf{s ≥ 0; Ws =

a
√

1 + 2λs}, where λ > 0 and a ∈ R. Doob’s transform allows to relate H
(λ)
a to the hitting

time of the same level a by an Ornstein-Uhlenbeck process with parameter λ. That is with
σa = inf{s ≥ 0; Us = a} and

(1.2) Ut = e−λt

(
x +

∫ t

0
eλsdBs

)
, t ≥ 0,

where B is another real-valued Brownian motion defined on the same probability space, we have
Ha = 1

2λ log (1 + 2λσa) almost surely. We shall see that the determination of the distribution of
σa, or equivalently that of Ha, amounts to the study of the joint distribution of the L1 and L2

norms of a 3-dimensional Bessel bridge. While we are interested in the joint law, we mention
that there is a substantial literature devoted to the study of the law of the L1 norm of the
Brownian excursion, that is when x = y = 0, see e.g. [18],[9], [21] and [12]. The L2 norm of
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the Bessel bridge, which is closely related to the Lévy stochastic area formula, has been also
intensively studied by many authors including for instance [22], [6] and the references therein.

Then, we establish a relationship between the first passage times of the Brownian motion to
a large class of (smooth) curves to the linear or quadratic ones. As a by-product, we establish
some connections between certain stochastic objects and some special functions. We will show
that this device applies to continuous time stochastic processes.

The paper is organized as follows. The next section is devoted to some recalls concerning
Bessel and Ornstein-Uhlenbeck processes. In particular, we give a probabilistic construction of
the cylinder parabolic function which characterizes the Laplace transform of the first hitting
time of fixed level by an Ornstein-Uhlenbeck process. In section 3, we derive the sought joint
law in terms of transforms via stochastic techniques for the case y = 0. For any y > 0, we
resort to the Feynman-Kac formula. Then, we show some relationship between stopping times
for general stochastic processes which we apply to the Brownian motion. This link allows to get
some asymptotic results for the parabolic cylinder functions. We end up this paper by making
some connections between the studied law and the one of some other functionals.

2. Preliminaries and recalls

Let (Bt, t ≥ 0) be a one dimensional Brownian motion starting from 0. The 3-dimensional
Bessel process, denoted by R, is defined to be the unique strong solution to

dRt = dBt +
1
Rt

dt, R0 = x ≥ 0.

This is a linear diffusion with speed measure given by m(dy) = 2y2dy. Its semi-group is abso-
lutely continuous with respect to m with density

qt(x, y) =
1

2
√

2πt

1
yx

(
e−

1
2t

(x−y)2 − e−
1
2t

(x+y)2
)

, x, y, t > 0

and by passage to the limit as x tends to zero we obtain

qt(0, x) =
1√
2πt3

e−
x2

2t , x, t > 0.

We shall denote by Qx the law of R when it is started at x and we simply write Q for x = 0.
Next, for y and t ≥ 0, the conditional measure Qt

x,y = Qx[ . | Rt = y], viewed as a probability
measure on C ([0, t], [0,∞)), stands for the law of the 3-dimensional Bessel bridge starting at x
and ending at y at time t. Since R is transient, we have Qt

x,y = Qx[ . | Ly = t] where Ly =
sup{s ≥ 0; Rs = y}. Williams’ time reversal relationship states that, for R0 = 0, B0 = x > 0,
the processes (RLx−s, s ≤ Lx) and (Bs, s ≤ T0) are equivalent, where T0 = inf{s ≥ 0; Bs = 0}.

We continue by providing some recalls on Ornstein-Uhlenbeck processes (for short OU pro-
cess). For an OU process, with parameter λ ∈ R, the realization given by (1.2) is also the unique
strong solution to

(2.1) dUt = dBt − λUtdt, U0 = x ∈ R.
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Denote by P(λ)
x the law of U when U0 = x ∈ R and write simply P(λ) for P(λ)

0 . By Girsanov’s
theorem, P(λ)

x is absolutely continuous with respect to the Wiener measure Px via

(2.2) dP(λ)
x|Ft

= e−
λ
2
(B2

t−x2−t)−λ2

2

∫ t
0 B2

u du dPx|Ft
, t > 0,

where (Ft)t≥0 is the natural filtration of B. We obviously can write
∫ t

0
eλs dBs = Wτ(t) and Wt =

∫ A(t)

0
eλs dBs, t ≥ 0,

where τ(t) = 1
2λ

(
e2λt − 1

)
, A(t) = 1

2λ log (1 + 2λt), and W is a Brownian motion thanks to the
Lévy’s characterization theorem, see [23]. Hence, Doob’s representation

(2.3) Ut = e−λt
(
x + Wτ(t)

)
, t ≥ 0,

holds. The relation between the stopping times σa and H
(λ)
a , discovered by Breiman [3] and

recalled in the introduction, is a straightforward consequence of this fact. The process U is a
linear diffusion. Moreover, when λ > 0, it is positively recurrent and its semi-group has a unique
invariant measure which is the law of a centered Gaussian random variable with variance 1/2λ.
Next, for a fixed a ∈ R, introduce the random variable σa = inf{s ≥ 0; Us = a}. It is a stopping
time which law is absolutely continuous with respect to the Lebesgue measure with a probability
density function p

(λ)
x→a i.e. P(λ)

x (σa ∈ dt) = p
(λ)
x→a(t) dt. For the Brownian motion, recovered by

letting λ tend to 0, we recall that

px→a(t) =
|a− x|√

2πt3
e−

(a−x)2

2t .

