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S.1

Examples of spatially distributed functional data

As indicated in the paper, the Canadian temperature and precipitation data used in
Ramsay and Silverman (2005) serve as good example for functional data sampled at
spatial locations. We provide below a small selection of some other examples which have
either been studied in the literature or which we have been motivated by our own research.
1. The Australian rainfall data set, has been recently used by Delaigle and Hall (2010).
It consists of daily rainfall measurements from 1840 to 1990 at 191 Australian weather
stations.
2. Pollution curves: X(sk ; t) is the concentration of a pollutant at time t at location
sk . Data of this type were studied by Kaiser et al. (2002). A functional framework
might be convenient because such data are typically available only at sparsely distributed
time points tj which can be different at different locations. Since pollution data usually
come in addition with measurement errors, the data have to be firstly preprocessed and
transformed in functional form using techniques as e.g. described in Ramsay and Silverman
(2005). Often this is done for each observations separately, by using a so-called basis
functions approach in connection with some penalized least-squares criterion. It is an
interesting open problem how the (spatial) dependence could be used to improve the
preprocessing step. Figure S.1.1 shows the monitoring network for different pollutants in
the province of Styria (Austria).
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Figure S.1.1 Circles indicate the monitoring network for different pollutants in the province
of Styria (Austria).

3. Snow water curves are measured at several dozen locations in every state over many
decades. Such data have been studied in the spatial framework, e.g. Carroll et al. (1995)
and Carroll and Cressie (1996), but useful insights can be gained by studying the whole
curves reflecting the temporal dynamics. In many studies, X(sk ; t) is the count at time t
of disease cases, where sk represents an average location in an areal model.
4. The data set that most directly motivated this research consists of the curves of the
so–called F2-layer critical frequency f oF 2. In principle, f oF 2 curves are available at close
to 200 locations throughout the globe, but sufficiently complete data are available at only
30-40 locations which are very unevenly spread; for example, there is a dense network
of observatories over Europe and practically no data over the oceans, see Figure S.1.2.
The study of this data set has been motivated by the hypothesis of Roble and Dickinson
(1989) who suggested that the increasing amounts of greenhouse gases should lead to
global cooling in mesosphere and thermosphere, as opposed to the global warming in
lower troposphere. Rishbeth (1990) pointed out that such cooling would result in a
thermal contraction and the global lowering of the ionospheric peak densities, which can
be computed from the critical frequency f oF 2. The last twenty years have seen very
extensive research in this area, see Lastovicka et al. (2008) for a partial overview. One
of the difficulties is in finding a global trend for curves which appear to exhibit trends
in opposing directions over various regions. Ulich et al. (2003) stressed that to make
any trends believable, a suitable statistical modeling, and a proper treatment of “errors
and uncertainties” is called for. Space physics data measured at terrestrial observatories
always come in the form of temporal curves at fixed spatial locations. Maslova et al.
(2009, 2010a, 2010b) used the tools of functional data analysis to study such data, but
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Figure S.1.2 Locations of 218 ionosonde stations. Circles represent the 32 stations with the
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the spatial dependence of the curves was not fully exploited.

S.2

Additional remarks to Assumption 2

At first sight, Assumption 2 may appear a bit daunting. It is used to obtain a rate of
convergence for the empirical covariance operator. In this section we will provide some
details and discussion.
Suppose X(s; t) is an arbitrary functional random field observed at locations s1 , s2 , . . . , sN .
Then a direct calculation shows that quite generally
N ZZ
X
2
−1
b
Cov(X(sk ; t)X(sk ; u), X(sℓ ; t)X(sℓ ; u))dtdu.
(S.1)
NEkCN − CkS = N
k,ℓ=1

Without any further assumptions, a sufficient condition for the EFPC’s to be consistent
with the rate N −1/2 is that the right–hand side of (S.1) is bounded from above by a
constant. Under additional assumptions, more precise sufficient conditions are possible.
Example S.2.1 Suppose Xk = X(sk ), where s1 , s2 , . . . , sN are points in an arbitrary
metric space, and the random field X(·) is such that X(s) is independent of X(s′ ) if the
distance between s and s′ , d(s, s′ ), is greater than m (m is a fixed distance and we continue
to assume that the Xk have the same distribution). In this case Assumption 2 is clearly
satisfied. Set
BN (m) = {(k, ℓ) : 1 ≤ k, ℓ ≤ N and d(sk , sℓ ) ≤ m} ,
and denote by |BN (m)| the count of pairs in BN (m). A brief calculation, which uses the
Cauchy inequality twice, leads to the bound
bN − Ck2S ≤ N −1 |BN (m)| EkX(s)k4 .
NEkC
3

