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The self-similar Lorentz billiard channel is a spatially extended deterministic dynamical system
which consists of an inﬁnite one-dimensional sequence of cells whose sizes increase monotonously
according to their indices. This special geometry induces a drift of particles ﬂowing from the small
to the large scales. In this article we further explore the dynamical and statistical properties
of this billiard. We derive from the ensemble average of the velocity a conductivity formula
previously obtained by invoking the equality between phase-space contraction rate and the
phenomenological entropy production rate. This formula is valid close to equilibrium. We also
review other transport and ergodic properties of this billiard.
Keywords: Hyperbolic dynamical systems; transport properties; nonequilibrium stationary
states; discrete scale invariance.

1. Introduction
Through the last twenty years, the theory of hyperbolic dynamical systems has become a cornerstone
in the foundations of nonequilibrium statistical
mechanics. The interest in hyperbolic models stems
from relations between macroscopic features characteristic of irreversible phenomena, such as transport
coeﬃcients, and dynamical properties, such as Lyapunov exponents [Hoover, 2001; Evans & Morris,
1990; Gaspard, 1998; Dorfman, 1999].
Billiard models, have proven extremely useful
in this regard [Chernov & Markarian, 2006]. The
simplest example is the two-dimensional periodic
Lorentz gas with ﬁnite horizon, which exhibits diffusion without a drift [Bunimovich et al., 1991]. In a
statistically stationary state, this model represents
a mechanical system at equilibrium, with a smooth

phase-space distribution. Meanwhile the process of
relaxation to equilibrium itself is characterized by
deterministic hydrodynamic modes of diﬀusion with
fractal properties [Gaspard et al., 2001]. One can
also induce a nonequilibrium stationary state by
coupling it to stochastic reservoirs of diﬀerent chemical potentials at its boundaries [Gaspard, 1997]. In
this case, a steady current, given according to Fick’s
law of diﬀusion, appears in the fractal nonequilibrium stationary state [Gaspard, 1998].
Whereas the previous examples of billiards
are Hamiltonian systems, one can also consider
dissipative periodic billiards driven out of equilibrium by the action of an external ﬁeld. Thus
the Gaussian iso-kinetic periodic Lorentz gas is
similar to the usual periodic Lorentz gas, but for
the action of a thermostated uniform external ﬁeld
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which bends the trajectories in the direction of the
ﬁeld while keeping the particle’s kinetic energy constant [Hoover, 2001]. This ﬁeld therefore induces a
nonequilibrium stationary state to which is associated a constant drift current, given, for a small
external ﬁeld, by Ohm’s law [Chernov et al., 1993a].
A general theorem due to Wojtkowski [2000]
stipulates that Gaussian iso-kinetic trajectories can
be conformally mapped to the usual straight line
billiard trajectories, but on a distorted geometry.
Although the trajectories thus transformed do not
have constant speed anymore, one can introduce,
for any given trajectory, a time-reparametrization
under which the speed does remain constant
[Barra & Gilbert, 2007b].
Putting aside the problem of time scales and
considering the dynamics of independent pointparticles moving at constant speed in this new
geometry, the resulting dynamics is thus conservative: particles with uniform velocities perform
specular collisions on the boundary of the billiard, which consists of a sequence of asymmetric
self-similar cells, scaled and put together along a
one-dimensional channel. Such self-similar billiard
channels were ﬁrst introduced in [Barra et al., 2006;
Barra & Gilbert, 2007a]. They are characterized by
a scaling parameter , related to the size change of
the cell along the channel, and such that the usual
periodic Lorentz channel is recovered when  = 0.
A noticeable property of these billiards concerns their long-term transport properties, characterized by a drift. Though this feature is also found
in dissipative billiard models such as the Gaussian
iso-kinetic Lorentz gas, the speciﬁcity of self-similar
billiard channels is that the drift is the sole consequence of a geometric constraint, which does not
aﬀect the Hamiltonian character of the dynamics.
In particular phase-space volumes are preserved.
Furthermore, as was shown by Chernov and Dolgopyat [2008] in a recent paper, a remarkable feature of the drift in such systems is that for large
enough values of the scaling parameter, the drift
shows a persistent time-dependent behavior, which,
on logarithmic time scales, displays periodic oscillations about its average value. In a subsequent paper
[Barra et al., 2007], the existence of these oscillations was demonstrated numerically, thus providing
further insight into this peculiar phenomenon.
At the opposite end, for small values of the scaling parameter, time-periodic oscillations about the
average drift are expected to vanish. In other words,
close to equilibrium and given a ﬁxed value of   1,