We are now ready to derive the expression of the Laplace transform of σa. This is a well-known
result which could be found in Breiman [3]. However, we give a proof which relies on probabilistic
arguments.

Proposition 2.1. For any x, a ∈ R and β ≥ 0, we have

Ex

[
e−βσa

]
=

eλx2/2D−β/λ(εx
√

2λ)

eλa2/2D−β/λ(εa
√

2λ)
,(2.4)

where ε = sgn(x−a) and Dν stands for the parabolic cylinder function which admits the following
integral representation

Dν(z) =
2

ν+1
2 e−z2/4

Γ
(

1−ν
2

)
∫ ∞

0

(
t2 + z2

)ν/2
t−νe−t2/2 dt,(2.5)

where Re(ν) < 1, |arg(z)| < π
2 .

Proof. Doob’s transformation implies the identity Hx→a = τ(σa) almost surely, where Hx→a =
inf{s ≥ 0;Ws+x = a

√
1 + 2λs}. Specializing on a = 0 we deduce that p

(λ)
x→0(t) = τ ′(t)px→0(τ(t)).

Hence, the expression

(2.6) p
(λ)
x→0(t) =

|x|√
2π

exp
(
− λx2e−λt

2 sinh(λt)
+

λt

2

)(
λ

sinh(λt)

)3/2

.
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It follows that

Ex

[
e−βσ0

]
=

∫ ∞

0
e−βtτ ′(t)px→0(τ(t)) dt

=
|x|√
2π

∫ ∞

0
(1 + 2λt)−β/2λ t−3/2e−x2/2t dt

=
2√
π

∫ ∞

0

(
t2 + λx2

)−β/2λ
tβ/λe−t2 dt.

The strong Markov property yields the following identity

σx→0
(d)
= σx→a + σ̂a→0, x ≤ a ≤ 0,

where σ̂a→0 is an independent copy of σa→0. It follows that

Ex

[
e−βσa

]
=

∫∞
0

(
t2 + λx2

)−β/2λ
tβ/λe−t2 dt∫∞

0 (t2 + λa2)−β/2λ tβ/λe−t2 dt
.

By using the integral representation of the cylinder parabolic function (2.5), we get

Ex

[
e−βσa

]
=

eλx2/2D−β/λ(−x
√

2λ)

eλa2/2D−β/λ(−a
√

2λ)
, x ≤ a ≤ 0.

Next, we observe that the symmetry of B in (1.2) allows to recover the case x ≥ a ≥ 0. The
proof is then completed since we have computed the two functions, the increasing and decreasing
one, which characterized the Laplace transform of σa, see Itô and McKean [11]. ¤

3. On the law of
(
N

(1)
t (r), N

(2)
t (r)

)

For any β > 0, we introduce the resolvent kernel, or the Green’s function, Gβ given, for α ≥ 0
and λ real, by

Gβ(x, y)dy =
∫ ∞

0
e−βtEx

[
e−

λ2

2
N

(2)
t (R)−αN

(1)
t (R), Rt ∈ dy

]
dt, x, y ≥ 0.

As we shall see below we have that Gβ(x, y) = w−1
β m(y)φβ(x∧ y)ψβ(x∨ y) where φβ (resp. ψβ)

is the unique, up to some multiplicative positive constants, decreasing, positive and bounded
at +∞ solution (res. increasing, positive and bounded at 0 solution) of the Sturm-Liouville
equation

(3.1) 2−1ϕ′′(x) + x−1ϕ′(x)− (
2−1λ2x2 + αx + β

)
ϕ(x) = 0, x > 0.

Note that for the case λ = 0 (resp. α = 0), the corresponding Green function is already known,
see e.g. [2, Formula 5.1.8.5 ], (resp. Formula 5.1.9.5). For a fixed t ≥ 0, let us introduce the
notation

Πλ,α
x→y(t) = Ex

[
e−

λ2

2
N

(2)
t (R)−αN

(1)
t (R)

∣∣Rt = y

]
, x, y, α ≥ 0, λ ∈ R.

We denote simply Πλ,α
x (t) (resp. Πλ,α(t)) for Πλ,α

x→0(t) (resp. Πλ,α
0→0(t)).
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Remark 3.1. We point out that, thanks to the scaling property of Bessel processes, we have
the identity Πλ,α

x→y(t) = Πλt2,αt3/2

x√
t
→ y√

t

(1).