If the sk are the points in Rd with integer coordinates, then |BN (m)| is asymptotically
proportional to mN, implying lim supN →∞ N −1 |BN (m)| < ∞, and the standard rate of
consistency.
Suppose {ej , j ≥ 1} is an arbitrary fixed orthonormal basis in L2 . Under very mild
assumptions, every constant mean functional random field admits the representation
X
(S.2)
X(s) = µ +
ξj (s)ej ,
j≥1

where the ξj (s) are zero mean random variables. In principle, all properties of X, including
the spatial dependence structure, can be equivalently stated as properties of the family
of the scalar fields ξj . In general Assumption 2 cannot be verified using only conditions
on the covariances of the scalar fields ξj in (S.2) because these covariances do not specify
the 4th order structure of the model. A very convenient assumption is that the ξj are
are independent scalar fields. Before we discuss how such an assumption could be used to
simplify Assumption 2, let us motivate why assuming independence is reasonable in the
spatial context.
Example S.2.2 (Kriging). Assume that µ = 0 and suppose we want to predict X(s0 )
using a linear combination of the curves X(s1 ), X(s2 ), . . . , X(sN ), i.e. we want to minimize
E X(s0 ) −

(S.3)

N
X

2

an X(sn )

n=1

= E hX(s0 ), X(s0 )i − 2

N
X

an E hX(sn ), X(s0 )i +

n=1

N
X

ak aℓ E hX(sk ), X(sℓ )i .

k,ℓ=1

Thus for the problem of the least squares linear prediction of a mean zero spatial process
we need to know only
(S.4)

K(s, s′ ) = E [hX(s), X(s′ )i] .

By the orthonormality of the ej in (S.2) (use Parseval’s identity),
′

E [hX(s), X(s )i] =

∞
X

E[ξj (s)ξj (s′ )].

j=1

Thus, the functional covariances (S.4) are fully determined by the covariances
(S.5)

Kj (s, s′ ) = E[ξj (s)ξj (s′ )].

As we do not need to know the cross covariances E[ξj (s)ξi (s′ )] for i 6= j, for the kriging we
can assume that the spatial processes ξj (·) in (S.2) are independent. Such an assumption
simplifies the verification of some fourth order properties which we will discuss now.
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Lemma S.2.1 Let X(s) have representation (S.2) with zero mean and EkX(s)k4 < ∞.
Assume further that ξi (·) and ξj (·) are independent if i 6= j. Then
EhX(s1 ) ⊗ X(s1 ) − C , X(s2 ) ⊗ X(s2 ) − CiS
X
X 

2
≤
Cov ξj2 (s1 ), ξj2 (s2 ) +
E ξj (s1 )ξj (s2 ) .
j≥1

j≥1

Proof: If ξi (·) and ξj (·) are independent for i 6= j, then the ej are the eigenvalues of
C, and the ξj (s) are the principal component scores with Eξj2 (s) = λj . Using continuity
of the inner product and dominated convergence we obtain
EhX(s1 ) ⊗ X(s1 ) − C , X(s2 ) ⊗ X(s2 ) − CiS
E
XD
hX(s1 ), ej iX(s1 ) − C(ej ) , hX(s2 ), ej iX(s2 ) − C(ej )
= E
j≥1

E
XD
X
X
= E
ξj (s1 )
ξℓ (s1 )eℓ − λj ej , ξj (s2 )
ξk (s2 )ek − λj ej
j≥1

ℓ≥1

k≥1


X
X
2
2
2
= E
ξj (s1 )ξj (s2 )
ξℓ (s1 )ξℓ (s2 ) + λj − λj ξj (s1 ) − λj ξj (s2 )
j≥1

