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We are happy to dedicate our talks and this summary to the memory of Boris Fedosov;
we chose a subject which is close to operators and quantization, two fields in which Boris
Fedosov brought essential new contributions.

Abstract. We advertize the use of the group Mp® (a circle extension of
the symplectic group) instead of the metaplectic group (a double cover
of the symplectic group). The essential reason is that Mp°-structures
exist on any symplectic manifold. They first appeared in the framework
of geometric quantization([1, 2]. In a joint work with John Rawnsley [3],
we used them to extend the definition of symplectic spinors and sym-
plectic Dirac operators which were first introduced by Kostant [4] and
K. Haebermann [5] in the presence of a metaplectic structure . We recall
here this construction, stressing the analogies with the group Spin® in
Riemannian geometry. Dirac operators are defined as a contraction of
Clifford multiplication and covariant derivatives acting on spinor fields;
in Riemannian geometry, the contraction is defined using the Riemann-
ian structure. In symplectic geometry one contracts using the symplec-
tic structure or using a Riemannian structure defined by the choice of
a positive compatible almost complex structure. We suggest here more
general contractions yielding new Dirac operators.
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1. The group Spin®

On an oriented Riemannian manifold of dimension m, (M, g), the tangent
space at any point x € M, T, M, is modelled on a Euclidean vector space

(V.9).
The isomorphism group of this model is the special orthogonal group

SOV, g) :={A e GU(V)|§(Au, Av) = g(u,v) det A=1}

and there exists a natural principal bundle B(M, g) 25 M, with structure
group SO(V, ), which is the bundle of oriented orthonormal frames of the
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tangent bundle; the fiber above x € M, p~!(x), consists of all linear isomor-
phisms of Euclidean spaces preserving the orientation

[+ (V,9) = (TaM, go)
with SO(V, g) acting on the right on B(M, g) by composition
J-Ai=f.A VfeB(M,g),AeSOV.g).

The tangent bundle T'M is associated to the bundle of oriented orthonormal
frames for the standard representation st of the structure group SO(V, g) on

V (ie. st(A)v = Av),

TM = B(M, g) X(sowv.q).st) V
with

f) = [(f.0)] = [(foA, A o)),

The Clifford Algebra CI(V, §) is the associative unital algebra generated
by V such that u-v+v-u = —2g(u,v)1 for all u,v € V. To simplify notations,
we shall assume here to be in the even dimensional situation m = 2n. Then
the complexification of the Clifford algebra is identified with the space of
complex linear endomorphisms of the exterior algebra built on a maximal
isotropic subspace W c VE =W @ W

CI(V,§)¢ ~ End(AW).
Indeed, one associates to an element w € W the endomorphism
c(w)a = V2w A a Va € AW
and to the conjugate element w € W the endomorphism
d@)a=—V2i(w;)a  Vae AW, with wv;(v') = g(v,v').

The Spinor space S is a complex vector space with a Hermitian scalar
product < -,- >, carrying an irreducible representation cl of Cl(V, g), so that
each element of V' acts in a skewhermitian way

<dw)a,B >+ < a,d()f >=0.
Here S = AW, and the Hermitian scalar product is the natural extension of
<w,w >=g(w,w')  w,w €W.

On a Riemannian manifold (M, g), one defines -when possible- a spinor
bundle S(M, g) and a fiberwise Clifford multiplication C of the tangent bun-
dle T'M acting on the spinor bundle S(M, g) by gluing the above construction.
For this, one needs :

- a principal bundle B 22 M with structure group G ;

- a group homomorphism o : G — SO(V, ) so that the tangent space
is associated to B for the representation st,o of G on V:

TM =B X(G,0) V;
it is equivalent to ask for the existence of a map

®:B— B(M,g)
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which is fiber-preserving (i.e. pg = po®) and (G, o)-equivariant , i.e.
o(f-A)=(f) - o(d) VfeB AeG;
- a unitary representation r of G on the spinor space S to define the
spinor bundle
S(M,g) =B xS

- The Clifford multiplication is well defined via
cu((fol) (IF.9)]) = [(f.c(w)s)) ¥feBoeVses

if and only if cl(o(A)v) (r([l)s) =7r(A) (c(v)s), ie. iff
cl(o(A)w) = r(A)ocl(v)or(A)™! YAe G veV. (1)
There is no representation r of SO(V,g) on S satisfying (1). Indeed,
any representation r of G on S is given by a homomorphism n of G into
CI(V,3)¢ ~ End(AW) = End(S) and condition (1) is equivalent to
o(Aw =n(A)-v-n(d)L.