the drift is expected to be constant. It is the value of
this constant average drift that we wish to evaluate.
The aim of this paper is therefore to study the
drift of particles, or mass current, in the near equilibrium regime, ( → 0). We establish the results
announced in [Barra & Gilbert, 2007a] and show
that the current induced by the biased geometry of
the channel is given by a conductivity formula, with
the drift velocity being proportional to the product of the scaling parameter , which measures the
departure from equilibrium, and the diﬀusion coefﬁcient of the equilibrium system, i.e. the diﬀusion
coeﬃcient of the usual periodic Lorentz channel.
This result is established by averaging the velocity
with a distribution computed in the limit of small
 and then long time.
The paper is organized as follows. The selfsimilar Lorentz channel is described in Sec. 2. In
Sec. 3, we show that, due to the self-similarity of
the channel, it is possible to describe the dynamics of a particle in the extended channel in terms
of a pseudo particle moving in a single (reference)
cell. In Sec. 4, we review the dynamical and ergodic
properties of the collision map associated with this
reduced dynamics. We characterize the invariant
state of the map. In Sec. 5, we summarize the main
results obtained in a series of papers [Barra et al.,
2006; Barra & Gilbert, 2007a; Chernov & Dolgopyat, 2008; Barra et al., 2007] about transport properties of self-similar billiards. Then, in Sec. 6, we
obtain an expression for the ensemble average of an
observable in the extended self-similar channel in
terms of an average computed with the measure of
the dissipative reduced dynamics in the reference
cell and we apply that result to the velocity observable in the near equilibrium case. Conclusions and
perspectives are oﬀered in Sec. 7.

2. Self-Similar Lorentz Channel
Our present description of the model will be a rather
compact one; we refer the reader to [Barra et al.,
2006; Barra et al., 2007] for a detailed presentation.
In order to deﬁne the self-similar channel, we have
to deﬁne a reference cell. As an example, consider
the reference cell of Fig. 1. In [Barra et al., 2006;
Barra et al., 2007] two slightly diﬀerent reference
cells were used. They have in common many features of which we mention here the most relevant
two:
1. They have two windows,
 ΓL and ΓR , whose arclengths are related by ΓR ds = e ΓL ds
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Fig. 1. Example of a reference cell and illustration of the
boundary conditions.

2. If the windows are replaced by hard walls, the
cell is a closed billiard with hyperbolic dynamic.
Let D0 denote the reference cell. The extended
system is obtained from the reference cell thus
deﬁned by making a copy of it, denoted by D1 ,
which we scale by a factor of exp() and attach
to the right-hand side of the reference cell. Note
that the sizes of the windows ΓR and ΓL are such
that the left window of D1 coincides with the right
window of D0 . Likewise, another copy of the reference cell, this time denoted by D−1 , is scaled
by exp(−) and attached to its left-hand side. By
repeating this procedure, copying and scaling the
right- and left-most cells and attaching these copies
to the existing sequence of cells, we obtain the selfsimilar Lorentz channel, which consists of an inﬁnite
collection {Dn }n∈Z of such cells. See Fig. 2. Another
property of the reference cell that we have used is
that the usual Lorentz channel [Gaspard, 1998] is
recovered for  = 0.

