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THE MAIN CHARACTERS

(N) - A k-bialgebra B is a one-sided Hopf algebra
[1] if it admits a one-sided antipode S: for all b ∈ B

either S(b1)b2 = ε(b)1 or b1S(b2) = ε(b)1.

If S is a two-sided antipode, B is a Hopf algebra.

(R) - A k-algebra A is a Frobenius algebra if there
exists ψ : A→ k and e ∈ A⊗A such that

(ψ ⊗A)(e) = 1 = (A⊗ ψ)(e) and ae = ea

for all a ∈ A. Equivalently, ifA ∼= A∗ asA-modules.

(B) - A pair of functors

F : C
,,
D : Gll

is a Frobenius pair if F a G a F . A functor is
Frobenius if it is part of a Frobenius pair.
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PREVIOUSLY ON FROBENIUS-HOPF ALGEBRAS

Morita (1965) - (R) ⇔ (B)

A k-algebra is Frobenius if and only if

Forget : MA

..
Mk : −⊗Ann

is a Frobenius pair.

Larson-Sweedler (1969) - (N) ⇒ (R)

Any finitely generated and projective Hopf k-
algebra over a PID is Frobenius.

Pareigis (1971) - (N) ⇔ (R)

A k-bialgebra B is a fgp Hopf k-algebra with∫
B∗ ∼= k if and only if it is a Frobenius k-algebra

and ψ ∈
∫
B∗. Call them FH-algebras.

INTRODUCTION
Hopf algebras are the backbone of the algebraic
approach to many questions in geometry, topology,
representation theory, mathematical physics, and
they are nowadays recognized as the algebraic
counterpart of groups.

Frobenius algebras play a prominent role in repre-
sentation theory, geometry, quantum group theory
and, recently, in connection with TQFTs.

It is known that they are intimately related and
that this relationship is preserved for some of the
many existing extensions of these.

Is there a common wider framework ruling this
Hopf-Frobenius connection?

THE ORIGINAL ARGUMENT
For a k-bialgebra B we always have an adjunction

MB
B

(−)coB

		
Mk

−⊗B

II γV : V
∼= // (V ⊗B)

coB

ϑM :M coB ⊗B // M

where M coB = {m ∈M | δ(m) = m⊗ 1}.

Structure theorem for Hopf modules

B is a Hopf algebra iff ϑ is a natural isomorphism.

When B is finitely generated and projective, we
have B∗ ∈MB

B and

ϑB∗ :

∫
B∗ ⊗B ∼= B∗ ⇒ BB

∼= B∗
B .

Recall: λ ∈
∫
B∗ ⇔ λ ∗ f = λf(1) (∀ f ∈ B∗)

⇔ λ(a1)a2 = λ(a)1 (∀a ∈ B) .

A TRUTH REVEALED
In fact, we always have an adjoint triple

MB
B

(−)coB

��
−⊗Bk

��
Mk

−⊗B

OO

and a canonical natural map

σM :M coB →M ⊗B k, m 7→ m⊗B 1k.

When is −⊗B Frobenius?

The following are equivalent for a bialgebra B

−⊗B is Frobenius;(α)
σ is a natural isomorphism;(β)

M ∼=M coB ⊕MB+ for all M ∈MB
B .(γ)

THE MAIN RESULTS [2]
A new structure theorem - (N) ⇔ (B)

The following are equivalent for a bialgebra B

1. B is a right Hopf algebra with anti-
(co)multiplicative right antipode S;

2. σ is a natural isomorphism;

3. σB⊗B is invertible.

In such a case, for all a ∈ B

S (a) := (B ⊗ ε)
(
σ−1
B⊗B

(
(1⊗ a)⊗B 1k

))
.

How far from Hopf?

B is a Hopf k-algebra if and only if σB⊗B is inver-
tible and ϑB⊗B is surjective.

Larson-Sweedler (1969)

If B is finitely generated and projective, then B is
Hopf if and only if it is one-sided Hopf.

Pareigis’ theorem for Frobenius functors

The following are equivalent for a finitely genera-
ted and projective k-bialgebra B

1. −⊗B : M→MB
B is Frobenius and

∫
B∗ ∼= k.

2. B is a Hopf algebra with
∫
B∗ ∼= k.

3. B is a FH-algebra.

4. − ⊗ B : MB → MB
B is Frobenius and

HomB(UB(M), V u) ∼= Hom(M coB , V ).

5. −⊗B : M→MB
B is Frobenius and

∫
B ∼= k.

6. B∗ is a Hopf algebra with
∫
B∗∗ ∼= k.

7. B∗ is a FH-algebra.

8. − ⊗ B : MB → MB
B is Frobenius and

HomB(Vε, U
B(M)) ∼= Hom(V,M ⊗B k).

EXAMPLE

B = k
〈
e
(k)
ij | 1 ≤ i, j ≤ n, k ≥ 0

〉
/I where I is〈∑

h

e
(k+1)
hi e

(k)
hj − δij ,

∑
h

e
(l)
ih e

(l+1)
jh − δij

∣∣∣∣∣ k ≥ 1
l ≥ 0

〉

and with s
(
e
(k)
ij

)
= e

(k+1)
ji is a right Hopf algebra.

FURTHER QUESTIONS

The functor − ⊗ B : BM → BM
B
B is part

of an adjoint triple as well with right adjoint

BHom
B
B (B ⊗B,−). When is −⊗B Frobenius?
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