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ABSTRACT. We first introduce and derive some basic properties of a two-parameters
(v, y) family of one-sided Lévy processes, with 1 < a < 2 and v > —a«. Their Laplace
exponents are given in terms of the Pochhammer symbol as follows

YN = e e (Ma)s A0,
where c is a positive constant, (A)a = F(FA&)Q ) stands for the Pochhammer symbol and I"

for the gamma function. These are a generalization of the Brownian motion, since in the
limit case a — 2, we end up to the Laplace exponent of a Brownian motion with drift
v+ % Then, we proceed by computing the density of the law of the exponential functional
associated to some elements of this family (and their dual) and some transformations of
these elements. More precisely, we shall consider the Lévy processes which admit the
following Laplace exponent, for any § > 2=1

ad

U0 = N -

These densities are expressed in terms of the Wright hypergeometric functions. By
means of probabilistic arguments, we derive some interesting properties enjoyed by these
functions. On the way, we also characterize explicitly the semi-group of the family of
self-similar continuous state branching processes with immigration.

PP\, A>o0.

RESUME. Nous introduisons et étudions quelques propriétés élémentaires d une famille de
processus de Lévy completement asymmétriques. Leurs lois sont caractérisées par leurs
exposants de Laplace qui s’expriment en termes du symbole de Pochhammer. Ensuite,
nous calculons la loi de la fonctionnelle exponentielle associée a certains éléments de cette
famille et d’une tranformation de ces éléments. Ces lois s’averent absolument continues
et leurs densités s’expriment en termes des fonctions hypergéométriques de Wright. En
utilisant des arguments probabilistes, nous déduisons que ces fonctions posseédent des pro-
priétés analytiques intéressantes. Lors du déroulement de la preuve, nous caractérisons
également le semi-groupe des processus auto-similaires de branchement avec immigration.
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1. Introduction

Let ¢ be a Lévy process with a negative first moment, the exponential functional asso-
ciated to ( is defined as follows
[e.@]
/ eSsds.
0

This positive random variable plays an important role from both theoretical and applied
perspectives. Indeed, it appears in various fields such as diffusion processes in random
environments, fragmentation and coalescence processes, the classical moment problems,
mathematical finance, astrophysics ... We refer to the paper of Bertoin and Yor [7] for
a thorough survey on this topic and a description of cases when the law of such a func-
tional is known explicitly. In particular, we mention that Bertoin and Yor [6] determine,
through their negative entire moments, the law of the exponential functional associated to
spectrally positive Lévy processes and Patie [32] expresses its Laplace transform for some
spectrally negative Lévy processes. We also refer, in the case of the Brownian motion
with a negative drift, to the two survey papers of Matsumoto and Yor [26] and [27] where
the law of the exponential functional allows to characterize several interesting stochastic
processes and to develop stochastic analysis related to Brownian motions on hyperbolic
spaces. Finally, we indicate that Bertoin et al. [3] have derived the law of the exponential
functional of a Poisson point process by means of g-calculus and have made an interest-
ing connection to the indeterminate moment problem associated to a log-normal random
variable.
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In this paper, we start by introducing through both their Laplace exponents and their
characteristics triplets, a two («,)-parameters family of spectrally negative Lévy pro-
cesses, with 1 < @ < 2 and v > —a. Their Laplace exponents have the following form

(1.1) ¢(V)(>\) = c((A+Y)a—a), A20,
where ¢ is a positive constant, (\), = F%’\(—;;‘ ) stands for the Pochhammer symbol and

I’ for the Gamma function. It turns out that this family possesses several interesting
properties. Indeed, their Lévy measures behave around 0 as the Lévy measure of a stable
Lévy process of index a. Moreover, a member of this family has its law at a fixed time
which belongs to the domain of attraction of a stable law of index a. They include the
family of Brownian motion with positive drifts but also negative since they admit negative
exponential moments. After studying some further basic properties of this family, we
compute the density of the law of the exponential functional associated to some elements of
this family (and their dual) and some transformations of these elements. More specifically,
we shall consider the Lévy processes which admit the following Laplace exponent, for any
5>

ad

—— O A>0.
)\—I—a—l¢ ), =0

(1.2) YOI = pO0) -

The densities of the corresponding exponential functionals are expressed in terms of the
Wright hypergeometric function 1 ¥;. As a specific instance, we obtain the inverse Gamma
law and hence recover Dufresne’s result [13] regarding the law of the exponential functional
of a Brownian motion with negative drifts. As a limit case, we show that the family
encompasses the inverse Linnik law.

The path we follow to derive such a law is as follows. The first stage consists on
characterizing the family of Lévy processes associated, via the Lamperti mapping, to the
family of self-similar continuous state branching processes with immigration (for short
cbip). We mention that this family includes the family of squared Bessel processes and
belong to the class of affine term structure models in mathematical finance, see the survey
paper of Duffie et al. [12]. At a second stage, by using well-know results on cbip, we derive
the spatial Laplace transforms of the semi-groups of this later family. Then, by means of
inversion techniques, we compute, in terms of a power series, the density of these semi-
groups. In particular, we get an expression of their entrance laws in terms of the Wright
hypergeometric function 1W¥;. Finally, we end up our journey by related these entrance
laws to the law of the exponential functionals associated to the family of Lévy processes
(1.2).

On the way, we get an expression, as a power series, for the density of the semi-group
of a family of self-similar positive Markov processes (for short sspMp). We mention, that
beside the family of Bessel processes, such a semi-group is only known explicitly for the
so-called saw-tooth processes (a piecewise linear sspMp) which were studied by Carmona
et al. [11]. Therein, the authors use the multiplicative kernel associated to a gamma
random variable to obtain an intertwining relationship between the semi-group of the
Bessel processes and the family of piecewise linear sspMp.
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The remaining part of the paper is organized as follows. In the next Section, we gather
some preliminary results. In particular, we introduce a transformation which leaves in-
variant the class of sspMp without diffusion coefficients. We also provide the detailed
computation of an integral which will appear several times in the paper. Section 3 con-
cerns the definition and the study of some basic properties of the new family of one-sided
Lévy processes (1.1). Section 4 is devoted to the statement and the proof of the law of the
exponential functionals under study. Section 5 contains several remarks regarding some
representations of the special functions which appear in this paper. Finally Section 6 is a
summarize of the asymptotic behaviors of the Wright hypergeometric functions.