≤

X

ℓ≥1

Cov ξj2 (s1 ), ξj2(s2 )

j≥1

≤

X

Cov

ξj2 (s1 ), ξj2(s2 )

j≥1





+

XX 



E ξj (s1 )ξj (s2 ) × E ξℓ (s1 )ξℓ (s2 )
j≥1 ℓ6=j

X 
2
+
E ξj (s1 )ξj (s2 ) .
j≥1

Example S.2.3 Suppose first that representation (S.2) holds with independent strictly
stationary scalar fields ξj . Define the covariances
E[ξj (sk )ξj (sℓ )] = γj (sk − sℓ ),

Cov(ξj2(sk ), ξj2 (sℓ )) = τj (sk − sℓ ).

Using (S.1), we see that under these assumptions,
(
)
∞
N
X
X
X
b − Ck2S = N −1
γi (sk − sℓ )γj (sk − sℓ ) +
τj (sk − sℓ ) .
NEkC
k,ℓ=1

j=1

i6=j

Thus the standard rate holds, if
(S.6)

lim sup N −1
N →∞

N
X

k,ℓ=1

(∞
X
j=1

5

γj (sk − sℓ )

)2

<∞

and
(S.7)

lim sup N
N →∞

−1

N X
∞
X

|τj (sk − sℓ )| < ∞.

k,ℓ=1 j=1

For the next example we need the following Lemma.
Lemma S.2.2 Suppose X and Y are jointly normal mean zero random variables such
that EX 2 = σ 2 , EY 2 = ν 2 , E[XY ] = ρσν. Then
Cov(X 2 , Y 2 ) = 2ρ2 σ 2 ν 2 .
Example S.2.4 We impose now as further assumption that X is Gaussian. If

E[ξj (sk )ξj (sℓ )] = σj2 exp −ρ−1
j d(sk , sℓ )

(S.8)
then by Lemma S.2.2
(S.9)


Cov(ξj2 (sk ), ξj2(sℓ )) = 2σj4 exp −2ρ−1
j d(sk , sℓ ) .

If the scalar fields ξj are independent and if (2.11) in our paper holds, it follows that for
some large enough constant A,
X

Cov ξj2 (s1 ), ξj2 (s2 )

j≥1



+

X 

E ξj (s1 )ξj (s2 )

2

j≥1


≤ A exp − 2ρ ks1 − s2 k2 .
−1


Hence by Lemma S.2.1, Assumption 2 holds with H(x) = A exp − 2ρ−1 ks1 − s2 k2 .

S.3

Additional remarks to the regular sampling designs

In this section we provide the details to the regular sampling designs described in Section
2.4 and 2.5 of our paper. For ease of reference, we reformulate the results of these two
sections.

S.3.1

Non-random regular design

Let Z(δ) be a lattice in Rd with increments δi in the i-th direction. Let δ0 = min{δ1 , . . . , δd },
Q
∆d = di=1 δi and let RN = αN R0 , where R0 is some bounded Riemann measurable Borelset in Rd containing the origin. A set is Riemann measurable if its indicator function is
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Riemann integrable. This condition excludes highly irregular sets R0 . The scaling parameters αN > 0 are assumed to be non-decreasing and will be specified below in Lemma S.3.2.
d
We assume without loss of generality that Vol(R0 ) = 1, hence Vol(RN ) = αN
. Typical exd
amples are R0 = {x ∈ R : kxk ≤ z1,d }, with z1,d equal to the radius of the d-dimensional
sphere with volume 1, or R0 = [−1/2, 1/2]d. The sampling points SN are defined as
{sk,N , 1 ≤ k ≤ SN } = Z(ηN δ) ∩ RN , where ηN is chosen such that the sample size
d
SN ∼ N. It is intuitively clear that Vol(RN ) ≈ ηN
∆d SN , suggesting
αN
(S.1)
ηN =
.
∆N 1/d
A formal proof that ηN in (S.1) assures SN ∼ N is immediate from the following
Lemma S.3.1 Let K be a bounded set in Rd , and assume that K is Riemann measurable
with Vol(K) = 1. If βN → 0, then
1
|K ∩ Z(βN δ)| ∼ d d .
∆ βN
Proof: Let K ⊂ M1 ⊂ M2 where M1 and M2 are rectangles in Rd having no intersecting
margin (M1 is an inner subset of M2 ). The points {xi,N } = Z(βN δ) ∩ M2 can be seen
as the vertices of rectangles Ji,N = xi,N + {t ◦ βN δ, t ∈ [0, 1]d }, where ◦ denotes the
Hadamard (entrywise) product. For large enough N, the sets Li,N = Ji,N ∩ M1 define a
partition of M1 . Then, by the assumed Riemann measurability,
Z
IK (x)dx
M1
X
d
= lim inf βN
∆d
inf{IK (x) : x ∈ Li,N }
N →∞