The differential of n yields a homomorphism n, of the Lie algebra g of G into
C1(V, ) endowed with the bracket

[,Bleci=a-B -5«
and condition (1) yields
[n.(B),v]ci = 0. Bo.
The Lie algebra so(V, §) naturally embeds in CI(V, g) :

V(v @w —wy; ®v) = Z(v~w—w-v) with  w;(v) = g(w,v)

and this satisfies :

[v(B),v]ct = Bv  [v(B),v(B')|ct = v([B, B])
but this does not lift to a homomorphism of SO(V,g) into CI(V, §)® since
exp <2ﬂu(gg ® eg — ez ® el)) = —Id for ey, ex two orthonormal vectors.

One way to proceed is to define the group Spin as the connected sub-
group of GI(S) with Lie algebra v(so(V, g)); it is a double cover of SO(V, g).
A pair consisting of a principal Spin bundle B 22> M and a map ® : B —
B(M, g) which is fiber-preserving and (Spin, o)-equivariant is called a Spin
structure on the manifold M. Such a structure only exists if a cohomology
class (the second Stiefel Whitney class) vanishes.

Another way to proceed is to stress the importance of the fundamental
equation (1) and to consider all unitary transformations of S for which this
equation is satisfied. More precisely, for any A € SO(V, g), the maps cl(v)
and cl(Av) extend to two representations of C1(V,g) on the spinor space S
which are equivalent and one defines the group Spin® as the set of unitary
intertwiners between those representations:

Spin® = {(U, A) € U(S) x SOV, ) |Ucl(v)U " = cl(Av) Vv € V}
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with multiplication defined componentwise, the natural unitary representa-
tion 7 on S defined by (U, A) = U, and the obvious homomorphism
o:Spin® — SO(V,g): (U,A) —- A

with kernel U(1). This defines a short exact sequence:

1 U(1) - Spin® -Z5 SOV, §) — 1 (2)
which does not split.
At the level of Lie algebras, the sequence splits and

spin® = v(s0(V, ) @ u(l).

Observe that [cl(v(0.X)),cl(v)] = c(o.(X)v) = [r.X,cl(v)] for all X in
spin® so that 7.X — cl(v(0+X)) = ¢(X)Id where ¢ is a unitary infinitesimal
character of spin®.
This presentation of the group Spin® as the set of intertwiners can be gener-

alised for any signature in any dimension. To relate this to the Spin group
(which historically came first), let us observe that

Spin® = (Spin x U(1)) / +q1ay
(and this is the usual presentation of the group Spin®). The character
n:Spin® = U(1): [(A,N)] — X2 VA€ Spin, A € U(1)
is the squaring map on the central U(1) and has for kernel Spin. We have
rX =c(v(o. X))+ in(X)Id VX € spin®.

Observe that the short exact seqence 2 splits over the unitary group;
indeed, given a complex structure j on V which is an isometry for the metric
g, the unitary group U(V,g,j) — which is identified to the subgroup of j-
linear endomorphisms in SO(V, §) — injects into Spin® in the following way.
Let us choose W C VC to be the +i eigenspace for j in V® and realize
Spin® in the group of unitary endomorphisms of S = AW as above; an
element U € U(V,§,5) acting on VC stabilizes W and induces a unitary
endomorphism denoted A(U) of AW one has

AU)cl(w)AU) ™t = cl(Uw)
AU (w)A(U)™ = cl(Uw)

so that A(U) is in Spin® and we have the injection:
AUV, §,j) — Spin® : U — AU).
At the level of Lie algebras, we have:
A(X) =c(v(X)) + 3Trace;(X)Id VX € uw(V,g, ).