2. Preliminary results

2.1. Self-similar positive Markov processes. Let ( = ((;):>0 denotes a real-valued
Lévy process starting from y € R. Then, for any «,f > 0, introduce the time change
process

Xt = eCAt

where
S
Ay = inf{s>0;%;:= / S du > t}.
0

Lamperti [22] showed that the process X = (X;);>0 is a positive a-self-similar Markov
process starting from e¥ and that the mapping is actually one to one. We shall refer
to this time change transformation as the Lamperti mapping. Next, we recall that the
infinitesimal generator, Q, of the a-sspMp X is given for any o,z > 0 and f a smooth
function on R™, by

Qf(@) = o= (3o (@) +baf ()
+oo
+ [T - @) - 2 @rigpen) u(dr>)

—0o0
where the three parameters b € R, 0 > 0 and the measure v which satisfies the integrability
condition [% (1 A|r[?) v(dr) < +oo form the characteristic triplet of the Lévy process
¢, the image of X by the Lamperti mapping. Finally, let us denote by TOX = inf{s >
0; Xs— = 0,Xs = 0} the lifetime of X. Note that TOX = 00 or < oo a.s. according to
¢ drifts to 400 or —oo a.s. We proceed by stating a general result on a transformation
between sspMp.

Proposition 2.1. Let {, with characteristic exponent Y, be the image via the Lamperti
mapping of an a-sspMp X and fix 3 > 0. Then, if 0 = 0, the %-sspMp XB and the a-

sspMp X @) | obtained as the image via the Lamperti mapping of the Lévy process 3¢, have
the same image via this mapping. Otherwise, the characteristics exponent of the image
via the Lamperti mapping of the %—sspMp XP s

T(BA) + %ﬁ(ﬁ “ 1A, AER

The proof is split into the following two lemmas.
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Lemma 2.2. For any § > 0, we have the following relationship between sspMp,

B) _ B
(2.1) X=X et
Jo Xs

X
Lt < T,
ds

where XB) is the sspMp associated to the Lévy process (.

Proof. Since § > 0, note that the lifetime of both processes are either finite a.s or infinite
a.s. Then, set A; = fg X %ds and observe that the Lamperti mapping yields, for any
t < Tg",

log (X)) = B,

_ (8)
= log <Xf0At eaﬁfsds)

_ )
= log (ng Xg(,e_l)ds>

which completes the proof. O

Lemma 2.3. With the notation as above, for any 3 > 0, the Laplace exponent of the Lévy
process associated to the %—sspMp X5 is given by

T(BA) + %B(ﬁ ~1)A, AeER

Proof. Let us denote by QP the infinitesimal generator of X? and set pp(x) = 2P for any
B > 0. Since the function z — pg(x) is a homeomorphism of R* into itself, we obtain,
after some easy computations,

Q%f(z) = Q(fops)(a'?)
= go/P (%62&02 f(x) + (bﬁ + %ﬁ(ﬁ - 1)) zf'(x)
+ / - ((f(e‘*’“a:) — f(x)) - ﬂxf’(w>r]1{rs1}) V<d7")> :

— 00

The proof is completed by identification. O

The proof of the Proposition follows by putting pieces together.

2.2. An integral computation. We proceed by computing an integral, expressed in
terms of ratios of gamma functions, which will be very important for the sequel. Indeed,
it will be useful for computing the characteristic triplet associated to the families (1.1)
and (1.2), which will be provided in Section 3. We fix the following constants

c = ——>0
o = —F— >0.

The motivation for the choice of theses constants is given in Remark 3.2 below.
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Theorem 2.4. For any a, A,y € C, with 1 < R(a) < 2, R(A) >0 and R(a+ ) > 0, we
have

)

Ly — Duotr=1 — \(u — Ca
(2.2) ca/o ( 1) A( 1) A

(1 _ U)a+1 du=c (()‘ + ’Y)Oc - (7)0&) - ﬁ

where we recall that (\)q = F(F)‘("):;)‘) s the Pochhammer symbol and c, = F(fa) > 0.

Proof. In the sequel, we denote by F) o - the integral of the left-hand side on (2.2) divided
by c.. Before starting the proof, we recall the following integral representation of the Beta
function, see e.g. Lebedev [23],

(N (a)

Blv.e) = (v +a)

1
_ / (1= 0oy, R(7) > 0, R(a) > 0,
0
and the recurrence relation for the gamma function I'(A 4+ 1) = AI'(A). Then, reiteration

of integrations by parts yield

A+l (1 - a) A at+y-—1
Fraq = aA+y+a-1) +a—1 « F

where we have set
1
F = / (u* — Vw721 — )~ %du
0

and we have used the condition (a + ) > 0. Next, according to the binomial expansion,
we have

oo 1
F = Z(a)n/(; (u)\_l)unJraJr’Y*Zdu

|
— nl
1o (@ [ ntofyol_g
= —/\nz:o .y /O(l—v)v Y dv
- (@)n
= A
ng(](n—i-a—i-’y—l—l—)\)(n%-a—i-’y—l)n!
_ A i (@n(a+y=1n '
a+7—1n:0(a+’y)nn!(n+a+7—1—1—)\)

Using the power series of the 9 F; hypergeometric functions, see e.g. [23, 9.1],

oFi(a, Byy32) = ZWz”, |z |< 1,

n=0
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we observe that

)\ z
F = pPe— 111{1_ WL A (e, a4y — a4+ v u)du
1.0,

A TAd+at+y-1) a,a+y—1 aty—1
— _ 1 f ) Y ) a7y .
aty—1 Thtatqy) =o1° 20’y A+alts 2)

where the last line follows from [16, 7.512(5)] and 3F% is the hypergeometric function of
degree (3,2). Note that this later representation holds for ®(a) < 2. We proceed by using
a result of Milgram [28, (11)] regarding the limit of the 3 function which is

: aaty—1 A aty—1. _ —(aty-Dl'(a+y+ )1 - a)
zl—lgl— 3/ (04+"/,>\+oz+7 12) = AL (v + A)
N (a+7+ A= (a+7I(1 - «)
L'(7y)A '

It follows that

_ A1 — o) (vta-DA+7)a A+r+a-1)(")a
d ('y+a—1)()\+7+a—1)< >

A A

A+Ya (Ya >
Avy+a—-1 (y+a-1))

(2.3) = I‘(l—a)(

Finally, we obtain

'l -a) A+7Y)aA+y+a—-1) A
f —
Ay a < A+v+a-1 +(a R
which completes the proof by recalling that ¢, = =) O

«

3. Basic properties of the family (S,IP’('V))

Let us denote by P(V) = (]P’g(?)) e the family of probability measures of the process &
Te

such that IP’SY) ({0 = =) = 1 and recall that the Laplace exponent, denoted by w('Y), of the
process (£,P() has the following form

w(’Y)()‘) = c(A+7)a—a), A20,

where (M), = % stands for the Pochhammer symbol and ¢ = —ﬁ(%ﬂ), and the

parameters o,y belong to the set
Koy =1{l<a<2,y>—a}.