Fig. 2.
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The self-similar structure of the channel allows
us to reduce the dynamics of the real particle in the
extended channel to the motion of a pseudo particle
in the fundamental cell. The motion of the pseudo
particle in D0 is associated to a reduced dynamics
governed by the following rules. The pseudo particle moves as a free particle between collisions with
the hard walls. At the collision it changes its direction according to the usual specular rules of elastic
collisions. When the particle hits ΓR at a point s
(measured from the bottom of ΓR ) with velocity
v, it instantly reappears on ΓL at the point se−
(measured from the bottom of ΓL ) with velocity
ve− . When it hits ΓL at a point s (measured from
the bottom of ΓL ) with velocity v, it reappears on
ΓR at the point se (measured from the bottom of
ΓR ) with velocity ve . These periodic boundary conditions with rescaling of the s coordinate and the
velocity are illustrated in Fig. 1. They are strictly
periodic for  = 0.

3. The Dynamics on the Self-Similar
Lorentz Channel
As we have shown, the evolution on a hierarchical
billiard can be described in terms of a pseudo particle on a single cell, provided we change the speed
of the particle each time it crosses the windows. In
this section we give the special ﬂow description of
the reduced dynamics.
As the particle moves in the billiard its coordinates from one collision with the walls to the next
are speciﬁed by the Birkhoﬀ map [Gaspard, 1998]
ξn ≡ (s, w)n → ξn+1 ≡ φ(ξn ). Here the variable
s represents the arc-length along the boundary of
D0 (including the open sides) and w the sine of the
angle between the outgoing velocity (always pointing to the interior of D0 ) and the normal to the
cell’s boundary. The map
ξn+1 = φ(ξn ),

Example of a self-similar Lorentz (with small ) channel with a trajectory.

(1)
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which determines the sequence of points visited on
the boundary of the reference cell and the corresponding projection of the normalized velocity to
the tangent vector, includes the boundary conditions speciﬁed at ΓR and ΓL . We call this map
the Poincaré map for the pseudo particle. The
area where ξ lives deﬁnes the Poincaré surface of
section P.
The speed of the pseudo particle is determined
by the cell where the real particle is located. Let
us introduce a new variable In , which takes integer
values and labels the cell where the real particle is
located at the nth iteration of the map. We deﬁne
the jump function a(ξ), such that
In+1 = In + a(ξn ),

(2)

which takes values depending on the position of the
spatial coordinate s


+1, s ∈ ΓL ,
a(ξ) = −1, s ∈ ΓR ,

0
otherwise.
The variables are related through the relation
In − I0 =

n


a ◦ φi (ξ0 ).

(3)

t

n

Φ̃ [ξ, τ, v0 ] = φ ξ, vn



n

t+

 L(φi ξ)
τ
−
v0
vi

Observe that the real particle, after n reﬂections (n
iterations of φ), will be exactly in the cell DIn . Using
the variable In we can determine the actual speed
from the relation
(4)

where v0 is the speed in the cell I0 = 0. Later, we
will assume that all initial conditions are given in
this cell with the same speed v0 . Every point of
phase space is characterized by M0  X = [ξ, τ, v]
with 0 < τ < L(ξ) a new variable that restores the
position between collisions. Here L(ξ) is the length
of the trajectory issued from ξ until its intersection
with the boundary of the unit cell at the next collision. The decomposition of the ﬂow in terms of
a Poincaré map and the variable τ along the trajectory issued from the Poincaré section is called a
special ﬂow [Cornfeld et al., 1982].
We write this ﬂow Φ̃ explicitly. If 0 ≤ v0 t + τ <
L(ξ), then Φ̃t (ξ, τ, v0 ) = (ξ, v0 (t + (τ /v0 )), v0 ). At
t = (L(ξ) − τ )/v0 , the trajectory crosses the section
P and we have to identify [ξ, L(ξ), v0 ] = [φξ, 0, v1 ].
Further in time, and for an interval speciﬁed by 0 ≤
v1 (t + (τ /v0 ) − (L(ξ)/v0 )) < L(φξ), the ﬂow is given
by Φ̃t (ξ, τ, v0 ) = (φξ, v1 (t + (τ /v0 ) − (L(ξ)/v0 )), v1 ).