Let SpU<(V,g,j) be the inverse image of U(V,g,j) under o and define the
character

}VwEW

A:SpUS(V,3,7) = U(Q) : AU = X YU € U(V,§,4),A € U(1).
The isomorphism

o x X:SpU(V,3,j) = U(V,3,5) x U(1)
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has inverse A x 4. The complex determinant defines another character det;, o
on SpU°(V, g, j) and the three characters are related by

n =\ det;,o0.

A pair consisting of a principal Spin¢ bundle B 25 M and a fiber-
preserving and (Spin®, o)-equivariant map ® : B — B(M, g) is called a Spin®
structure on the manifold M. Such a structure does not always exist.

If it exists, it is not unique. Indeed given a Spin® structure (B, ®) and a U(1)
principal bundle L' 2% M, one builds a new Spin® structure (B, ®) by

B = (B X M Ll) X (8pintxU(1)) Spinc
for the homomorphism of Spin® x U(1) into Spin® given by the natural in-
jection 4 of U(1) and multiplication, and by
o' B = B(M,g): [((f,s), (U, A)] = &(f)- A.

Since 2 splits over U(V,g,J), a Riemannian manifold (M, g) which admits
an almost complex structure J so that g(JX,JY) = ¢g(X,Y), always ad-
mits Spin®-structures. In particular Kéhler manifolds always admit Spin®-
structures. Denoting by B(M, g, J) C B(M, g) the U(V, g, j) principal bundle
of complex orthonormal frames of T'M then

B:= B(M,g, J) XU(V,3,5) sznc
and
D B(Mag7 J) ><U(V,gj,j) Splnc — B(Mag) : [(f7 (U7A)] = f -A
define a Spin® structure on (M, g).

2. The Symplectic Clifford Algebra and the group Mp°

On a symplectic manifold (M, w) of dimension m = 2n, the tangent space at
any point is modelled on a symplectic vector space (V, Q).
The isomorphism group of this model is the symplectic group

Sp(V,Q) :={A € GI(V) | Q(Au, Av) = Q(u,v)Vu,v € V' }

and there exists a natural principal bundle B(M,w) s M , with structure
group Sp(V,Q), which is the bundle of symplectic frames of the tangent bun-
dle; the fiber above x € M, consists of all linear isomorphisms of symplectic
spaces

[:(V,Q) = (T M, w,)

with Sp(V, ) acting on the right on B(M,w) by composition. The tangent
bundle T'M is associated to the bundle of symplectic frames for the standard
representation st of the structure group Sp(V,2) on V:

TM = B(M,w) X(sp(v,0),st) V-
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The symplectic Clifford Algebra CI(V, ) is the associative unital alge-
bra generated by V such that

u-v—v-uz%ﬁ(u,v)l Yu,v € V.

The Heisenberg group is H(V,) = V x R with multiplication defined by
(v1,t1)(va, ta) = (v1 + vo,t1 + to — %Q(vl,vg)); its Lie algebra is the space
h(V,Q) = V & R with brackets [(v, @), (w,8)] = (0, — Q(v,w)), so that a
representation of C1(V, Q) is a representation of h(V, Q) with central character
equal to —%

Let H, p be an irrededucible unitary representation of the Heisenberg
group H(V,Q) on a complex separable Hilbert space H with central character
p(0,t) = e~ #'Id; by Stone-Von Neumann’s theorem, such a representation is
unique up to unitary equivalence. The space H*° of smooth vectors of this
representation (or its dual 7 ~°°) is the symplectic spinor space S. It carries
a Hermitian scalar product and the symplectic Clifford multiplication scl of
V on § is given by the skewhermitian operators

scl(v) == px (v,0).

To glue the above construction on a symplectic manifold and build a
spinor bundle endowed with a symplectic Clifford multiplication by ele-ments
of the tangent bundle, one uses, as before:

- a principal bundle B 22y M with structure group G;

- a group homomorphism o : G — Sp(V, Q);

- a fiber-preserving (G,o:)fequivar{ant map ¢ : B — B(M,w), i.e. pp =
po® and ®(f - A) = O(f)-o(A) for all f € B, A € G;

- a unitary representation r of G on H stabilizing the spinor space S
and satisfying the fundamental equation

p(a(A)v,0) = r(A)op(v,0)or(A)~F YAcGueV (3)
which implies on S
scl(o(A)) = r(A)sscl(v)or(A)™Y VAe GueV.