3.1. Stochastic approach for the case y = 0. In here we show how to exploit the results of
the former section in order to compute Πλ,α

x (t).

Proposition 3.2. For x, λ, β > 0 and α ≥ 0, we have

∫ ∞

0
e−βtqt(x, 0)Πλ,α

x (t) dt =
1
x

D−β
λ
− 1

2
+ α2

2λ3

(√
2λ(x + α

λ2 )
)

D−β
λ
− 1

2
+ α2

2λ3

(√
2αλ−3/2

) .

Consequently, we have∫ ∞

0

(
e−βt − 1

)
Πλ,α(t)

dt√
2πt3

=

√
2λ




D
(x)

−β
λ
− 1

2
+ α2

2λ3

(√
2αλ−3/2

)

D−β
λ
− 1

2
+ α2

2λ3

(√
2αλ−3/2

) −
D

(x)
α2

2λ3− 1
2

(√
2αλ−3/2

)

D α2

2λ3− 1
2

(√
2αλ−3/2

)


 ,

where D
(x)
ν (y) = ∂Dν(x)

∂x |x=y.

Proof. We fix a = α/λ2, observe that

(3.2) Πλ,aλ2

x (t) = ea2λ2t/2 Ex

[
e−

λ2

2

∫ t
0 (Ru+a)2 du

∣∣Rt = 0
]

,

and recall that Lx = sup{s ≥ 0; Rs = x} and Ta = inf{s ≥ 0; Bs = a}. Following a line of
reasoning similar to [7], we get

(3.3) Ex

[
e−

λ2

2

∫ t
0 (Ru+a)2 du

∣∣ Rt = 0
]

= Ex+a

[
e−

λ2

2

∫ t
0 B2

u du
∣∣ Ta = t

]
,

where we used the properties of Bessel bridges recalled in section 2. Now, thanks to the absolute-
continuity relationship (2.2), we can write

p
(λ)
x+a→a(t) = e

λ
2
(x2+2ax+t)Ex+a

[
e−

λ2

2

∫ t
0 B2

u du
∣∣Ta = t

]
px→0(t) .(3.4)

A combination of (3.2), (3.3) and (3.4) leads to

e( 1
2
a2λ2−λ

2
)tp

(λ)
x+a→a(t) = e

λ
2
x2+aλxpx→0(t) Πλ,α

x (t).

By taking the Laplace transform with respect to the variable t on both sides and making use of
(2.4) we get the first assertion. To prove the second one, it is enough to let x tend to 0 in the
following formula∫ ∞

0

(
e−βt − 1

)
e−x2/2tΠλ,α

x (t)
dt√
2πt3

=

1
x




D−β
λ
− 1

2
+ α2

2λ3

(√
2λ(x + α

λ2 )
)

D−β
λ
− 1

2
+ α2

2λ3

(√
2αλ−3/2

) −
D− 1

2
+ α2

2λ3

(√
2λ(x + α

λ2 )
)

D− 1
2
+ α2

2λ3

(√
2αλ−3/2

)


 .
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Below, we give a straightforward reformulation of the previous result, which is based on the
Laplace transform inversion formula. To this end, we recall the expression of the density of σa

as a series expansion which can be found for instance in [1] and [17]. That is, for x and a reals,
we have

p(λ)
x→a(t) = −λeλ(x2−a2)/2

∞∑

n=1

Dνn,ε
√

2λa
(ε
√

2λx)

D
(ν)
νn,ε

√
2λa

(ε
√

2λa)
e−λνn,ε

√
2λat,(3.5)

where we set ε = sgn(x − a), D
(ν)
νn,b(b) = ∂Dν(b)

∂ν |ν=νn,b
and the sequence (νj,b)j≥0 stands for the

ordered positive zeros of the function ν → Dν(b).

Corollary 3.3. For λ, x, t > 0 and α ≥ 0, we have

(3.6) Πλ,α
x (t) = −λ

x

√
2πt3e

(
α2

λ2−λ
)
t/2+x2/2t

∞∑

n=1

Dνn,c

(√
2λ(x + α

λ2 )
)

D
(ν)
νn,c(

√
2αλ−3/2)

e−tλνn,c ,

where we set c =
√

2αλ−3/2.

The proof is omitted and left to the reader.

3.2. Extension to y > 0 using Feynman-Kac formula. Our aim here is to provide an
extension of the previous result to any positive reals y by using the Feynman-Kac formula.