, vn ,

i=0


if 0 < vn

n−1

 L(φi ξ)
τ
−
t+
v0
vi

< L(φ−n ξ).

i=0

(5)
Note that for a set of initial conditions with
the same speed v0 , the phase-space volume changes
at every crossing with the windows. If a trajectory
crosses ΓR , a small volume element traveling with it
changes by a factor exp(2). Likewise, for a trajectory that crosses ΓL , the volume element changes by
exp(−2). Thus phase-space contraction or expansion takes place whenever the particle crosses the
windows. We will come back to this point in the
sequel.

4. Dynamical and Ergodic Properties
of the Collision Map
It is interesting to investigate the properties of the
collision map for the pseudo particle associated to
the continuous time dynamics described by Eq. (5)
(ξ, v)n → (ξ, v)n+1 ≡ T (ξn , vn ).

i=1

vn = exp(−In )v0 ,

The general case is


(6)

From properties of the billiard geometry, this system is a single ergodic component. As we mentioned
at the end of the previous section, a remarkable
property of the Birkhoﬀ map deﬁned above is that
it does not preserve phase-space volumes. Accordingly, probability measures evolve under iteration
of the Frobenius–Perron operator associated to the
Birkhoﬀ map towards a unique invariant measure
(i.e. a probability measure invariant under this
operator) with fractal properties, characteristic of a
nonequilibrium stationary state. This measure has
three Lyapunov exponents, two negative and one
positive, λ1 > 0 ≥ λ2 > λ3 , and such that the
phase-space contraction rate is
σ ≡ −(λ1 + λ2 + λ3 ) > 0.

(7)

The second Lyapunov exponent, λ2 , is speciﬁc
to the self-similar geometry of the billiard; it is due
to the contraction of the v coordinate as the particle
moves around the cell (equivalently to a contraction
along the direction of the ﬂow):
∆In
 ≤ 0.
(8)
λ2 = − lim
n→∞ n
where ∆In = In − I0 is the lattice displacement vector after n iterations, or winding number. If  > 0,
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the particle moves preferentially to the right, corresponding to ∆In /n > 0 and the other way around
if  < 0. The symmetric case,  = 0, is the usual
Lorentz channel, with only two nontrivial Lyapunov
exponents, i.e. λ2 = 0. We therefore see that the stationary value of v under the Birkhoﬀ map is trivially
vn → v∞ = 0, which is to say paticles move towards
the larger lattice scales, where the times separating
successive collisions keep increasing and collisions
become seldom.
λ2 , accounts for one half of the total phasespace contraction rate. The contraction of the vertical coordinate accounts for the other half, due to
λ1 and λ3 ,
λ1 + λ3 = λ2 < 0.

(9)

These two Lyapunov exponents are related to ξ =
(s, w).
Because the evolution of the variable ξ is independent of v, the invariant measure has a product
structure
d3 m(ξ, v) = d2 m1 (ξ)dm2 (v)

(10)

When  = 0, we have dm2 (v) = δ(v)dv on the
one hand, where δ is the Dirac delta function, and,
on the other hand, the stretch and fold process
pi

s (position angle)

pi/2

0

−pi/2

−pi
−1

−1/2

0
sin(θ)