The symplectic spinor bundle is then S = B X ) S; and the symplectic
Clifford multiplication sCl: TM x5 S — S is given by

sCU((f0))) (U7, )]) = [(F,scl(v)s)] VfeBueVses.

There is an embedding of the symplectic Lie algebra into the symplectic
Clifford algebra given by

V(v @ W+ wg @ v) = _Tm(v ‘w4 w-v) with wq(v) = Q(w,v)
and one has
[v(B),v]sci = Bv [v(B),v(B')]sci = v([B, B])

but there is no lift to a representation of the symplectic group on H satisfying
equation (3).
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On the other hand, the symplectic group Sp(V, Q) acts as automorphisms of
the Heisenberg group via

A (v,t) := (Av,t).

Given an element A € Sp(V,Q), the two representations p(v,t) and p(Av,t)
of the Heisenberg group on H have the same central character, so they are
equivalent. The fundamental equation (3) states that r(A) is an intertwiner
of these two representations. The group Mp° is defined as the set of all such

unitary intertwiners :
Mp® = {(U, A) € U(H) x Sp(V,9) |Up(v,0)0U~" = p(Av,0) v}

with multiplication defined componentwise, the natural unitary representa-
tion 7 on H defined by r(U, A) = U, and the obvious homomorphism

o:Mp®— Sp(V,Q): (U,A) — A
which has kernel U(1) by irredicibility of p. The short exact sequence
1= U(1) =5 Mp® -Z Sp(V,Q) — 1 (4)
does not split. At the level of Lie algebras, the sequence splits and
mp® = v(sp(V,Q2)) © u(l).

Observe that [scl(v(0.X)), scl(v)] = scl(ox(X)v) = [rX, scl(v)] for all X in
mp© so that r.X — scl(v(0.X)) = ¢(X)Id where ¢ is a unitary infinitesimal
character of mp®.

2.1. Explicit description of the group Mp°

To get the nice Fock’s description of the irreducible unitary representation of
the Heisenberg group with prescribed central character, one chooses a posi-
tive compatible complex structure on (V).
A compatible complex structure j is a (real) linear map of V' which is sym-
plectic, Q(jv, jw) = Q(v,w), and satisfies j2 = —Iy,. Given such a j, the
map (v,w) — Q(v, jw) is a non-degenerate symmetric bilinear form and j is
positive if this form is positive definite.
The choice of j gives V the structure of a complex vector space, with (x +
iy)v = zv + yj(v) and when j is positive, one has a Hermitean structure on
V' defined by

(v,w); = Qv, jw) —i1Q(v, w), \v|§ = (v,v);.
The set of positive compatible j’s is the contractible homogeneous space
Sp(V.2)/U(V, 9. j).

Having chosen a positive compatible j, the Fock’s description of the
Hilbert space carrying an irreducible unitary representation p; of the Heisen-
berg group with central character p;(0,t) = e~ #'Id is denoted H(V,Q,); it
is the space of holomorphic functions f(z) on (V,€, ;) which are L? in the
sense of the norm || f||,; given by

1212

If]1 =" /V () 2e= T do.
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The unitary and irreducible action of the Heisenberg group H(V,{) on
H(V,Q,5) is given by

(pj (v, 8) ) (2) = =W/t (whs [2h— (ol /AN p (o ),

The space H(V, 2, j) has the nice property to possess a family of coherent
states e, parametrised by V :

(en)(2) = €2 =) such that  f(z) = (f,ez);

so that any unitary operator U on H(V, €, j) is entirely characterized by its
Berezin kernel

(Uey, ew);

which is a holomorphic function in w and an antiholomorphic function in v.
The Heisenberg Lie algebra h(V, Q) acts on smooth vectors and these include
the coherent states; the Clifford multiplication is defined as scl(v) = p;(v,0)
and it splits:

(scl(v)f)(z) = ylh<z,v>jf(2) = (0:1)(v) =: (c(v) f)(2) = (a(v) f)(2)

in a creation and an annihilation operators ¢(v) and a(v) which respectively
raises and lowers the degree of a polynomial in z.