≤ lim inf
N →∞

i

d
βN
∆d

X

≤

d
lim sup βN
∆d
N →∞

≤

d
lim sup βN
∆d
N →∞

=

Z

IK (xi,N )

i

X

IK (xi,N )

i

X

sup{IK (x) : x ∈ Li,N }

i

IK (x)dx.

M1

Lemma S.3.2 In the above described design the following pairs of statements are equivalent:
(i) αN remains bounded ⇔ Type A sampling;
(ii) αN → ∞ and αN = o(N 1/d ) ⇔ Type B sampling;
(iii) αN ≫ N 1/d ⇔ Type C sampling.
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Proof: Let Uε (x) be the sphere in Rd with center x and radius ε. Assume first that
αN = o(N 1/d ), which covers (i) and (ii). In this case the volume of the rectangles Li,n as
described in the proof of Lemma S.3.1 satisfies
(S.2)

d
Vol(Li,n ) = ∆d ηN
=

d
αN
→ 0.
N

Hence |Uρ (x) ∩ Z(ηN δ)| is asymptotically proportional to
d

ρ
N,
Vol(Uρ (x))/Vol(Li,n ) = Vd
αN
where Vd is the volume of the d-dimensional unit sphere. Now if we fix an arbitrary ρ0 > 0
then there are constants 0 < CL < CU < ∞, such that for any ρ ≥ ρ0 and N ≥ N0 and
x ∈ Rd
 d
d

ρ
|Uρ (x) ∩ Z(ηN δ)|
ρ
CL
≤ CU
≤
.
αN
N
αN
By the required Riemann measurability we can find an x ∈ R0 such that for some small
enough ε we have U2ε (x) ⊂ R0 . Then U2εαN (αN x) ⊂ RN . Hence for any 2ρ0 ≤ ρ ≤ εαN ,

d
 d
|Uρ/2 (αN x) ∩ SN |
ρ
|U2ρ (αN x) ∩ SN |
ρ
CL
≤ Iρ (SN ) ≤
≤ CU
≤
.
αN
N
N
αN

With the help of the above inequalities (i) and (ii) are easily checked.
Now we prove (iii). We notice that by (S.2) αN ≫ N 1/d is equivalent to Vol(Li,n ) does
not converge to 0. Assume first that we have Type C sampling. Then by the arguments
above we find an x and a ρ > 0 such that Uρ (αN x) ⊂ RN . Thus
|Uρ (αN x) ∩ Z(ηN δ)| ≤ SN Iρ (SN ).
As this quantity remains bounded, Vol(Li,n ) does not converge to 0.
On the other hand, if Vol(Li,n ) does not converge to 0 then for any ρ > 0 and any
x ∈ Rd we have lim supN →∞ |Uρ (x) ∩ Z(ηN δ)| < ∞ and thus for arbitrary large ρ
Iρ (SN ) ≤ sup
x

|Uρ (x) ∩ Z(ηN δ)|
→ 0.
SN

The claim follows immediately.