Proposition 3.4. For y, x, β, λ > 0 and α ≥ 0, we have
∫ ∞

0
e−βtqt(x, y) Πλ,α

x→y(t) dt =
Γ(β

λ + 1
2 − α2

2λ3 )y√
λπD−β

λ
− 1

2
+ α2

2λ3

(
αλ−2/3

)
x
×

S− β
2λ
− 1

2
+ α2

2λ3

(√
2λ(x ∧ y +

α

λ2
),
√

2αλ2/3
)

D−β
λ
− 1

2
+ α2

2λ3

(√
2λ(x ∨ y +

α

λ2
)
)

,

where Sα(x, y) = Dα(−x)Dα(y)−Dα(x)Dα(−y).

Proof. We shall prove our statement by following a method which is similar to that used by
Shepp [26]. Set F y

ε (x) = 1
2εI{|x−y|<ε} and a(x) =

(
λ2

2 x2 + αx + β
)
. First, note that

lim
ε→0

Ex

[∫ ∞

0
e−βte−

∫ t
0 a(Rs) dsF y

ε (Rt) dt

]
=

∫ ∞

0
e−βtqt(x, y) Πλ,α

x→y(t) dt.

Then, the Feynman-Kac formula states that

uε(x) = Ex

[∫ ∞

0
e−βte−

∫ t
0 a(Rs) dsF y

ε (Rt) dt

]

is the bounded solution of
1
2
u′′ε (x) +

1
x

u′ε(x)− a(x)uε(x) = F y
ε (x), x > 0.(3.7)
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In order to solve this equation, we first consider the following homogeneous one

1
2
u′′(x) +

1
x

u′(x)− a(x)u(x) = 0, x > 0.

Setting u(x) = x−1v(x), we get that v satisfies the Weber equation

1
2
v′′(x) =

(
λ2

2
x̄2 − α2

2λ2
+ β

)
v(x), x > 0,(3.8)

where x̄ = x + α
λ2 . A fundamental solution of (3.8) is expressed in terms of the parabolic

cylinder function D−β
λ
− 1

2
+ α2

2λ3

(√
2λx̄

)
, see e.g. [8]. Thus, the solution of (3.8) which is positive

and decreasing is given by

ϕ(x) = x−1D−β
λ
− 1

2
+ α2

2λ3

(√
2λx̄

)
, x > 0.

The solution of (3.8) which is positive and increasing has the form

ψ(x) = x−1

(
c1D−β

λ
− 1

2
+ α2

2λ3

(
−
√

2λx̄
)

+ c2D−β
λ
− 1

2
+ α2

2λ3

(√
2λx̄

))
,

where c1 and c2 are constants. Choosing c1 = D−β
λ
− 1

2
+ α2

2λ3

(√
2αλ−

3
2

)
and

c2 = −D−β
λ
− 1

2
+ α2

2λ3

(
−√2αλ−

3
2

)
, we check that ψ(x) is bounded at 0. The two solutions are

linearly independent and their Wronskian, normalized by the derivative of the scale function
s′(x) = x−2, is given by

wβ = D−β
λ
− 1

2
+ α2

2λ3

(√
2αλ−

3
2

)
wD

β

where wD
α = 2

√
λπ

Γ(β
λ
+ 1

2
− α2

2λ3 )
is the Wronskian of the cylinder parabolic functions. Next, we recall

the Green formula for the solution of the nonhomogeneous ode (3.7), that is with second member
given by F y

ε

uε(x) =
1

wβ

(
ϕ(x)

∫ x

0
ψ(r)F y

ε (r) m(dr) + ψ(x)
∫ ∞

x
ϕ(r)F y

ε (r) m(dr)
)

,

where we recall that the speed measure m of the 3-dimensional Bessel process is m(dr) = 2r2 dr.
The proof is then completed by passing to the limit as ε tends to 0. ¤

Remark 3.5. Observing that limx→0 x−1Sα(x, y) = wD
α , we recover the result of Proposition

3.2.

Remark 3.6. In the same vein than Corollary 3.3, it is possible to derive an expression of the
joint Laplace transform Πλ,α

x→y(t) as a series expansion.
7



4. Connection between the law of first passage times

Let λ > 0 and introduce the function fδ(λt) = δg(λt)−µλt−y where g is a twice continuously
differentiable function on a neighborhood of 0, and α, µ and y are some reals. Let Z be a
continuous time stochastic process. Introduce the stopping times

T δ
y,µ = inf{s ≥ 0; Zs = fδ(λs)}
Lα = inf{s ≥ 0; Zs = αs}
Sα = inf{s ≥ 0; Zs = −α

2
s2}.

We shall describe a device which allows to connect the law of the first passage times T δ
y,µ, simply

denoted by T δ
y for µ = 0, to the linear boundary and to the quadratic one. As an application,

we shall apply this technique to the Brownian motion case and derive some limits results of the
cylinder parabolic functions. This limit result can also be used as a test for checking the validity
of the hitting time densities.

Proposition 4.1. Let δ
(1)
λ = α/λ. Assume g′(0) 6= 0, then

(4.1) lim
λ→0

T
δ
(1)
λ

δ
(1)
λ g(0)

= Lαg′(0) a.s..