To give a description of the kernel of an element in the group Mp®©,
we introduce a parametrization of the symplectic group. Writing an element
g € Sp(V,Q) as g = Cy + Dy with Cy = 3 (9 — jgj) the j-linear part and
D, = % (9+7gj) the j-antilinear part, one observes that C, is invertible and
set Zg = C; ' D,

The Berezin kernel U(z,v) := (Uey,€.); of the unitary operator U when
(U, g) € Mp°(V,Q,7) is given by:

U(z,v) = Aexp %{2(0;12,1))]- —(2,Zg12)j — (Zyv,v);}
for some A € C with [A\?det Cy| = 1.
Indeed, since (e,)(w) = ezr (W) = ear (v:0); (pj(v,0)eq)(w), we have U(z,v)
= ear ((2:2)+(v,);) (Up;(v,0)en, pj(z,0)eq); -
Forv= g1z, Up;(g7*2,0) = p;(2,0)U by definition of Mp°(V,, ), and we
get U(Z7g_1z) B eTlrL((sz>j+<gilzygilz>j) ([]e07 60)]' .
But U(z,v) is holomorphic in z and antiholomorphic in v, so it is completely
determined by its values for (z,v = g~'z). The formula given above follows
from the fact that v = g7z = Cy-1 (Id+Z,-1)z yields z = (Cy-1) " 'v—Z, -1 2.
We say that g, A are the parameters of (U, g) when the kernel of U is given
as above.

The product in Mp(V,, j) of (U;, g;) with parameters g;, \;, i = 1,2
has parameters g1 g2, A12 with

—la(l—zg z _1>
)\12 = )\1)\26 ? 1o,
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where a : GL(V,j)+ = {g € GL(V,j) | g + g* is positive definite} — C is
the unique smooth function defined on the simply connected space GL(V, j)+
such that

dftg = ¢9) and a(I)=0

where det; is the complex determinant of a j-linear endomorphism viewed as
a complex endomorphism.
This proves that the group Mp®(V,Q, j) is a Lie group.
2.2. Character and subgroups of Mp°(V, <, j)
The group Mpc(V,Q,j) admits a character 7 given by
n(U,g) = A det; Cy
which is the squaring map on the central U(1). The metaplectic group is the
kernel of 7; it is given by
Mp(V,Q.j) = {(U,g) € Mp*(V,2,j) | * det; Cy = 1}.
It is a double covering of Sp(V, 2) and
We have:
roX = scl(v(o.X)) + in.(X)Id VX € mp©.

An important fact is that the short exact seqence 4 splits over the
unitary group. Indeed the unitary group U(V,, j) injects into Mp°(V, , j):
AUV, Q,j5) = MpS(V,Q,j) : K — ((Ug, K) with parameters K, 1)

ie. (Uxf)(z) = f(K~'2). At the level of Lie algebras, we have:
A(X) = sc(v(X)) + LTrace;(X)Id VX € u(V,Q, ).

Let MU¢(V,,j) be the inverse image of U(V, {2, j) under o. It has a char-
acter:

A MUS(V,Q,7) = U(1) : (U, K)with parameters K, \) — A
which yields an isomorphism

XA\

MU(V,Q,j) — U(V,9Q,5) x U(1)
with inverse A x i. Observe that the complex determinant defines another
character det;, o on MU®(V,, j)and the three characters are related by
n =\ det;, 0.
More generally, if j is a compatible complex structure, not necessarily

positive, one chooses a positive j commuting with it. The pseudounitary
group U(V, 9, j) of linear endomorphisms injects into Mp®(V,Q, j) :

U(V,Q,5) — Mp(V,Q,j) : Aws (U, A) with param. ((det;C;)~", A)
where C'4~ is the restriction of Cyq to Vo = {v € V [jo = —jv }.

In fact, if F' is any polarization of (V, ), the subgroup of symplectic trans-
formations preserving F' injects into Mp®(V, €, 7).
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3. Mp° structures and Mp° connections

A Mp© structure on (M, w) is a principal Mp°(V, €, j) bundle B PEy M with
a fibre-preserving map ® : B — B(M,w) so that ®(f - A) = &(f) - o(A) for
all f e B, Ae Mp(V,Q,5).