We denote by IEgY) the expectation operator associated to ]P’gj) and write simply E() for

IE[()V). In what follow, we show that it is the Laplace exponent of a spectrally negative Lévy

process, we also provide its characteristic triplet and derive some basic properties.
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Proposition 3.1. (1) For o,y € Kqp, the process (S,P(V)) s a spectrally negative
Lévy process with finite quadratic variation. More specifically, we have, for any

A>0,
0 A
D) = A+ / <e Y—1- /\yﬂ{|y\<1}> v(dy)
where
elot)y
v(dy) = Camd% y <0,
and

> 1 e—1
~oz = a B ;k 1— ) -1)-
C Ckzk(k—a)< < c + o, o+ )

=1

() @ nere 1>>

where B (.;.,.) stands for the incomplete Beta function.
(2) The random variable (§1, IP’('Y)) admits negative exponential moments of order lower
than v+ «, i.e. for any A < v+ «, we have

E) [6_)\51} < 00.

(8) We have the following invariance property by Girsanov transform, i.e. for any

v e ICa,'y:
31) 0B\, — S EOONGPO s,
(4) The first moments have the following expressions
ED 6] = c(a(T(y+a) = ¥(7)),7> —a,
(32) EQO 6] = (o)
1
(1-a) - - (R _ _
(33) B ) = epp gy (¥ - a)
(3-4) EV[G] = —(a—1)
where ¥(A) = % is the digamma function and E. stands for Euler-Mascheroni

constant.

(5) For any 1 < a < 2, there exits Yo, with —a < 44 < 0, such that E0«) [¢] = 0.
Moreover, for any v < 7o the Cramér condition holds, i.e. for any v < 7o, there
exists Aq > 0 such that

(3.5) EO™) [e)\ail} - 1

(6) Consequently, for any fired 1 < o < 2, the process (ﬁ,IP’(W)) oscillates and other-

wise limg_, o0 (gt, }P’(”)) = sgn(y — Yo )OO a.S.
8



(7) For v =0 or —1, the scale function of (&IF’(V)) s given by

W (z) = e (1 —e ) 1 >0.

I(a)

(8) Finally, we have the following two limits results:
(a) For any v € Kq,, the process (E,P(V)) converges in distribution as o — 2 to
a Brownian motion with drift v + %

(b) For any fixred 1 < oo < 2, the process ()\éf,\t,]P’(O)) converges in distribution

as A — oo to a spectrally negative a-stable process.

Proof. (1) First, from (2.2), we deduce that

¢A7)<A) = c(A+7)a—Va)

Ca Loy aty—1 cadu

I (log(u) — (v — 1)t 10e(u)|< : Y
— (ca (/0 (log(u) (g_u)l{i'lg( ) 1}du+/_oo(1—u) du)

. / t (7 = Dlog(Wlijogyi< )
“Jo (1 —u)ott

) a+7—1d
N Cab '~ GU
n /0 (u 1 AlOg(U)H{Ilog(U)Kl}) (1 —wu)otl

oo (a+7)y g
. Nooq Ca€ u
= CoA+ /0 (e 1 Ay]l{‘y|<1}) = enyort”

where we have set

Ll — (u—1))I L
G = e (/ (log(u) — (u— 1)) {log(u)|<1}du+/ (1 — W
0 —0o0

(1 —uyot!

+/1 (o=t —1) log()Ljiog(u)|<1}
0 (1 =)ot

Hence, we recognize the Lévy-Khintchine representation of a one-sided Lévy pro-
cess. Moreover, the quadratic finite variation property follows from the following
asymptotic behavior of the Pochhammer symbol, see e.g. [23],

(—a)2y—a-1)
2z

(36) (z+v)3' = 2@ [14— +O(22)] , |larg z |<m—0,0 >0,

and the condition 1 < o < 2. It remains to compute the constant ¢,. Performing
the change of variable v = 1 — u, we get, for the first term on the left-hand side of
9



the previous identity,

e—1 00 e—1

¢ Co 1 ¢ k—a—1
/0 (log(1 —v) + U)de = —Cq ;2 z /0 v dv
=1 e—1\""
- e kZZQ kE(k — ) < e >

Moreover, proceeding as above, we have

/1 (u™ 7! — 1) log(w)Luog(ui<1y
0 (1 —wu)otl

o0 e—1
_ 1 ¢ k—a—1 a+v—1
_ %Z;kA =0 L(1 — )1 1)y

—1

= ¢4 -7 - ar] _ p)etr—2g4
: pt kE(k — ) ( 0 vl =) v

k—a
_<e1> 61&7)
e

- -1 -1
= Ca 2ty (B(e ;k+1—a,a+7—1>—
— k(k — ) e

k—a
<€—1> el_o‘_”’> .
(&

Putting pieces together, one gets

o0

1 e—1
o = k+1l—aaty—1)—
¢ ¢ Kk — o) (B( - k+ o, o+ )

() @ 1>>

which completes the description of the characteristic triplet of (5 ,IP)(V)).

(2) This item follows from the fact that the mapping A — (7 (\) is well defined on
(—y + a, 00).

(3) It is simply the Esscher transform.

(4) The expressions for the first moment of (&1, ]P’('Y)) is obtained from the formula

£(A+fy)a =A+7)a(YA+vy+a) = FY(A+7)).

Moreover, for v = 0 and v = —1, we use the recurrence formula for the digamma
function, U(u+1) = L1 +W(u), see [23, Formula 1.3.3] and for the Gamma function.
(5) Since, for any v € Ky, the mapping A — Qp(’”()\) is convex and continuously

differentiable on (a+ 7y, 00), its derivative is continuous and increasing. Hence, the
10



mapping vy +— 7)(0+) is continuous and increasing on K, . Moreover, noting
that EC-Y [¢1] < 0 < EO [¢] for any 1 < a < 2, we deduce that for each 1 < a < 2,
there exists an unique —1 < 7, < 0 such that E() [€1] = 0. Since for any v < 7q,
7 €] is negative and A — () (X\) is convex with limy_. V(X)) = oo, we

deduce that there exists A\, > 0 such that () (\,) = 0.

(6) The long time behavior of (§ ,IP’(V)) follows from the previous item and the strong
law of large numbers.

(7) The expression of the scale function is derived from the following identity, see [16,
3.312,1.], for R(a), R(A +~) > 0,

o o A+ 9)N«)
(A y)z 1 zya—1 _
/0 e (1—e )% da = TOth+a)

(8) It is enough to show that the random variable (51, ]P’('V)) converges in law to a nor-
mally distributed random variable with zero mean and variance 1. By continuity of
the function w(v)()\) in o, we get the result after easy manipulation of the Gamma
function. Similarly, for the second limit, we simply need to show that the random
variable (51, IP’(O)) belongs to the domain of attraction of a stable distribution, i.e.

lim,, o0 np(©) (nfé)\) = c\®. The claim follows by means of the asymptotic of the

ratio of Gamma functions, see (3.6).
O

Remark 3.2. The choice of the constant ¢, is motivated by the item (8b). Actually, the
coefficients of the Laplace exponent of a completely asymmetric stable random variable is
given for any ¢ > 0 by ¢(1) = ——S—~ > 0, see e.g. [37, Proposition 1.2.12]. Thus, we

acos( ) )
have made the choice (“ = 1.