Next, let δ
(2)
λ = α/λ2. Assume g′′(0) 6= 0, then

(4.2) lim
λ→0

T
δ
(2)
λ

δ
(2)
λ g(0),δ

(2)
λ g′(0)

= S−αg′′(0) a.s..

Proof. The assertions follows from the following expansion

fδλ
(λt) = δλg(0)− y + λ(δλg′(0)− µ)t +

λ2

2
δλg′′(0)t2 + o(λ2).

¤

4.1. Brownian motion and the square root boundary. We apply the previous technique
to the first passage time of the Brownian motion over the curve fδ(λt) = δ

√
1 + 2λt − µλt − y

in order to evaluate some well known limits of the ratio of parabolic cylinder functions.

4.1.1. Linear case. In this case, we set µ = 0 and δ = y = α/λ and state the following result.

Corollary 4.2. Let β > 0, x, α ∈ R then we have

lim
λ→0

D− β
2λ

(√
2λ(x + α

λ )
)

D− β
2λ

(√
2αλ−1/2

) = e−|x|
√

α2+2β.

As a consequence, we also have

lim
λ→0

λeλ(x2−2α
λ

x)/2
∞∑

n=1

Dνn, α
λ

√
2λ

(
√

2λx)

D
(ν)
νn, α

λ

√
2λ

(
√

2αλ−1/2)
e−λνn,εa

√
2λt =

x√
2πt3

e−
1
2t

(x−αt)2 .
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Proof. First, by combining Doob’s transformation with Proposition 2.1, we recover the result
of Breiman [3] about the Melin transform of T δ

δ

Ex

[
(1 + 2λT δ

δ )−β/2λ
]

= eαx
D− β

2λ

(√
2λ(x + α

λ )
)

D− β
2λ

(√
2αλ−1/2

) .

Next, recall that the Laplace transform of Lα is specified by, see e.g. [13, p.197],

Ex

[
e−βLα

]
= eαx−|x|

√
α2+2β.

The statement follows readily from Proposition 4.1. ¤

4.1.2. Quadratic case. In what follows, we investigate the second order expansion. We start by
computing the law of Sα, the first passage time of the Brownian motion over the second order
boundary. In the case xα > 0, its law has been computed by Groeneboom [9] and Salminen
[24] in terms of the Airy function, see e.g. [15]. For the sake of completeness we recall their
approach.

Lemma 4.3. For β and α, x > 0, hold the relations

Ex

[
e−βSα

G(Sα)
]

=
Ai

(
21/3 β+αx

α2/3

)

Ai
(
21/3 β

α2/3

)

where G(t) = e
1
6
α2t3 and

Px(Sα ∈ dt) = (2α2)1/3e−
1
6
α2t3

∞∑

k=0

Ai
(
zk − (2α)1/3

)

Ai′(zk)
e2−1/3α2/3zkt dt,

where (zk)k≥0 is the decreasing sequence of negative zeros of the Airy function.

Proof. Let us denote by Pα the law of the process
(
Bt + α

2 t2, t ≥ 0
)
. We have the following

absolute continuity relationship

dPα
x|Ft

= eα
∫ t
0 s dBs−α2

6
t3 dPx|Ft

= eαtBt−α
∫ t
0 Bs ds−α2

6
t3 dPx|Ft

, t > 0,

where the last line follows from Itô’s formula. An application of the Doob’s optional stopping
theorem yields

Ex

[
e−βSα

G(Sα)
]

= Ex

[
e−βT0−α

∫ T0
0 Bsds

]
.

As in the previous section, the expectation on the right hand side can be computed via the
Feynman-Kac formula. It is the solution to the boundary value problem

1
2
u′′(x)− (αx + β)u(x) = 0, x > 0,

u(0) = 1, lim
x→∞u(x) = 0,

9



which is given in terms of the Airy function, see e.g. [12]. The expression of the density is a
consequence of the Laplace transform inversion formula and the residues theorem, see [9] or [24]
for more details. ¤
Remark 4.4. By analogy to the results of section 3, we have

lim
λ→0

∫ ∞

0
e−βtqt(x, 0)Πλ,α

x (t) dt =
Ai

(
21/3 β+αx

α2/3

)

Ai
(
21/3 β

α2/3

) ,

Π0,α
x (t) =

√
2πt3e

x2

2t (2α2)1/3
∞∑

k=0

Ai
(
zk − (2α)1/3

)

Ai′(zk)
e(α2

2
)1/3zkt dt

and finally

∫ ∞

0

(
e−βt − 1

)
Π0,α(t)

dt√
2πt3

= (2α)1/3


Ai′

(
21/3 β

α2/3

)

Ai
(
21/3 β

α2/3

) − Ai′ (0)
Ai (0)


 .

Remark 4.5. We mention that the other case, i.e. αx < 0, has been studied by Martin-Löf [19].