Proposition 1. [2] Any symplectic manifold (M,w) admits Mp® structures,
and the isomorphism classes of Mp® structures on (M,w) are parametrized
by isomorphism classes of complex line bundles.

An explicit parametrization of Mp® structures is obtained as follows: choose
a fibre-wise positive w-compatible complex structure J on T'M; this is always
possible since the space of compatible complex structure on a given symplectic
vector space is contractible. Define B(M,w, J) to be the principal U(V, €, j)
bundle of symplectic frames which are complex linear.
If (B, ®) is an Mp° structure, let
By:=® 'B(M,w,J).

This is a principal MU(V,Q, j) ~sxx U(V,Q,5) x U(1) bundle and

B~ Bj xnuew,a,5) Mp*(V,9Q,5).
Define

Bb()\) = BJ XMUC(V7Q,]‘)7/\ U(l)
to be the U(1) principal bundle associated to B, and to the character A of
MU(V,Q,5). The map A : By — BY()\) : £ — [(€,1)] yields the isomorphism

¢ x X: By — B(M,w,J) xar By(N) : € = ¢(€), [(€,1)].

The line bundle associated to B} ()) is denoted by B;()); its isomorphism
class is independent of the choice of J.

Reciprocally, given any Hermitean line bundle L over M, one defines the Mp°
structure

B = (B(Mawv‘]) XM Ll) XMUC(V,Q,j) Mpc(‘/v Qaj)

A MpC-connection on the Mp® structure (B, ®) is a principal connection « on
B; in particular, it is a 1-form on B with values in mp® ~, ., sp(V,))@u(1).
We decompose it accordingly as

o= o] + aq.
The character 7 yields the construction of a U(1) principal bundle
B'(n) = B Xarpevia g U(1)
and there exists a map
s B— B'(n): & €1

Then ayg is the pull-back of a u(1)-valued 1-form on B'(n) under the differ-
ential of 77 and

o = 277" Bo
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where 3y is a principal U(1) connection on B!(n).
Similarly «; is the pull-back under the differential of ® : B — B(M,w) of a
sp(V, Q)-valued 1-form 5y on B(M,w) and

Q) = ‘I)*ﬂl

where f31 is a principal Sp(V, Q) connection on B(M,w), hence corresponding
to a linear connection V on M so that Vw = 0.
Thus a Mp®-connection on B induces connections in T'M preserving w and
in B!(n). The converse is true — we pull back and add connection 1-forms in
B(n) (with a factor 2) and in B(M,w) to get a connection 1-form on B.

In geometric quantization, a prequantization structure is a Mp°-struture
(B, ®) with a connection « so that

w
dog = 7% —.
ih

The prequantization module is the module of sections of symplectic spinors
B X apev,a,) H°(V,Q, j) with prequantisation operators

o 1
Qf) = Xf‘f'%f

We refer to [2] for further development and quantization in this context
(which yields automatically half-forms).
The condition for the existence of such a structure is that

w

[E] — 31 (TM, w)* (5)
be an integral cohomology class, where ¢;(T'M,w) is the first Chern class of
the tangent bundle viewed as a complex bundle via the choice of a compatible
complex structure. Indeed ¢ (T'M, w) is the first Chern class of the line bundle
associated to B(M,w,J) and the character det;, o; since n = A2 det;, o, we
have

a1 (B(n)) = 2c1(Bs(A)) + c1(TM, w),
but ¢1(B(n)) = [55dfo] and ¢;(B;())) must be an integral class.
Condition (5) was obtained in the context of Deformation Quantization by
Boris Fedosov [6] in his construction of asymptotic operator representations
of a star product on a symplectic manifold.A geometric interpretation of this
result using Mp®-structures is given in [7].

4. Dirac operators

Given a Spin® structure (B, ®) on an oriented Riemannian manifold (M, g)
one considers the spinor bundle

S=8 X (SpinC,r) S.