1/2

1

Fig. 3. Invariant measure of the Birkhoﬀ map for the coordinates s, here restricted to the angle variable for collisions on
the central disk, measured with respect to the horizontal axis
as shown in Fig. 1, and sin θ, the sine of the angle between
the velocity after collision and the outgoing normal to the
disk. Brighter areas indicate regions of higher density. The
parameter values are R/d = 0.4336 with R the radius of the
central disc [Barra & Gilbert, 2007a] and exp() = 1.27. The
invariant measure is here computed on a grid of 500 × 500
cells. A total of 109 collision events were recorded, about 10%
of which occurred on the central disk.
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controlled by λ1 > 0 and λ3 < 0 on the plane
ξ at diﬀering rates accounts for the fractality of
m1 , whose Lyapunov dimension, here deﬁned by
1 + λ1 /|λ3 |, is strictly between 1 and 2. A numerical
computation of this fractal measure is displayed in
Fig. 3. This measure m1 is the invariant measure of
the Birkhoﬀ map φ.
In the following section we summarize the main
statistical properties of self-similar billiards, in particular the properties of the drift. We note that the
drift of real particles in the billiard chain manifests
itself as a relaxation process to the invariant measure in the system with pseudo particles. Therefore,
the invariant measure of the collision map is not
directly related to the transport process of the real
particle in the extended billiard chain. Nevertheless,
we will see that in the limit  → 0 it plays a role.

5. Transport Properties in
Self-Similar Lorentz Channel
As we showed in [Barra et al., 2006] the selfsimilar Lorentz channel presents some very interesting statistical properties. Among them, a mass
current, i.e. a drift of particles, establishes itself in
the direction of increasing cell sizes. The average
velocity is expected to be constant in the regime
where the scaling parameter  is small. However,
for large enough values of the scaling parameter,
Chernov and Dolgopyat [2008] predicted the possibility that an oscillatory behavior of the drift as a
function of ln t would arise. These oscillations were
subsequently observed numerically and reported in
[Barra et al., 2007].
More precisely, let q(T ) denote the average
displacement at time T along the horizontal direction, obtained by evolving an initial distribution of
points uniformly distributed in the cell D0 with constant speed v0 . Then, as T → ∞, the ratio q(T ) /T
should behave as f (ln T /) with f some function of
period one.
For small values of , the amplitude of the oscillations is expected to vanish so that the average
drift is well deﬁned, i.e. q(T ) ∼ V T . Moreover, in
[Barra & Gilbert, 2007a], it was shown numerically
that for  → 0, this proportionality coeﬃcient V
(the average drift velocity) is related to the diﬀusion coeﬃcient of the usual ( = 0) Lorentz channel.
In the following section we show this analytically.
Let us point out, that the existence of oscillations in the drift indicates that, as time goes to
inﬁnity, the continuous time ﬂow will not reach a
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stationary time-independent state. For this reason,
in the next section, we compute averages at a ﬁnite
time. Then we will see in the particular case of the
average velocity that if we take ﬁrst the limit  → 0,
we can then let t → ∞.

6. Averages in Self-Similar Billiards
and Reduction to the
Reference Cell

L(ξ)

In the extended channel, the particle moves with
constant speed v0 . Let us consider all initial conditions to be released from cell D0 with speed v0
and otherwise random directions and positions. The
billiard ﬂow Φtv0 , deﬁned on the phase space M of
points X = (x, y, θ), is Hamiltonian and preserves
phase-space volumes. Due to the symmetry of the
billiard,1 the ensemble average of an observable A,
At=

M

dXA(X)ρ0 (Φ−t
v0 X),

(11)

can be expressed as
At=

∞

I=−∞ M0

I
µ2I dY A(S I Y )ρ0 (Φ−t
v0 S Y ),

SY = S(x, y, θ) = (xµ, yµ, θ) .

(12)

(13)

For the velocity v(Y ), as well as other particular observables that depend only on θ, we have
A(S I Y ) = A(Y ) and
M0

dY A(Y )

∞

I=−∞

I
µ2I ρ0 (Φ−t
v0 S Y ).