Next, we define the process (U (µ)
t , t ≥ 0) as the solution to the stochastic differential equation

dU
(µ)
t =

(
−λU

(µ)
t + µeλt

)
dt + dBt, U

(µ)
0 = x ∈ R.

Note that X(µ) can also be expressed as follows

U
(µ)
t = e−λt

(
x− µ

2λ
+

µ

2λ
e2λt +

∫ t

0
eλsdBs

)
, t ≥ 0.

For reals numbers x and a, we introduce the stopping time σ
(µ)
a = inf{s ≥ 0; U

(µ)
s = a} and

denote by p
(λ,µ)
x→a (t) its density. Let us also introduce the function Gλ(t) = e

µ2

2
τt−µeλta, t ≥ 0.

The law of σ
(µ)
a is characterized in the following.

Proposition 4.6. For β > 0, we have

Ex

[
e−βσ

(µ)
a Gλ(σ(µ)

a )
]

=
eλx2/2−µxD−β

λ

(
εx
√

2λ
)

eλa2/2D−β
λ

(
εa
√

2λ
) .(4.3)

where we set ε = sgn(x− a). In particular,

(4.4) p
(λ,µ)
x→0 (t) =

| x |√
2π

e
−µeλt(µ

2
sinh(λt)−a)−µx− λx2e−λt

2 sinh(λt)
+λt

2

(
λ

sinh(λt)

)3/2

.

Proof. The first assertion follows from the following absolutely continuity relationship

(4.5) dP(λ,µ)
x|Ft

= eµeλtXt−µx−µ2

2
τt dP(λ)

x|Ft
, t > 0

and the application of the Doob’s optional stopping theorem. We point out that the exponential
martingale is the one associated with the Gaussian martingale

(
Bτ(t), t ≥ 0

)
. The expression of

the density in the case a = 0 is obtained from the Laplace inversion formula of the parabolic
cylinder function, see formula (2.6). ¤
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Remark 4.7. An expression of the density p
(λ,µ)
x→a (t) is given in Daniels [4] as a contour integral.

The author used a technique suggested by Shepp [25].

Let us now introduce the stopping times H
(λ,µ)
x→a = inf{s ≥ 0; x + Bs + µs = a

√
1 + 2λs} and

Sα
x = inf{s ≥ 0; Bs + x = −α

2 s2}. We denote by p
(λ,µ)
x→a (resp. qα

x ) the density of H
(λ,µ)
x→a (resp.

Sα
x ). We proceed by giving some relationships between these different hitting times.

(4.6) H(λ,µ)
x→a = τ(σ(λ,µ)

x→a ) a.s.,

(4.7) lim
λ→0

H
(λ, α

λ
)

x+ α
λ2→ α

λ2
= Sα

x a.s..

We are now ready to state the following limit result which can be found for instance in [5].

Corollary 4.8. For β, α and x > 0, we have

lim
λ→0

D−β
λ
− 1

2
+ α2

2λ3

(√
2λ(x + α

λ2 )
)

D−β
λ
− 1

2
+ α2

2λ3

(√
2αλ−3/2

) =
Ai

(
21/3 β+αx

α2/3

)

Ai
(
21/3 β

α2/3

)

Proof. Substituting β by β − α2

2λ2 , x by x + α
λ2 and setting a = α

λ2 and µ = α
λ in (4.3), we get

D−β
λ
+ α2

2λ3

(√
2λ(x + α

λ2 )
)

D−β
λ
+ α2

2λ3

(√
2αλ−3/2

) = e−
λ
2
x2+α2

λ3

∫ ∞

0
e−(β− α2

2λ2 )t+ α2

2λ2 τt−α2

λ3 eλt

p
(λ, α

λ
)

x+ α
λ2→ α

λ2
(t) dt

Note that τ
(
H

(λ,α/λ)
x+ α

λ2→ α
λ2

)
→ Sα

x a.s., as λ → 0. Thus, we have

limλ→0 e−
λ
2
x2+α2

λ3

∫ ∞

0
e−(β− α2

2λ2 )t+ α2

2λ2 τt−α2

λ3 eλt

p
(λ, α

λ
)

x+ α
λ2→ α

λ2
(t) dt

=
∫ ∞

0
e−βt+ 1

6
α2t3qα

x (t) dt

=
Ai

(
21/3 β+αx

α2/3

)

Ai
(
21/3 β

α2/3

) .

where the last line follows from Lemma 4.3. ¤

Remark 4.9. We mention that Lachal [14] get the following identity

Ex

[
e−βσ0−α

∫ σ0
0 Us ds

]
= e

λ
2
x2

D−β
λ
+ α2

2λ3

(√
2λ(x + α

λ2 )
)

D−β
λ
+ α2

2λ3

(√
2αλ−3/2

)

11



which gives the following relationship
∫ ∞

0
e−βt−x2/2tt−3/2Πλ,α,(1)

x (t) dt = e−
λ
2
x2
Ex

[
e−(β+λ

2
)σ0−α

∫ σ0
0 Us ds

]
.