Since the representation r on S is unitary, the spinor bundle carries a natural
fiberwise Hermitian inner product, still denoted <, >.
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The smooth sections of S are called spinor fields on M. For two spinor fields
1,1’ with compact support on M, one defines their inner product

<< P, >>= / <Y(x), ¥ (z) > d9=
M

where d?z is the measure on M associated to the metric g.
The Clifford multiplication of TM on S given by

cu((foo) (Is)) = [(Frdw)s)]  ¥feBueVises
yields a map

CL:T(M,TM) x T(M,S) — T(M,S) : (X, ) — CUX ).
A Spin® connection on the Spin® structure (B, ®) is a principal connection «
on B; in particular, it is a 1-form on B with values in spin® ~ so(V, Q)) du(1).
We decompose it accordingly as

o= o] + ag.
The 1-form «ay is the pull-back under the differential of ® : B — B(M, g) of
a so0(V, g)-valued 1-form B, on B(M,g)
ar =93

and (31 is a principal SO(V, g) connection on B(M, g), hence corresponding
to a linear connexion V on M such that Vg = 0. We choose this to be the
Levi Civita connection.

A Spin® connection « induces a covariant derivative V¢ of the spinor fields :

V*:T(M,S) = T(M,T"M®S8) : ¢ — [X = VY]
and the Clifford multiplication is parallel
V& (CUY)Y) = CUVXY )Y + CUX) VK.

The Spin® Dirac operator is the differential operator of order 1 acting on
spinor fields given by the contraction of the covariant derivative and the
Clifford multiplication, using concatenation and the identification of T'M
and T* M induced by g:

D= Clle) Ve =Y g7 Cl(e)VE D
i ij
where e; is a local frame field for 7'M and e’ the dual frame field defined by
g(e;,e?) = 47.
This Dirac operator D is elliptic and selfadjoint. It acts on the sections of a
finite dimensional bundle. Its square is equal to

D*)p ==Y "¢V + 5> g7 g cl(es)cl(er) (R* (e, e0)t) — Vra(e, o)
jl ijkl
where R® is the curvature and 7' the torsion of V* acting on &; with our

choice that «; corresponds to the Levi Civita connection on M the torsion
T vanishes.
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The classical Dirac operator is defined similarly using a Spin struc-
ture (B, ®). Since o, yields an isomophism of Lie algebras between spin and
s50(V, g), a natural Spin-connection o’ on B is given by

o =o'
where (3 is the principal SO(V, §) connection on B(M, g) defined by the Levi
Civita connection on (M, g).
For further results about the Spin® Dirac operator and its relation to the
classical Dirac operator, we refer to [8].

Given a Mp°® structure (B, ®) on a symplectic manifold (M, w) one con-
siders the symplectic spinor bundle

S=B8B X (Mp©,r) 7‘[:‘:00.

Since the representation 7 on H is unitary and preserves H°°, the spinor
bundle carries a fiberwise Hermitian inner product, still denoted (, );.

The smooth sections of S are called symplectic spinor fields on M. For two
symplectic spinor fields 1,1’ with compact support on M, one defines their
inner product

<< P >>ji= /M(1/J(x),1//(x))jdwx

where d“zx is the measure on M associated to the symplectic form w.
The symplectic Clifford multiplication of T'M on S given by

sCU((F, o) (I(F,9)]) = [(frselw)s)]  VfeBveV,sents
yields a map
sCL:T(M,TM) xT'(M,S) - T'(M,S) : (X,v) — sCl(X).
A Mp® connection « induces a covariant derivative V* of the symplectic
spinor fields :
V¥ T(M,S) = T(M,T"M®S8) : ¢ = [X = VY]
and the Clifford multiplication is parallel
V& (sCUY ) = sCUV xY ) 4+ sCUX)VS .

The Mp® symplectic Dirac operator is the differential operator of order 1
acting on symplectic spinor fields given by the contraction of the covariant
derivative and the symplectic Clifford multiplication, using concatenation and
the identification of T'M and T M induced by w:

D= " sCl(e))Veip = =Y wsCl(e;) Ve
7 i
where e; is a local frame field for TM and €’ is the dual frame field defined
by w(e;,el) = 47.