(14)

The previous formula gives the average of A
computed with respect to the measure
mt (dY ) =

∞

I=−∞

dτ
v(ξ)
(17)
L
νt
0
P
as  → 0 and t → ∞. The order in which the limits
are taken is important, as mentioned earlier.
v

t

=

νt (dξ)

6.1. Measure νt(dξ) for small
values of 
Now we need to obtain νt (dξ). In general, for a continuous and dissipative time ﬂow Ẋ = F (X) with
solutions Φt X0 for an initial condition X0 , the measure at time t,
dµt (X) = dµ0 (X) −

with M0 the phase space with spatial coordinates
located in the reference cell, µ ≡ e and

At=

the continuous time ﬂow Φ̃t deﬁned on the unit cell.
It follows from construction that the ﬂow Φ̃t is the
ﬂow described previously in Eq. (5). Using the special ﬂow coordinates, the measure takes the form
mt (dξ, dτ ) = νt (dξ)(dτ / L νt ).
In the next section we give an explicit formula
for νt (dξ) in the limit of small  and this will allow
us to compute the average velocity

I
µ2I ρ0 (Φ−t
v0 S Y )dY,

(15)

deﬁned on M0 . This measure is determined by the
usual formula
∂ Φ̃−t Y
dY,
mt (dY ) = ρt (Y )dY = ρ0 (Φ̃ Y )
∂Y
−t

(16)
expressed in terms of the initial distribution
m0 (dY ) = ρ0 (Y )dY , also deﬁned on M0 , and by

t
0

∇X · F |Φ−t X dµt (X)dt ,
(18)

is determined by the phase-space contraction rate
∇X ·F [Chernov et al., 1993b]. In order to apply this
formula to the self-similar Lorentz channel we need
to consider the phase-space contraction induced by
the ﬂow Φ̃t on M0 .
The reduced dynamics, which is restricted to
the cell D0 , preserves phase-space volumes, except
when the trajectory crosses the boundaries ΓL or
ΓR . Let us consider a phase-space point X and time
t, such that during that time of ﬂight, the trajectory {Φ̃τ X}0<τ <t crosses ΓL just once. The volume
change during that ﬂight is given by
|det ∂X Φ̃t | = exp(2).

(19)

Equivalently, if X corresponds to a phase-space
point that will cross once to right in time t, the
volume change is
|det ∂X Φ̃t | = exp(−2).

(20)

If we consider a large time Tn such that the trajectory crosses n1 times to the right and n2 times
to the left with n = n1 + n2 then
|det ∂X Φ̃Tn | = exp(−2In ),

(21)

where In = n1 − n2 and DIn is the cell where the
real particle is located at time Tn . According to the

1
We take the origin of the (x, y) coordinates at the accumulation point of Di as i → −∞. In this way, the similarity transformation S [see Eq. (13)] gives the symmetry of the billiard.
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relation between volume change and the divergence
of the ﬂow [Gaspard, 1998], we have

Tn
Tn
∇X · F |Φ̃τ X dτ
|det ∂X Φ̃ | = exp
0

= exp(−2In ).

(22)

Furthermore, because the expansion and contraction events occur only when the particle crosses ΓL
(i.e. a(X) = −1) or ΓR (i.e. a(X) = 1) we can
identify
∇X · F |X = −2a(X)[δ(a(X) − 1) + δ(a(X) + 1)].
(23)
We now substitute Eq. (23) into Eq. (18) and
compute the time integral. The Dirac deltas select
points which belong to the windows ΓL,R . However,
due to the function a which multiplies the whole
expression on the RHS of Eq. (23), we can take all
the points on the Poincaré surface P:
dνt (ξ) = dν0 (ξ) + 2

Nt


a(φ−n ξ)dνtn (ξ),

(24)

n=1

with Nt the number of times the trajectory crosses
the surface and tn the time when the trajectory is
at φ−n ξ. In this expression, we used the fact that
billiards are special ﬂows, so that the measure at a
given time t can be expressed by
dµt (X) = dνt (ξ)

dτ
,
L νt

(25)

with dν0 (ξ) as the uniform measure in P. We are
interested in the limit  → 0 so that for leading
order we can have  = 0 inside the sum in Eq. (24).