We also indicate that the author computed the limit as λ → 0 to recover the result of Lefebvre
[16] stating that

Ex

[
e−βT0−α

∫ T0
0 Bs ds

]
=

Ai
(
21/3 β+αx

α2/3

)

Ai
(
21/3 β

α2/3

) .

In order to compute the expression of the limit of the Laplace transform, he used an asymptotic
result of the cylinder parabolic function which has been derived by the steepest descent method
in [5].

4.2. Another limit. From Proposition 3.2, we readily derive

lim
α→0

∫ ∞

0
e−βtxe−x2/2tΠλ,α

x (t)
dt√
2πt3

=
D−β

λ
− 1

2

(√
2λx)

)

D−β
λ
− 1

2
(0)

.

We recall and show the following well known results regarding the Laplace transform of the L2

norm of Bessel bridges. In conjunction with (2.6), we extract the relationship

Πλ
x(t) =

(
λt

sinh(λt)

) 3
2

e−
x2

2t
(λt coth(λt)−1).(4.8)

Since in this case the zeros of the function ν 7→ Dν(0) = 2ν Γ( 1
2
)

Γ( 1−ν
2

)
correspond to the odd poles

of the Γ function, we also have

Πλ
x(t) = −λ

x

√
2πt3e

x2

2t

∞∑

n=1

D2n+1(x
√

2λ)

D
(ν)
2n+1(0)

e−2(n+1)λt.

We precise that from the expression (4.8), it is easy to derive the Generalized Lévy stochastic
area formula, see e.g. [22]. Indeed for any δ > 0, denoting by Πλ,(δ)

x the Laplace transform of
the L2 norm of a δ-dimensional Bessel process, thanks to the additivity property of the squared
Bessel processes, we have

Πλ,(δ)
x (t) =

(
λt

sinh(λt)

) δ
2

e−
x2

2t
(λt coth(λt)−1).(4.9)

In [6] the inverse of the Laplace transform Πλ,(δ)
x (t) is given in terms of the parabolic cylinder

functions.

5. Comments and some applications

Our aim here is first to examine the law of the studied functional when the fixed time T is
replaced by some interesting stopping times. To a stopping time S we associate the following

12



notation

Σ(δ)
x (S) = E(δ)

x

[
e−βS−λ2

2

∫ S
0 R2

u du−α
∫ S
0 Ru du

]
,

where β, λ > 0, α ≥ 0 and E(δ)
x denotes the expectation operator derived from Qδ

x, the law of
the δ-dimensional Bessel process starting from x ≥ 0.

Next, with Hy = inf{s ≥ 0; Rs = y} and S = Hy, we state the following result.

Proposition 5.1. Let x ≥ y > 0.

Σ(3)
x (Hy) =

y

x

D−β
λ
− 1

2
+ α2

2λ3

(√
2λ(x + αλ−2)

)

D−β
λ
− 1

2
+ α2

2λ3

(√
2λ(y + αλ−2)

) .(5.1)

Proof. First, we recall the following absolute continuity relationship

dPx|Ft
= (Rt/x)−1 dQ(3)

x|Ft
, on {H0 > t},

Then observe that Hy < H0 a.s. since x ≥ y. Next, denote by σ
(µ)
x the first passage time to a

fixed level x ∈ R of the OU process when the Brownian motion in the SDE (2.1) is replaced by
a Brownian motion with drift µ ∈ R. The determination of its density, denoted by (µ)p

(λ)
x→a(t),

can be reduced to the case µ = 0 as follows

(µ)p(λ)
x→a(t) = p

(λ)

x−µ
λ
→a−µ

λ
(t), t > 0.

Thus, we have

Σ(3)
x (Hy) = E(3)

x

[
e−βHy−λ2

2

∫ Hy
0 R2

s ds−α
∫ Hy
0 Rs ds

]

=
y

x
Ex

[
e−βTy−λ2

2

∫ Ty
0 B2

s ds−α
∫ Ty
0 Bs ds

]

=
y

x
e

λ
2
(y2−x2)Ex

[
e−(β+λ

2
)σy−α

∫ σy
0 Us ds

]

=
y

x
e

λ
2
(y2−x2)+α

λ
(y−x) Ex

[
e−(β+λ

2
− α2

2λ2 )σ
( α

λ
)

y

]

=
y

x

D−β
λ
− 1

2
+ α2

2λ3

(√
2λ(x + αλ−2)

)

D−β
λ
− 1

2
+ α2

2λ3

(√
2λ(y + αλ−2)

) .