Remark 3.3. Note that Caballero and Chaumont [10] show, by characterizing its char-
acteristic triplet, that the process (¢, PO ) is the image via the Lamperti mapping of a
spectrally negative regular a-stable process conditioned to stay pos1t1ve which we denote
by X'. X1 Indeed, they show that the infinitesimal generator, Q , of X T, is given, for a
smooth function f and any z > 0, by

Caxlfoz

QU f(x) = fl(@) +

a—1
cadu

1
o [ () = et = e @)= 1) T

Thus, writing for z, A > 0, px(z) = 2, we have Q(O)p)\(a:) = 22 (O(\). For any
v € Ka,y, the expression of the Laplace exponent appears as an example in [32].

4. Law of some exponential functionals via. ..

In this section, we derive the explicit law of the exponential functional associated to
some elements of the family of Lévy processes introduced in the previous Section and to
some transforms of these elements.
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We proceed by introducing the Wright hypergeometric function which is defined, see
e.g. Braaksmal9], by

N (Al, al), . (Ap, ap) o) = i Hle I‘(Am + Cli) ﬁ
L (Bl, bl) e (Bq, bq) oy ;]:1 I’(Bm + bz) n!

where p,q are nonnegative integers, a; € C (i = 1...p),b; € C(j = 1...q) and the
coefficients 4; € RT (i = 1...p) and B; € R (j = 1...q) are such that 1+ Y7 | B; —
>°P | A; > 0. Under such conditions, it follows from the asymptotic formula of the ratio of
Gamma functions, see (3.6), that ,¥,(z) is an entire function with respect to z. We refer
the reader to Section 6 for a description of this class of functions and for a detail account
on their asymptotic behaviors.

4.1. ... an important continuous state branching process. In this part, we establish
a connection between the dual of an element of the family of Lévy processes introduced
in this paper and a self-similar continuous state branching process. As a byproduct, we
derive the explicit law of the exponential functional associated to the dual of this element.

To this end, we recall that continuous state branching processes form a class of non
negative valued Markov processes which appear as limits of integer valued branching pro-
cesses. Lamperti [21] showed that when the units and the initial state size is allowed to

tend to infinity, the limiting process is necessarily a self-similar continuous state branching
process with index lower than 1. We denote this process by (Y, Q(®), i.e. Q0 = (Q&O))DO
is a family of probability measures such that Q;O)(YO = x) = 1. The associated expec-
tation operator is E(©). Moreover, Lamperti showed that the semi-group of (Y, Q(O)) is

characterized by its spatial Laplace transform as follows, for any A,z > 0,

x bl

(4.1) EO) |:€7)\)/tj| _ efxd)\(lJrct)\ﬁ)—l/H

for some 0 < x < 1 and some positive constants d, c. On the other hand, he also observed
in [20] that a continuous state branching process can be obtained from a spectrally positive
Lévy process, ¢, by a time change. More precisely, consider ( started at x > 0 and write

TOC = inf{s > 0; (s =0}.
Next, let

t
A = / ¢lds, t<T¢
0
and
Vi = inf{s>0; Ay >t} AT

Then, the time change process ( o V' is a continuous state branching process starting at
x and the Laplace exponent ¢ of ( is called the branching mechanism. Finally, we recall
that the law of the absorption time

i = inf{s >0;¢(oV, =0}
12



has been computed explicitly by Grey [17]. More specifically, put ¢(0) = inf{s > 0; p(s) >
0} (with the usual convention that inf( = co) and assume that [ ¢~!(s)ds < oo and
¢(0) < oo, then

(4.2)  the law of g(i) for ( o V starting at = > 0 is exponential with parameter z,

where g : (0,00) — (¢(0),00) is the inverse mapping of [ ¢~ (s)ds. We are now ready
to state and proof the main result of this part.

Theorem 4.1. For any 0 < k <1, we have the identity in distribution

</ e_HESdS,IP’(()O)> U ce "
0

where € is an exponential random variable of parameter 1.

In the case kK = 1, (f,]P’(O)) is a Brownian motion with positive drift %, see item 8a

in Proposition 3.1, and the result above corresponds to Dufresne’s result [13]. We split
the proof in several lemmas. First, let us denote by X a spectrally positive a-stable Lévy
process killed when it hits zero. It is plain that it is also a a-sspMp. We have the following.

Lemma 4.2. The Lévy process associated, via the Lamperti mapping, to X is the dual,
with respect to the Lebesque measure, of (€,P), i.e. (—&,P).

Proof. First, by Hunt switching identity, see e.g. Getoor and Sharpe [15], we have that
X is in duality, with respect to the Lebesgue measure, with X , the spectrally negative
a-stable Lévy process killed when entering the negative real line. Moreover, it is well
known, see e.g. Bertoin [2] that the spectrally negative a-stable Lévy process conditioned
to stay positive, which was denoted by X1 in Remark 3.3, is obtained as h-transform, in
the Doob sense, of X with h(z) = 291 2 > 0. Thus, it is plain that X1 is the dual, with
respect to the reference measure y®~'dy, of X. Moreover, the Lévy process associated via
the Lamperti mapping to XTis (€,P©), see Remark 3.3. Since X and X1 are sspMp, the
conclusion follows from Bertoin and Yor [6, Lemma 2]. O

Lemma 4.3. The spectrally positive Lévy process associated, via the Lamperti mapping,
to the k-ssMp (Y,Q©)) is (—¢,P(0)).

Remark 4.4. As mentioned above, in the case k = 1, (—¢, IF’(O)) corresponds to a Brownian
motion with drift —%, then (2Y, Q(O)) is a squared Bessel process of dimension 0 and we
recover the well-known formula, see e.g. Revuz and Yor [34],
E® {e—mft} _ e—m(1+tzx)*17 Azt 0.
Proof. First, we show that the branching mechanism associated to (Y, @(0)) is the Laplace
exponent of a spectrally positive a-stable process. It is likely that this result is known.
Since we did not find any reference and for sake of completeness we provide an easy proof.
It is well-know, see e.g. Li [24], that the semi-group of a continuous state branching process
with branching mechanism ¢ admits as spatial Laplace transform the following expression,
for any A > 0,
e~ rIA()
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where ¥ : [0, 00) — [0, 00) solves the following boundary valued differential equation

95(t) = e(WA(t),  IA(0) = A,

It is then not difficult to check, in the case ¢(\) = —£A%, that
Ix(t) = A (1 + ctA®) ="

which is the Laplace exponent of (Y,Q() given in (4.1) with d = 1 and 0 < kK = a —
1 < 1. Then, we deduce that (Y,@(O)) is obtained from X by the random time change
described above. Finally, from Lemma 4.2 and Lemma 2.2, by choosing (., such that
Ba = —%, i.e. Bo = &, we get that the image via the Lamperti mapping of (VP Q)
is (8.&, P©). By using Lemma 2.3 and observing that (Y,Q©) is s-self-similar we
complete the proof. O

L\«
)

The proof of the Theorem 4.1 follows readily by observing that for ¢(\) =

g(t) = (ct)i and from the identity (i, 5,30)) @ (z* [° e‘“fsds,P(()O)). In the following

part, we shall provide the expression of the semi-group of (Y,Q(O)) in terms of a power
series.