6.2. Average drift
Now we compute the average of the velocity
L(ξ)

v

t

=

dνt (ξ)

0

v(ξ, τ )

dτ
νt (∆ )
=
,
L νt
L νt

(26)

where
L(ξ)

∆ (ξ) =

0

v(ξ, τ )dτ = v0 [d a(ξ) + c(φξ) − c(ξ)].
(27)

The ﬁrst term, proportional to a(ξ) is related to
the motion along the chain, while the second term
is proportional to the diﬀerence c(φξ)− c(ξ) in position inside the cell2 and does not contribute to the
2

c(ξ) is the projection to position of ξ.
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constant average drift. Thus we neglect it in the following. Therefore, transposing Eq. (24), and taking
 = 0 inside the sum, we have that the average of a
with the measure νt is
nT

νtn [a(φ−n
(28)
νt (a) = ν0 (a) + 2
0 ξ)a(ξ)].
n=0

Because inside the sum we take  = 0, we have that
νtn (ξ) = ν0 (φ−n
0 ξ), with φ0 the collision map of the
usual Lorentz channel. Thus the average velocity
becomes

nT

dv0
ν0 [a(ξ)a(φn0 ξ)] .
ν0 (a) + 2
v t=
L νt
n=0
(29)
Now that we have the leading order behavior in
 we take t → ∞ (Nt → ∞) and v t → V . Using
the time reversal symmetry and the invariance of
ν0 under φ0 (details are found in [Chernov et al.,
1993b] or [Gaspard, 1996]) we arrive at
2D
+ o(),
(30)
V =
d
where the diﬀusion coeﬃcient D of the periodic
Lorentz channel appears in its discrete Green–Kubo
form
∞

d2
a(φk )a ν0 ,
(31)
D=
2T=0
k=−∞

with T=0 = L(ξ)

ν0 /v0 .

6.3. Phenomenological argument
Equation (30) can be interpreted as an equality to
leading order in  between the phase-space contraction rate and minus the entropy production. As
we showed in [Barra & Gilbert, 2007a], for leading order in , the winding number ∆In and drift
velocity are equal up to dimensional factors:
T
∆In
= V,
(32)
lim
n→∞ n
d
where d is the reference cell’s width, and T the average time between collisions, measured in that same
cell. The phase-space contraction rate [see Eqs. (7)–
(9)] can therefore be expressed directly in terms of
the average drift velocity:
2T V
.
(33)
σ=
d
This expression can be transposed to a phase-space
contraction rate per unit time in the limit  → 0.
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In this limit, V and  both scale like , so that the
lowest order contribution to σ is O(2 ), with T evaluated at  = 0. Dividing σ by the latter deﬁnes the
(dynamical) entropy production per unit time,
σ
2V
 + o(2 ).
=
(34)
T=0
d
If we identify this with the phenomenological
entropy production rate V 2 /D, as e.g. in [Vollmer
et al., 1997], we obtain Eq. (30).

7. Conclusions
Self-similar billards are simple mechanical models
of conduction in spatially extended systems with
volume-preserving dynamics, whereby a geometric
constraint induces a steady current. As in the conformal transformation of the Gaussian iso-kinetic
Lorentz gas [Barra & Gilbert, 2007b], or the multibaker maps with energy [Tasaki & Gaspard, 1999],
the essential ingredient for this behavior is the rapid
increase of phase-space volumes, whose rate is here
given by exp().
Whereas the dynamics on the extended system
preserves phase-space volumes, the reduced dynamics on the reference cell contracts phase-space volumes, and thanks to this reduction we are able to
express average properties of the extended system
in terms of averages in the reference cell. The later
can be computed by exploiting well-known properties of dissipative systems. We applied the formalism to compute the average velocity in the limit
 → 0 (and then t → ∞) and found an expression
akin to Ohm’s law, with a conductivity proportional
to the diﬀusion coeﬃcient expressed in its Green–
Kubo form. The same expression for the drift near
the equilibrium regime is obtained by comparison
between the phase-space contraction rate and the
phenomenological entropy production.
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