S.3.2

Randomized design

Let {sk , 1 ≤ k ≤ N} be iid random vectors with a density f (s) which has support on a
Borel set R0 ⊂ Rd containing the origin and satisfying Vol(R0 ) = 1. Again we assume
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Riemann measurability for R0 to exclude highly irregular sets. For the sake of simplicity
we shall assume that on R0 the density is bounded away from zero, so that we have
0 < fL ≤ inf x∈R0 f (x). The point set {sk,N , 1 ≤ k ≤ N} is defined by sk,N = αN sk for
k = 1, . . . , N. For fixed N, this is equivalent to: {sk,N , 1 ≤ k ≤ N} is an iid sequence on
−d
−1
RN = αN R0 with density αN
f (αN
s).
We cannot expect to obtain a full analogue of Lemma S.3.2 in the randomized setup.
For Type C sampling, the problem is much more delicate, and a closer study shows
that it is related to the oscillation behavior of multivariate empirical processes. While
Stute (1984) gives almost sure upper bounds, we would need here sharp results on the
moments of the modulus of continuity of multivariate empirical process. Such results
exist, see Einmahl and Ruymgaart (1987), but are connected to technical assumptions on
the bandwidth for the modulus (here determined by αN ) which are not satisfied in our
setup. Hence a detailed treatment would go beyond the scope of this paper. We thus
state here the following lemma.
Lemma S.3.3 In the above described sampling scheme the following statements hold:
(i) αN remains bounded ⇒ Type A sampling;
(ii) αN → ∞ and αN = o(N 1/d ) ⇒ Type B sampling;
Proof. By Jensen’s inequality we infer that
N
1 X
I{sk,N ∈ Uρ (x) ∩ RN }
EIρ (SN ) = E sup
x∈RN N
k=1

≥ sup P s1,N ∈ Uρ (x) ∩ RN
x∈RN

= sup P s1 ∈ Uρ/αN (x) ∩ R0
x∈R0
Z
f (s)ds.
= sup
x∈R0

Uρ/αN (x)∩R0

We have two scenarios. First, αN remains bounded. Then we can choose ρ big enough
such that Uρ/αN (0) covers R0 for all N. It follows that lim supN →∞ EIρ (SN ) = 1 and (i)
follows.
Second, αN → ∞. Then for large enough N, R0 contains a ball with radius ρ/αN . It
follows that

d
ρ
(S.3)
EIρ (SN ) ≥ fL Vd
.
αN
Now statement (ii) follows easily.
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S.4

A remark to the sharpness of the convergence
rates

We see from Examples 3.1 and 3.2 of our paper, that imposing certain regularity assumptions in the sampling design will provide faster rates of consistency. More specifically we
saw that the bounds provided by Proposition 3.2 (4.2), are sharper than those given by
Proposition 3.1 and 4.1, respectively. The question is whether we can improve the rates
obtained in Propositin 3.1 (4.1) under the general formulation.
The answer is no. The rate (3.2) is optimal under the general assumptions of Proposition 3.1. We construct an examples which attains the bound.
Example S.4.1 Let X(s; t) = ψ(s)e(t), with s ∈ R, t ∈ [0, 1],
ψ(s) =

X

R1
0

e2 (t)dt = 1 and

I{s ∈ (U + k, U + k + 1]}δk ,

k∈Z

where {δk } is an iid sequence with δ1 = ±1, each with probability 1/2 and U is uniformly
distributed on [0, 1] and independent of {δk }. A simple calculation shows that EX(s; t) =
0 for all s, t and that EhX(u), X(v)i = (1 − |u − v|)I{|u − v| ≤ 1}. Let


kαN
SN =
, 1≤k≤N .
N
This sampling scheme is of Type A, B or C, depending on whether αN remains bounded,
αN → ∞, αN = o(N) and N = O(αN ), respectively. In the latter case let us assume
for the sake of simplicity that αN = N. Using the explicit formula for EhX(u), X(v)i we
obtain
N
1 X
X(sk ) − µ
E
N k=1

2



N
N
1 XX
αN 
N
= 2
1 − |k − ℓ|
I |k − ℓ| ≤
N k=1 ℓ=1
N
αN

N/αN 
1
2 X
hαN
=
(N − h)
+ 2
1−
N
N
N
h=1

−1

if αN = N;
 N
−1
αN
if αN → ∞, αN = o(N);
∼

 2 R min{α−1 ,1} (1 − α|x|)(1 − |x|)dx if α → α.
N
0

For Type B and Type C sampling, the optimal bound using Proposition 3.1 is obtained
setting ρN = 1, in which case we have that the r.h.s. in (3.2) is I1 (SN ) = N −1 if αN = N
−1
and I1 (SN ) = αN
if αN = o(N). Under Type A sampling the r.h.s. in (3.2) remains
bounded away from zero and the same holds true for the exact quadratic loss.
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