4.2. ... a family of continuous state branching processes with immigration. We
recall that k = a — 1, and for any § € Rt we write P(0:9) = (ngo,g) . for the family of
e

probability measures of the process &, which admits the following Laplace exponent

05 (\y — 5O _ ¥ ©
PON0) = OO - T, A0
= c(A—I—H—ad)W

Proposition 4.5. For any 6 > 0 and 1 < o < 2, (§,]P’(0’5)) s a spectrally negative Lévy
process. Its characteristic triplet is given by o® =,

b = () (1“),

K

and
ey

VO (dy) = CO‘W (

14+6(e¥—1))dy, y<0,

where

log <E(0,6) {6—/\51]) — x4 /0

—0o0

(6)‘11 -1- )\y> v (dy).

14



Proof. First, writing simply here ¢ for (%), we have from (2.3) by choosing v = 0 that

ad _cad T(A+a)
)\+/-$w()\) Atk (N

cad ! o o
= F(l—a)/o (u’\—l)u 2(1 —u) %du
0 KY d
_ w_ 1) Ca€™Vdy
5/ (e )(1—69)‘)‘

—00

0 kY 0 "
_ 1 ) ey Cac™dy
5(/ (¥ =1-2) <1—ey>a“/_ooy<1—ey>a>

RY
_ _5/ Ay_l_ y)(CaedyHcp(a)aé,

1—ev)e K

where we have used the identities ¢, = m > 0 and

0 kY ] o 0 kY
Ca€™ay A Ca™dy
oty gy O[T (g ) e

/_Ooyu—ey)a b 8)\/ ¢ AY) @ = erjrtt
o I'(«)
—  _lim — D S St
i 8)\¢ (W) —e K
I'(a)
/
= —¢'(0) — c——.
¥(0) - e
The proof is completed by putting pieces together. O

Next, set 0, = % and M; = E(09) [£1] and note from the previous proposition that
Ms = cl'(a) (1 —ady).

In particular, we have Ms < 0 if § > 7. Under such a condition, we write simply

(S PO = < / e s P(o&))
0

We are now ready to state to the main result of this section.

Theorem 4.6. Let 0 < k < 1.

(1) For any 6 > £, the law of the positive random variable (ZOO,IP’(O 5)) s absolutely
continuous wzth an infinitely continuously differentiable density on (0,00), denoted

by £, and

o o I'(n + ady
O = |Mylyds Z )

n!I'(kn + ad)

—n

_ —ad (17 OC(SI{) |
- |M5’y 1\P1 ( (KZ,O&(S) ) y Y > 0.
Moreover, we have

D)~ |Ms| ey

as y — oo.

15



We deduce, from (6.1), the following asymptotic behavior

(n+ ady)
fo(g) (y) ~ ’Mé‘z n'l“))y asy — 0.

(2) For any 0 < %, we have

(/ e_”“fsds,IP’(()O’é)> @ CI{B_I(l—a&{,a&,{)e_“
0

where B(0,7) is a Beta random wvariable with parameter 6,y > 0 and the ran-
dom wvariables on the right-hand side are taken independent. Thus, the law of

(fooo e s ds, P60’5)> 1s absolutely continuous with a density, denoted by féﬁ), which
admits the following integral representation, for any y > 0,

; 1
FO ) = Sm(o“m)a/ (TR — S g a1y,
cr?m(y/ck)= Jo

Remark 4.7. (1) For 6 > %, the law of (Zoo,]P’(O’5)) is a generalization of the inverse
Gamma distribution. Indeed, specifyingon k =1, ie. a =2, c= % and § > %, the
expression above reduces to

—26 .

(9) — 9 Y

which corresponds to Dufresne’s result [13], i.e

= Be-(-1)s g, @ 1
/0 ¢ o 2G(26 — 1)

where B is a standard Brownian motion. Note that Dufresne’s identity holds also
for § < £
6

(2) Note also that, the densities |M; 1 fég) converge, as 6 — = to a density probability
distribution given by

® o = ot

which is the inverse of a positive Linnik law of parameters (k, k), see [25].

(3) We also point out that in a recent paper, Bertoin et al. [4] provides several in-
teresting distributional properties of the duration of a recurrent Bessel process of
dimension d = 2(1 — «),0 < d < 2, straddling an independent exponential time,
denoted by A,. In particular, they show that the law of A, is expressed in term of
ratios of independent Gamma and Beta random variables. It would be interesting
to establish connections, if any, between the random variables A, and (EOO, IP)(O"S)).
We also refer to James et al. [18] for related results.

>0
n+1 7y )

We start by proving the item 2 of the Theorem. It follows readily from the expression,
found by Bertoin and Yor [5], of the negative entire moments of the law of the exponential
functional of a spectrally positive Lévy process with a negative mean. Indeed, the Laplace

16



exponent of <m§,IP’[()O’5)> is given by 9(®9(k\) = cx (A + 1 — ad,) %J;)I)), and its mean
by ckI'(a) (1 — ad,). Thus, from [5, Proposition 2|, for 6 < £ and any integer n, we get,

after some easy computation,

IE:(()0,5) [(/0 e”gsds> ] _ CIiFa 1—a5 H

F( n)'(n+1— ady)
(k)T (n)(2 — ady)
F(kn+1)IT(n+ 1 — ady)

F'n+ 1)I'(1 — ady)
The result follows by identification with the moments of a Beta random variable. To
obtain the integral representation of the density, we first recall that

= "k"T'(a) (1 — ady)

n.n

1 1/
P (€7f$ c dy) — Eyf(l/fiJrl)efy 1/ ’ y > 07

and
1

P(B(1 - adyad) €dr) = fr— osmes )r‘a‘”(l — )y, 0<r <l

Thus, we deduce that

i 5!‘6 1 - K [}
P(B7'(1 - adu,abp)e ™ € dy) = Sm(o‘a”)/ o—yr) Y T_%(l _ pyadelgy
0

KTTY s

where we have used the Euler’s reflection formula I'(z)I'(1 — z) =

s
sin(mz) *

The proof of the remaining part of the Theorem in split in several(in%ermediate results
which we find worth being stated. We start with the following easy result which gives a
complete characterization, in terms of their Laplace transforms, of self-similar cbip. To
this end, we now recall the definition of a cbip with parameters [p, x]. It is well known,
see e.g. [24], that the semi-group of a cbip with branching mechanism ¢ and immigration
mechanism y, where x is the Laplace exponent of a positive infinitely divisible random
variable, admits as a spatial Laplace transform the following expression

(4.4) exp <—:m9,\(t) = /Ot X(ﬁk(s))ds) , x,t>0.