¤

Corollary 5.2. For any x ≥ y > 0, we have

Σ(1)
x (Hy) =

D−β
λ
− 1

2
+ α2

2λ3

(√
2λ(x + αλ−2)

)

D−β
λ
− 1

2
+ α2

2λ3

(√
2λ(y + αλ−2)

) .(5.2)
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Proof. The result follows from the absolute continuity relationship

dQ(1)
x|Ft

= (Rt/x)−1 dQ(3)
x|Ft

, on {H0 > t},
where Q1 stands for the law of the reflected Brownian motion and H0 is the first time when the
canonical process hits 0. ¤

Next, let (τt, t ≥ 0) be defined as the right continuous inverse process of the local time
(lt, t ≥ 0) at 0 of the reflected Brownian motion. It is a stable subordinator, its Laplace
exponent is given by

Q(1)
[
e−βτt

]
= e−t

√
2β.

We denote by n and (eu, 0 ≤ u ≤ V ) the Itô’s measure associated with R1 and the generic
excursion process under n respectively. We recall that with the choice of the normalization of
the local time via the occupation formula with respect to the speed measure, we have n(V ∈
dt) = dt√

2πt3
, see e.g [10].

Proposition 5.3. Let α, β ≥ 0 and λ > 0.

− log
(
Σ(1)(τ1)

)
=
√

2λ

D
(x)

−β
λ
− 1

2
+ α2

2λ3

(√
2αλ−3/2

)

D−β
λ
− 1

2
+ α2

2λ3

(√
2αλ−3/2

) .(5.3)

Proof. From the exponential formula of excursions theory, see e.g. [23] and the fact that con-
ditionally on V = t the process (eu, u ≤ V ) is a 3-dimensional Bessel bridge over [0, t] between
0 and 0. We get

− log
(
Σ(1)(τ1)

)
=

∫
n(de)

(
1− e−βV−λ2

2

∫ V
0 e2

u du−α
∫ V
0 eu du

)

=
∫ ∞

0

(
1− e−βtΠλ,α(t)

) dt√
2πt3

.

Next, set K(β) =
∫∞
0

(
1− e−βtΠλ,α(t)

)
dt√
2πt3

. Thus, we have

K(β)−K(0) =
∫ ∞

0

(
1− e−βt

)
Πλ,α(t)

dt√
2πt3

.

The statement follows from Proposition 3.2. ¤
Finally, we shall extend the above computations to the radial part of a δ-dimensional Ornstein-

Uhlenbeck process, denoted by X, with parameter θ ∈ R+. The law of this process, when started
at x > 0, is denoted by P(θ),δ

x . Girsanov’s theorem gives

(5.4) dP(θ),δ
x|Ft

= e−
θ
2
(R2

t−x2−δt)− θ2

2

∫ t
0 R2

u du dQδ
x|Ft

, t > 0.

We also shall need the densities of its semi-group which are given by, see [2],

p
(3)
t (0, x) =

θ3/2e
3
2
θt

√
2π(sinh(θt))3/2

e
− θx2e−θt

2 sinh(θt)

p
(1)
t (0, x) =

θ1/2e
1
2
θt

√
2π(sinh(θt))1/2

e
− θx2e−θt

2 sinh(θt) , x > 0.
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With the obvious notations, for a fixed t ≥ 0, we set

Λλ,α,(δ)
x→y (t) = Eδ

x

[
e−

λ2

2

∫ t
0 X2

u du−α
∫ t
0 Xu du

∣∣Xt = y

]
, λ, x and α ≥ 0.

Proposition 5.4. Set κ = λ2 + θ2, ω1 = β + θ
2 and ω3 = β + 3θ

2 . For x and β > 0, we have

∫ ∞

0
e−βtp

(1)
t (0, x)Λλ,α,(1)

x (t) dt = e−
θ
2
x2

D−ω1
κ
− 1

2
+ α2

2κ3

(√
2κ(x + α

κ2 )
)

D−β
κ
− 1

2
+ α2

2κ3

(√
2ακ−3/2

)

and
∫ ∞

0
e−βtp

(3)
t (0, x)Λλ,α,(3)

x (t) dt = e−
θ
2
x2

x
D−ω3

κ
− 1

2
+ α2

2κ3

(√
2κ(x + α

κ2 )
)

D−β
κ
− 1

2
+ α2

2κ3

(√
2ακ−3/2

) .

Proof. From the absolute continuity relationship (5.4), we have

Eδ
x

[
e−

λ2

2

∫ t
0 X2

s ds−α
∫ t
0 Xs ds

]
= E(δ)

x

[
e−

θ
2
(R2

t−x2−δt)e−(λ2+θ2

2
)
∫ t
0 R2

s ds−α
∫ t
0 Rs ds

]
.

The results follow by the same reasoning that for the proof of Proposition 3.2. ¤

References

[1] Alili, L., Patie, P. and Pedersen, J.L. Representations of first hitting time density of an Ornstein-Uhlenbeck
process. Stochastic Models, 21(4), 2005.

[2] Borodin, A.N. and Salminen, P. Handbook of Brownian Motion - Facts and Formulae. Probability and its
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