The definition of the Dirac operator in the Mp® framework given above
is a straightforward generalisation of the symplectic Dirac operator stud-
ied by Katharina and Lutz Habermann [5, 9, 10]. They use a metaplectic
structure (B, @), i.e. a Mp(V,, j)- principal bundle B and a fiberpreserving
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(Mp(V,8,j),0) equivariant map ® : B — B(M,w). Remark that those do
not always exist.

Since o, is an isomophism of Lie algebras between mp(V, 2, j) and sp(V, Q),
a metaplectic connection o’ on B is given by

o =010 By

where 31 is a principal Sp(V, ) connection on B(M,w) defined by a linear
connection V on (M, w) so that Vw = 0.

K. Habermann introduces a second symplectic Dirac operator D using an
auxiliary compatible almost complex struture J on (M,w):

Dy =Yg Cl(e;)Ve, v with g(X,Y) :=w(X,JY)
]

using a connection so that w and J are parallel.
The commutator of D and D is elliptic and acts on sections of an infinite
family of finite dimensional subbundles of S.
This construction can be performed in the Mp® framework [3]. It can be
further generalised, also in the Riemannian context, using some fields of en-
domorphisms of the tangent bundle which are covariantly constant. We give
a brief description below.

We consider a field A of endomorphisms of the tangent bundle T'M of
an oriented Riemannian manifold (M, g), such that

g(AX)Y) = eag(X, AY) with €4 = +1, VX, Y e (M, TM),
and such that there is a linear connection V preserving g and A, i.e.
Vg=20 and VA=0.

Given a Spin® structure (B, ®) on (M,g), we consider a Spin® connection
a = a1+ g so that a; = ®* 1 where 1 is the connection 1-form on B(M, g)
defined by the linear connection V. We define a new Dirac operator D 4 :

Dath =Y Cl(Ae;)Veh = AfgiCl(ex) V2 ¢

ij

where e; is a local frame field for TM and e’ is defined by g(e;, e?) = 55
Remark that the Spin® Dirac operator corresponds to A = Id with e4 = 1.
On a K&hler manifold (M, g, J), one also has D with e; = —1. We have

D3t = —ea Y (A% g* V2 4

jst

+3 > AR CUler)Cller) (RO (€5, )t = Via(e, c¥) -

ijkrst
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More generally, if A and B are two such fields of endomorphisms, we have

(DA [¢] DB —|— DB [e] DA)w = — Z(GA(AB)?q + EB(BA)g)QSt Vgﬁetw
gst
5 3 (AEB] + ALBYG g Cller)Cller) (R (e ea)th = Ve, o)
ijkrst
Similarly we consider a field A of endomorphisms of the tangent bundle
TM of a symplectic manifold (M,w), such that

w(AX,)Y) = eqw(X,AY) with e4 = £1, VX, Y e (M, TM),
and such that there is a linear connection V preserving w and A, i.e.
Vw=0 and VA =0.

Given a Mp° structure (B, ®) on (M,w), we consider a Mp® connection o =
a1 + ag so that a3 = ®*5; where f; is the connection 1-form on B(M,w)
defined by the linear connection V. We define a new Dirac operator D 4 :

Dath = sCl(Ae;))Vetp =Y AFwsCl(ex) Ve 0
% iJ

where ¢; is a local frame field for TM and ¢’ is defined by w(e;, ef) = &7,
The Mp¢ Dirac operator corresponds to A = Id with €4 = 1. The operator D
is equal to D for J a positive compatible complex struture on (M,w); then
e; = —1 and there always exists a linear connection preserving w and J; it
may have torsion, but one can always assume that the torsion vector vanishes,
ie. Y, T%(e;,e") = 0. If A and B are two such fields of endomorphisms, we
have

i - ~ 9
(DaoDp —DpoDa) =~ > (€a(AB)] — ep(BA))) w* V2 o)
gst
+3 3 (AFBI—ATBE Wb sCl(er) sCle,) (Ra(ej,et)d} - V%a(ej,et)d)) .
ijkrst

These generalized symplectic Dirac operators and their commutators are par-
ticularly relevant in a homogeneous or symmetric framework, for instance
when there is a homogeneous non positive definite compatible almost com-
plex structure on (M, w) or two homogeneous distributions of supplementary
real lagrangians; this is work in progress with Laurent La Fuente Gravy and
John Rawnsley.
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