Lemma 4.8. A cbip is self-similar of index k if and only if 0 < k < 1 and it corresponds
to the cbip with parameters [p,6x] where § > 0, p(A) = —<A*TL and x () = c(EZH)A~.
Its Laplace transform has the following expression, for d,x, A >0

E® [6414} _ A(‘S)()\ z)

where

A'g&)(/\ z) = (14 ctA®)"% o= TA(L+etam) TR
In particular its entrance law is characterized by
(4.5) E( [efm} (14 )
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We denote this family of processes by (Y,Q())s<.

Proof. The sufficient part follows readily from the definition of the cbip and by observing
that for any a,t,z > 0, Ag@t()\,am) = Agé) (aX,z). The necessary part follows from the
fact that the unique self-similar branching process has its Laplace transform given by (4.1)
and thus the immigration has to satisfy the self-similarity property. Since we have for any
a,t >0, a¥y(a"t) = 9,1 (t), we need that

x(adax(t)) = a"x(Var(kt))

which is only possible for x(a) = Ca” for some positive constant C' (since x is the Laplace
exponent of a subordinator). The claim follows. U

Remark 4.9. (1) We mention that (Y, QM) corresponds to the continuous state branch-
ing process (Y,Q(O)) conditioned to never extinct in the terminology of Lambert
[19]. Indeed, he showed that the latter corresponds to the cbpi with immigration

@'

(2) The Laplace transform of the entrance law (4.5) appears in a paper of Pakes
[31] where he studies scaled mixtures of (symmetric) stable laws. More precisely,
denoting by Yl((s) the entrance law at time 1 of (Y,Q(‘;)), we have the following
identity in law

Y@ @ qs)yns,,

where S, is a positive stable law of index x and the two random variables on the
right-hand side are considered to be independent.

We proceed by providing the expression of the semi-group of (Y, Q(‘S)).

Proposition 4.10. For any § > 0, the semi-group of (Y,Q©)) admits a density, with
respect to the Lebesgue measure, denoted by pi(s)(., .), which is given for any x,y,t >0 by

)

Ls+0 K
(Lé)( ) _ KO—1 i 1\II1 < ( (’Jjﬁé) ) ‘ Y ) ( 1)71, n
p ry) =Y P T (% +6) x

where by self-similarity we have set pO (xt=1/% yt=1/%) = (ct)*l/”p(f) (z,y). Moreover, the

semi-group of the self-similar branching process (Y, Q(O)) admits a density, with respect to
the Lebesque measure, given, using the same notation as above, for any x,y > 0 by

S (3])

(0) — oL _1\ynan
Py =y 7;0 T () (—1)"z".
For 6,y > 0, the entrance law of (Y,Q®) is given by
rS 1 _ (1,0)
4. (045) — Ko—1 \I/ 9 _ K )
(4.6) p=(0,y) r@? Y o) | Y
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Proof. In what follows, we simply write d for ad, and set ¢,t = 1. Thus, by means of the
binomial formula, we get, for \* > 1,

K\— . nF d +n k(—n—
n=0 )
The term-by term inversion yields
(%6) _ /15 1 F<n+5) Kn
pt=’(0,9) Z n‘F(H n+on? -
Next, we have
1 > ny sy 1
e—Ax(l-‘r}\) H(1+)\n)—6 _ Z(_l)n(l+>\n)—(;+5)ﬁ>\n$n
n=0 ’
S n —r\— (2 1 —Kd,.n
= Y (-D"A+AT") (ﬁ‘s)ﬁ)\ S,
n=0 ’

Once again inverting term and term and using the previous result, we deduce that
[ee)
Py = )
n=0
where the term F"(y) is given by

KkO—1

F"(y)

o
y L(r+2%+0) o
r( Z

Ly §) T'F 7"—1—5))

kd—1
y (1,2 +9) )
= e qf K — .
r(2+0)" 1( (k, K6) ‘ Y

Thus, by putting pieces together we get

(£8) | - i\y (1’%+6) -y~ )"
P (x,y) Yy ;n!r‘ (%+5)1 1 (/{’ /{5) Yyl

which completes the proof. Il

Note that in the case kK = 1, we get

& n
(g) _ 0—1 (_1) i} (1vn+5) _ K n
plad(zy) =y nz()nlr(n+5)1 g y©) o
To recover the well-known expression of the density of the semi-group of a Bessel squared

process, see e.g. [8, p.136], we used the fact that for Kk = 1, we have

APNa) = (14 ctn) P e a2 )
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and used the inversion techniques, as above, to get

ﬁ/‘\
N[>
~
—
K
<
SN—
I
/N
<
N—
T
—
]
—
)
8
+
<
—~
|8
N
~—

3 t n‘I‘(n—i— J)
oL 2ty 2
(2o (o),
rt t

where we recall that

B S (m/z)y+2n
) = 2 G

stands for the modified Bessel function of the first kind of index v, see e.g. [23].
We proceed by characterizing the Lévy processes associated to (Y, Q(‘S)) via the Lamperti
mapping.

Proposition 4.11. For any 6 > 0, the Lévy process associated to the k-sspMp (Y, Q(5))
is the Lévy process (—&,P(09)).

Proof. Let us first consider the case § = 1. Lambert [19] showed that (Y, Q")) corresponds
to the branching process (Y,@(O)) conditioned to never extinct, which is simply the h-
transform in the Doob’s sense, with h(z) = z, of the minimal process (Y,Q®). Let us
now compute the infinitesimal generator of (Y, Q()), denoted by QS:). To this end, let us
recall that since the process X does not have negative jumps and has a finite mean, its

infinitesimal generator, denoted by QT , is given, see also [10], for a smooth function f on
R* with f(0) =0 and any z > 0, by

Ql f(x) = /0 (@ +3) = 1) = ' (@) ey

= /100 (fluz) - f(z) - 2f'(z)(u— 1)) (u_cﬁdu

where we have performed the change of variable y = z(u — 1). Thus, by a formula of
Volkonskii, see e.g. Rogers and Williams [36, II1.21], we deduce that, for a function f as
above and any x > 0,

_ /1 - )—xf’(x)(u— D) = e



Recalling that for any = > 0, Qf)h(x) = 0 with h(z) = 2 we get, by h-transform and for
a smooth function f on RT, that

1

(1) _ (0)
yf() = h(z) + (hf)(x)

_ oo <Q(+°)f(x) + [T - @) y) dy

= o (@Prw) + [ () = ) )

= (@ [ (1(2) - s@) )

We have already shown, see Lemma 4.3, that the Lévy process associated via the Lamperti
mapping to (Y, QS?)) is (=&, P(). Next, consider the function py(z) = z*, with A < 0 and
z > 0, and note that Q' py(z) = 2*7*¢(—A). Thus, using the integral (2.3) we obtain
that

1 Cau 2 Ca -«
/0 (¢ =1) Fogede = (e Eilm)

1
Y A+k
Using the recurrence formula of the Gamma function, we deduce that the image, via
the Lamperti mapping, of (Y,QW) is (=&, P(®1). The general case is deduced from the
previous one by recalling that for any 6,2z, A > 0, and writing e)(z) = e, A > 0, we
have, see e.g. [24], for any = > 0,

= ()

QPer@) = —ex(@) (@p(N) +3x(V))
where Qf) stands for the infinitesimal generator of (Y, (@(5)). O

Remark 4.12. We observe that the process (—&, P(O:1) is equivalent to (—¢&, P(—1). This
is not really surprising since as mentioned in the proof, the process (Y, Q(l)) is obtained

from (Y, Q) by h-transform with h(x) = z. The corresponding Lévy process is thus the
0 = 1-Esscher transform of (—¢,P(©)) which is (=&, P(-1).

The Theorem is proved by putting pieces together and using the following easy result.

Lemma 4.13. For any v >0 and 6 > ¢, we have

f(é)(v) = |E(0,6) [&HU_%pgé)(O,v_%).

o0

Proof. In [32, Lemma 3.2], the following identity is proved
E0) 7] = [E* g / e~ (0, yt ™ )y dy.
0

Performing the change of variable t = y®v, the proof is completed by invoking the injec-
tivity of the Laplace transform. O
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5. Some concluding remarks

5.1. On the family (Y,Q%)s5>¢. Recalling that for § > £ we have (09 (9) = 0 where
0 = ad — k. We deduce readily, from Rivero [35], the behavior of (Y, Q(®)) at the boundary
point 0.

Proposition 5.1. (1) For 6 > %, 0 is unattainable a.s.
(2) For 6 < %, 0 is reached a.s.. Moreover, if 0 < § < £, the boundary 0 is recurrent
and reflecting, i.e. there exists an unique recurrent extension of the minimal process
which hits and leaves 0 continuously a.s. and which is k-self-similar on [0, 00).
(8) For 6 =0, the point 0 is a trap.

Next, we provide the Laplace transform of the first passage time below for the continuous
state branching processes (Y, Q()), § = 0,1. That is for the stopping time

TY = inf{s>0; Y, =a}.

a

Proposition 5.2. Let x > a > 0, we have, for any q > 0,

~ 1
oY I(q=crx
BO [on] = LoD
Z(g=cka)
Z(g~cr)
ED [e—qTfH v } = aA qrch
; i <eod xI(q%cma)
where
~ o0 1
I(x) = x/ et T g
0
> r—2+1
= Z(—l)”i( T"‘“ )x"—I—fm_“ 1‘110( (K, k) ‘ —x_”).
n=0 ’

Proof. First, from (4.2), we deduce readily the identity
Eggo) [e_ngf} = f(q%cmn), qg>0.

Thus, the first claim is obtained by an application of the strong Markov property and
using the fact that (Y, Q) has no negative jumps. The second identity follows readily
from the first one by means of h-transform and the optional stopping theorem. To get
the expression of the integral as a power series we follow a line of reasoning similar to
Neretin [30]. First, consider the space L*(R*, %) and denote by I, (x,v) for o < 0 and
R(z), R(v), R(h) > 0 the inner product of the functions e%(t) = e~%* and e, (t) = the ",
ie.

oo
Iop(z,v) = /0 e vtmetth =1y,
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Then, the Mellin transform of €2 is

(e o]

e\ = / e T 1at
0

_ Sgn(g> /OO e—xuuz\/g—ldu
0 0

sgn(0)l'(\/ o)
Q;I;A/Q ’

While the Mellin transform of 2" is
evlth(N) = v MAD(h).

By the Plancherel formula for the Mellin transform, we have

/ et 2 [ auh (i) s (iA)dA
0 T 2 J_
that is
_osgn(o) [ V), —iA/ 0, 0N
Iopn(z,v) = 20 /_OOF(z)\/Q)F(h+1)\)u ey A d.

Then we perform the change of variable z = iA/p and consider an arbitrary contour &
coinciding with the imaginary axis near oo and leaving all the poles of the integrand
of the left side. We get the series expansions by summing the residues and by choosing
h=v=1and p=—1. O

K

We proceed by characterizing the class of sspMp which enjoy the infinite decompos-
ability property introduced by Shiga and Watanabe [39]. More specifically, let @}& the
Skorohod space of nonnegative valued homogeneous Markov process with cadlag paths.
Let (Qu)2>0, (QL)z>0 and (Q2),~0 be three systems of probability measures defined on
(D4, B(D},)), where B(D],) be the o-field on D}, generated by the Borel cylinder sets.
Then, define

Q=0Q'*Q’

if and only if for every z,y > 0, Q1 = ®(QL x Q%) where ® is the mapping D}, x D}, —
’DL defined by

‘I)<$1,$2) =21 + 2.

A positive valued Markov process with law Q is infinitely decomposable if for every n > 1
there exits a Q™ such that
(5.1) Q=Q"x...xQ".

N————

n

They showed that there is one to one mapping between cbip and conservative Markov
processes having the property (5.1). Thus, from the propositions 4.11 and 5.1 we get the
following result.
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Corollary 5.3. There is one to one mapping between the family of sspMp satisfying the
Shiga- Watanabe infinite decomposability property (5.1) and the family (Y,Q®))sso, i.e.
the family of spectrally positive sspMp associated, via the Lamperti mapping, to the family
of Lévy processes (—&,P(09))5- 0.

Finally, we provide an extension of the previous result the x-sspMp Ornstein-Uhlenbeck
processes. More specifically, for any n € R, let us introduce the family of laws (Qn’(a))gzo
of self-similar Ornstein-Uhlenbeck processes associated to (Y, Q(‘s))gzo by the following
time-space transform, for any ¢ > 0 and § > 0,

<yt7Qm(5)> - (e—ntyhn (t),@w)) :

where

1 — e mnt
m(t) = 777%

For any n € R, (Y, Q”’(‘S)) is an homogenous Markov process and for 7,4 > 0, it has an
unique stationary measure which is the entrance law of (Y, Q(®), see e.g. [33]. Moreover,
its semi-group is characterized by its Laplace transform as follows

—-1/k

) [e‘wﬂ = (1+ ey (H)A") 70/ gmme T A +em (DAT)

It is easily shown that the infinitesimal generator of (Y, Q"’(‘;)) has the following form, for
a smooth function f on RT,

Qi’(é)f(fﬁ) — ng)f(x) —nzf'(z), x> 0.

Hence we deduce from the identity

6
Pea@) = —ea(@) (@p()) +6x(N),
that (YV,Q7) is a cbip with branching mechanism ¢,(\) = @A — n\ and immigration

X(A). Its semi-group is absolutely continuous with a density denoted pidn) (x,y) and given,

for any z,y,t > 0, by

pgém) (:Ca y) = e_mﬁpsfi)n (t) (J:a e_ﬁnty)'

5.2. Representations of some ,¥, functions. Let us recall that, for = < § < %“,

the Laplace transform of (X, P(%%)) has been computed by Patie [32] as follows, for any
x>0,

(5.2) E©9) [em2=] = N ()
where, by setting 0 < m, =2 — ad, < 1,

Nes(x) =Tp5 (x) — Cmﬁm%*lf&dmn (), x>0,
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and

oo

Tps (ckx) = r(mﬁ)r(n)zr
n=0

:L,TL

(n+m)l(k(n + 1))

- r<mﬁ>r<m>1w2<< (1,1)

1,my) (K, k)

o0 xn
Ty 5,m, (ckx) = T'(ad) Z _
vt n!T'(kn + ad)

= T(ad) 0¥ ( (k,ad) ’ ),
and where C),, is determined by
(5.3) Tps (x) ~ C’mmxa?tlIﬁ’g’mK (x) asz— oo.
Using the exponentially infinite asymptotic expansions (6.2) and (6.3), we deduce that
I'(m,)L(x)
I'(«d)

As a consequence of Theorem 4.6 we have these representations of the function N, 5.

Cm, =

Corollary 5.4. For & <6 < %” and x > 0, the following representation

M(S 00 ua6,$—1
- v 5) | -
Nes(x) T(ad) /0 e oW ( (K, ad) ‘ u) du

holds. Finally, we have the following asymptotic expansion for large x,
Nies(w) ~ exp (—(li_’“of"x)i) e aras

Proof. Note that, for any 6 > & and y > 0, we have

M el (-1)" _
(%) _ 6 uy ntads—1
J='() I'(ady) /0 ‘ HZ:O n!T'(kn + aé)u du
M

_ * —uy, ad,—1 o
= F(aén)/o e u 0\111( (ﬁ,a5) ‘ U) du

where we have used the analycity of the mapping fég) and an argument of dominated

convergence. The first representation is obtained by taking the Laplace transform on both
sides on the previous equation and using (5.2). Finally, the asymptotic behavior of the

function N, 5 is deduced from the exponentially infinite asymptotic expansions (6.2) and
(6.3).

6. Asymptotic expansions of the Wright hypergeometric functions

Special classes of the Wright hypergeometric functions have been considered among

others by Mittag-Leffler [29], Barnes [1], Fox [14] while the general case ,¥, has been

considered by Wright [40]. We refer to Braaksma [9, Chap. 12] for a detailed account of
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this function and its relation to the G-function. In the sequel, we simply indicate special
properties, which can be found in [9, Chap. 12].
We proceed by recalling that the Wright hypergeometric function is defined as

v [ A (Apay) | Y _ i [, D(Ain + a;) 2"
p=a (B1, bl) - (Bq, bq) o ;-1:1 I‘(Bm + bl) n!

where p, ¢ are nonnegative integers, a; € C(i =1...p),b; € C(j = 1...q), the coefficients
A;eRT (i=1...p)and B; € RT (j =1...q) are such that

An+a; #0,—1,-2,... (1=0,1,...,p;n=0,1,...).

In what follows, we will also use the number S and T defined respectively by

q p
S = 14> Bi—) A
=1 =1
p q
T = [[4F]]B7"
=1 =1

Throughout this part we assume that S is positive. In such a case, the series is convergent
for all values of z and it defines an integral function of z (the case S = 0 is also treated
in [9]). Next, for S positive, the function ,¥, admits a contour integral representation.
More precisely, we have

p%< (A1, a1),. .. (Ap, ap) ‘Z> 1 HfilP(Am+ai)r(_s)(_s)zds

(B1,b1) ... (Bg, by) 2w Jo [T, T(Bin + b;)
where € is a contour in the complex s-plane which runs from s = a—ioco to s = a+ioco (a an
arbitrary real number) so that the points s = 0,1,2... and s = —azn, (i=0,1,...,p;n =
0,1,...) lie to the right left of €. Next we introduce the following functions

- . [T, T(Ais + ap)
P(z) = s;; 2°T'(—s)Res ( 321 T(Bis + bz))

ex (TSSZ)% 0 ok
E(z) = p( 5 >ZHk(TSSz)s

where Res stands for residuum, we set R, = {r;,, = —%,i =0,1,...,p;n=0,1,...}
and the constant G is given by

p
G = Zbi—zai—i-]%—i-l.
=1 =1
The coefficients (Hj)r>0 are determined by

P T(Ais+a;) = H

i=1 ? ? S\—s k
TS ~ -
i D(Bis +bi) ( ) Z




In particular,

2

_ P 141
Hy = (2m) 3" 593 [T Ar 2 [[ B2 ™
=1 1=1

We have the following asymptotic expansions.
(1) Suppose S > 0 and p > 0. Then, the following algebraic asymptotic expansion
p¥q(2) ~ P(=2)

holds for | z |— oo uniformly on every closed subsector of

| arg(—2) |< (1 - g) .

(2) Suppose S > 0. Then, the following exponentially infinite asymptotic expansion
p¥q(2) ~ E(z)
holds for | z |— oo uniformly on every closed sector (vertex in 0) contained in
arg(z) < min(S,2)%.
For the convenience of the reader, we list below the asymptotic expansion corresponding to

»¥, functions which appear in this paper. For y — o0, recalling that 0 < m,, = 2—ad, < 1,
we have

(6.1) M( (1,ad,) ' _y) N i(_l)nr(wraan) y—a%—"7

(K, ad) P T(—rn) o
(6.2) 1V ( (1,77(117)243, K) ‘ y> ~ (27ra)_%/<;%—5—% exp <(/€_F”Ozay)é) y%_,_é_l
(6.3) oV ((w,00) |y) ~ (gm)f%ﬁ%f&ﬁexp<(ﬁ,,iaayﬁ)y%ﬂ;_
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